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PREFACK 


The  present  work  on  Trigonometry  is  intended  first  for 
students  who  are  beginning  the  subject  but  are  hoping  to 
proceed  to  more  advanced  mathematics,  and  secondly  for 
those  who  are  wishing  to  revise  their  study  of  Trigonometry 
and  to  extend  it  beyond  the  limits  of  an  ordinary  elementary 
text-book. 

It  is  in  Trigonometry  that  the  student  is  first  introduced 
to  almost  all  the  principles  which  lie  at  the  foundation 
of  mathematics.  Here  negative  and  (so-called)  imaginary 
symbols  receive  a  use  and  meaning;  symbols  of  quantity, 
of  function,  and  of  operation  are  distinguished  from  one 
another;  ideas  relating  to  limits,  and  to  the  indefinitely 
small  and  indefinitely  great  are  brought  into  prominence ; 
methods  of  approximation  and  errors  of  measurement  are 
recognised ;  and  the  principle  of  continuity  is  made  of  ser- 
vice. With  the  purpose  of  bringing  out  clearly  the  train  of 
reasoning  required  to  establish  and  expound  these  princi- 
ples, it  has  been  thought  desirable  to  make  short  digressions 
into  Geometry,  Algebra,  and  the  Theory  of  Equations. 

A  description  of  the  plan  of  the  work  may  be  given. 
It  is  divided  into  two  parts,  headed,  respectively.  Geo- 
metrical and  Algebraical.  In  the  first.  Geometrical  appli- 
cations and  methods  are  prominent;  in  the  second,  the 
purely  theoretical  and  analytical  side  is  developed.  The 
first  part  culminates  in  the  properties  of  the  points  and 
circles  connected  with  triangles  and  rectilineal  figures.     A 
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chapter  has  been  introduced  here  on  the  Geometry  of  the 
Triangle  which  is  intended  to  connect  the  purely  geometrical 
with  the  trigonometrical  treatment.  Here  symmetry  and 
completeness  demand  the  introduction  of  the  cosine-circle 
(whose  centre,  the  sjmamedian  point,  has  the  same  relation 
'  to  the  centre  of  gravity  that  the  circumcentre  has  to  the 
orthocentre).  The  other  related  points  and  circles  associated 
with  the  names  Lemoine,  Tucker,  Brocard  naturally  follow. 
In  the  treatment  of  this  branch  of  the  subject,  the  writer 
is  mainly  indebted  to  Prof  Casey  s  *  Sequel  to  Euclid':  but 
the  theorems  and  proofs  are  arranged  and  formulated  anew, 
and  the  terminology  of  *  Modem  *  and  Analytical  Geometry 
is  as  far  as  possible  avoided.  The  useful  term  '  antiparallel ' 
is,  however,  introduced  from  the  above  text-book.  The 
chapter  is  of  course  a  mere  introduction,  which  it  is  hoped 
will  be  useful  for  students  interested  in  the  modern  de- 
velopments of  Geometry. 

The  algebraical  part  deals  with  Logarithms,  the  appli- 
cation of  signs  to  Trigonometry,  developments  of  the  formulae 
for  the  sums  of  angles,  factorisation  and  summation.  All 
the  formulae  are  first  established  in  a  simple  manner  inde- 
pendently of  De  Moivre's  Theorem.  Several  of  the  methods 
of  proof  in  Chapter  xiv.  on  Multiple  Angles  are  new.  The 
treatment  of  infinite  series  is  introduced  by  a  few  compre- 
hensive theorems  on  convergency  of  series,  which  will  prepare 
the  student  for  some  of  the  particular  difiiculties  attaching- 
to  trigonometrical  series.  A  modification  is  given  of  Euler  s 
proof  of  the  Binomial  Theorem,  by  which  it  is  made  to 
depend  directly  on  the  Index  Theorem.  In  this  way  the 
indeterminateness  of  fractional  powers,  which  has  to  be 
noted  in  the  expansions  arising  from  De  Moivre's  Theorem, 
can  be  treated  in  close  connection  with  the  Binomial  Ex- 
pansion. 
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The  introduction  of  imaginaries  (and  of  De  Moivre*s 
Theorem)  is  postponed  to  Chapter  xxi.,  where  a  careful 
determination  of  the  values  of  expansions  in  the  case  of 
fractional  indices  is  given.  Here  also  an  attempt  is  made 
to  justify  the  use  of  imaginary  indices.  In  the  last  chapter 
an  interpretation  of  \/(— 1)  is  given,  by  which  it  is  hoped 
that  the  transition  has  been  made  easy  from  the  point  of 
view  of  Argand  to  that  of  Hamilton's  quaternions. 

To  students  who  are  reading  the  subject  for  the  first 
time  it  should  be  explained  that  the  chapters  have  been 
arranged  with  a  regard  rather  to  logical  sequence  than  to 
gradation  in  difficulty.  Hence  a  modification  in  the  order 
of  readbig  the  book  might  be  useful  to  many  students. 
Thus  Chapter  ii.  might  be  postponed  until  Chapter  xix.  is 
reached :  for  the  proofs  in  Chapter  v.  might  be  substituted 
those  in  Chapter  xiii.,  and  any  part  of  Part  II.  might  be 
studied  before  Chapters  ix.  and  x.  are  mastered. 

The  Rev.  J.  P.  Taylor,  M.A.,  gave  in  the  Quarterly  Journal 
of  Mathematics,  Vol.  xiii.,  p.  197,  an  extremely  simple  proof 
that  the  nine-points  circle  touches  the  inscribed  and  escribed 
circles.  I  have  ventured  to  introduce  a  proof  on  p.  139  of 
this  theorem,  which  is  in  substance  borrowed  from  the 
above  contribution,  but  has  been  simplified  by  the  omission 
of  any  reference  to  the  method  of  Inversion. 

For  much  time  and  trouble  spent  in  correcting  the  proofe 
I  have  to  express  gratitude  to  my  brother  G.  W.  Johnson, 
M.A.,  late  scholar  of  Trinity  College,  Cambridge,  whose 
careful  accuracy  has  done  much  to  free  the  work  from  errors. 
Corrections  of  such  mistakes  as  remain  and  suggestions  for 
improvement  will  be  gratefully  received. 

Cambridge, 

March  28,  1889. 
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CHAPTER  I. 
INTRODUCTION. 

§  1.     The  Trioonohetbioal  Angle. 

1.  In  ordinary  Geometry,  an  angle  is  entirely  determined  by 
the  reloMve  position  of  its  two  bounding  straight  lines.  Thus,  it 
is  represented  in  a  figure  by  two  straight  lines  meeting  at  a 
point. 
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Two  such  angles  are  said  to  be  equal  if  the  pair  of  lines- 


supposed  to  be  rigidly  connected — which  bound  one  angle  may 
be  superposed  exactly  on  the  pair  of  lines  which  bound  the  other 
angle.  Thus,  in  the  accompanying  figure,  the  acute  angles  A  and 
B  are  equal :  and  the  obtuse  angles  G  and  D  are  equal 

2.  But  in  Trigonometry  we  consider  the  mode  in  which 
an  angle  is  described. 

An  angle  is  described  by  the  revolution  of  a  straight  line 
about  one  of  its  extremities  which  is  fixed. 

Thus,  the  hand  of  a  clock  describes  an  angle  by  revolving  about 
the  centre  of  the  clock-face. 

The  lines  which  hownd  a  geometrical  angle  are  those  hettoe&n 
which  the  revolver  moves  in  describing  the  corresponding  trigo- 
nometrical angle. 

-  ^  J.  T.  1 

1  ^ 
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The  trigonometrical  angle  is  Tneasv/red  by  the  Amaunt 
of  Revolution  which  the  revolver  undergoes  in  its  movement 
between  the  two  bounding  lines. 

3.  A  line  which  has  revolved  continuously  from  any  position 
back  to  that  same  position  is  said  to  have  described  a  Complete 
Revolution, 

Thus,  the  minute-hand  of  a  clock  describes  a  complete  revolution  in 
an  hour  :  the  hour-hand  in  12  hours. 

The  quoHer  of  a  complete  revolution  is  called  a  quadrcmL 
This  angle  is  the  same  as  the  geometrical  right-angle.  In 
describing  a  complete  revolution,  the  Quadrants  are  called  the 
first,  second,  third,  and  fourth,  respectively,  m  the  order  in  which 
the  refdolver  passes  through  th&m.. 

4.  To  every  Geometrical  angle  (see  Fig.  of  Art.  1)  there  corre- 
sponds an  indefinite  number  of  Trigonometrical  a>ngles.  For  there 
is  an  indefinite  number  of  ways  by  which  the  revolver  may  be  sup- 
posed to  have  moved  from  the  one  to  the  other  of  the  two  lines 
which  bound  the  Geometrical  angla 

(1)  The   revolver  may  begin   to  revolve  towards  either 
side  of  one  of  the  bounding  lines  to  reach  the  other. 

(2)  The  revolver  may  describe  any  number  of  complete . 
revolutions  before  coming  to  rest. 

Thus,  to  represent  in  a  Figure  the  Trigonometrical  cmgle^ 
we  must  indicate  the  side  of  the  hounding  lines  on  which  the 
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angle  is  formed,  and  the  numher  of  complete  revoliUions  which 
have  been  described. 

A  part  of  a  small  spiral  terminated  by  the  two  bounding 
lines  may  be  used  to  indicate  the  Amount  of  Revolutwn, 

Thus,  the  four  acute  angles  in  the  accompanying  figure  are 
geometrically  equal,  but  the  spirals  indicate  in  each  case  different 
amounts  of  revolution. 

Similarly  as  regards  the  four  obtuse  angles. 

The  position  of  the  minute-hand  of  a  clock  gives  us  the  geometrical 
angle  between  its  present  position  and  its  position  at  the  beginning  of 
the  hour.  But  it  is  the  position  of  the  hour-hand  which  tells  us  how 
many  complete  revolutions  the  minute-hand  has  described  since  12 
o'clock.  Thus  the  minute-hand  and  the  hour-hand  combined  give  the 
measure  of  the  trigonometrical  angle  which  the  minute-hand  has  de- 
scribed. The  way  of  revolution  is  of  course  indicated  by  the  order  of 
the  numbers  on  the  circumference  of  the  clock-face. 

5.  Sometimes  it  is  necessary  to  distinguish  between  the  line 
from  which  the  revolver  starts  and  the  line  at  which  the  revolver 
stops  in  describing  any  angle.  The  first  is  called  the  Initial 
Line  and  the  second  the  Final  Line.     The  words  initial  and 

Jmal  thus  refer  to  the  beginning  and  end,  respectively,  of  any 
particular  revolution  considered.  The  letters  /  and  F  will  be 
used  to  indicate  the  initial  and  final  lines  bounding  any  angle. 

6.  From  the  above  it  follows  that,  whereas  every  Geometrical 
angle  is  [properly]  less  than  two  right-angles,  a  Trigonometrical 
angle  may  have  any  magnitude  whatever.  In  fact,  any  Trigo- 
nometrical angle  greater  than  two  right  angles  may  be  regarded 
as  made  up  by  the  summation  of  a  number  of  Geometrical 
angles  each  less  than  two  right-angles.  [Such  an  angle  is  con- 
templated in  Euc.  VI.  33.]     And 

Ttvo  trigonometrical  angles  are  said  to  he  equal^  if  the  geo- 
metrical angles  into  which  the  one  may  be  divided  a/re  equals  each 
to  eaeh,  to  those  into  which  the  other  may  be  divided. 

Subdivisions  of  the  Right-angle, 

7.  The  right-angle  is  subdivided  in  two  ways  according 
to  the  following  tables. 

1—2 
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'    Sexagesimal  method, 

1  Right-angle  =  90  degrees,  written  90* 
1°  i.e.  1  Degree  =  60  minutes,  written  60' 
1'  i.e.  1  Minute         =  60  seconds,  written  60" 

Centesimal  method. 

1  Right-angle  =100  grades,  written  100* 
1*  i.e.  1  Grade  =100  minutes,  written  100^ 

r  i.e.  1  Minute         =  100  seconds,  written  100"^. 


8.  The  advantage   of  the  centesimal  method  is  that  it  is 
a  mere  application  of  the  decimal  system  of  notation.     Thus 

2  rt.  z  s  35«  27'.  25^' 4  =  2  rt.  z  s  35»  27^-254 

=  2  rt.  z  s  35«- 27264 
=  2-3627254  of  art.  l. 

Similarly  9»  3'  r'-73  =  -09030173  of  a  rt.  z  . 

In  reducing  angles  so  expressed  to  decimals  of  a  right-angle, 
we  have  only  to  transform  the  integral  numbers  into  decimals, 
taking  care  to  express  the  units  of  each  kind  as  hwndredths  of 
the  next  higher  subdivision. 

9.  Observe  that  a  complete  revolution  =  4  right  angles  =  360*, 
and  that  half  a  complete  revolution  =  2  right  angles  =  180^ 

The  student  must  be  careful  to  avoid  confusing  the  three  dif- 
ferent uses  of  the  words  minute  and  second. 

The  English  or  sexagesimal  angular  minute  is  a  nxtieth  of  an  angular 
degree. 

The  French  or  centesimal  angular  minute  is  a  hundredth  of  an 
angular  grade. 

The  minute  of  Time  is  a  sixtieth  of  an  hour. 

Similarly  as  regards  the  second. 

10.  To  rediAce  cm  angle  from  the  Sexagesimal  to  the  Centesimal 
msasurem>ent. 

Reduce  the  angle  to  the  decimal  of  a  right-angle,  and  mark 
off  the  grades  <S^c.  as  in  Art.  8. 
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Ex.  l?**     ir     22"-98. 

60)22-98  seconds 

60)11-383  minutes 

90)17-189716  degrees 

•190996851  right-angle 
Answ.     19»     9'     9ff'-85l. 

11.     To  reduce  am,  angle  from,  the  Centesimal  to  the  Sexa- 
gesimal measu/rement, 

Mark  off  the  angle  as  a  decimal  of  a  right-angle  as  in  Art.  8, 
and  reduce  to  degrees  &c, 

Ex.  19»     9'     96''-85l 

•190996851(851  &c.)  right-angle 

90 


17-189716(66659  <kc.)  degrees 
60 


11-382^(96  (fee.)  =  11-383  minutes 

60 


22-98  seconds. 
Answ.     17°     ir     22"-98. 

12.  In  all  tables  of  reference,  records  of  observation  <kc. 
angles  are  expressed  in  terms  of  the  sexagesimal  subdivisions 
of  the  right-angle.  The  immense  labour  which  would  be  in- 
volved in  reducing  these  to  the  centesimal  system  has  not  yet 
been  undertaken.  Hence  the  centesimal  subdivisions,  though 
introduced  by  the  French  at  the  beginning  of  the  century,  have 
performed  no  service  except  that  of  supplying  elementary  exer- 
cises in  Reduction  for  the  Trigonometrical  student, 

13.  Angles  which  together  make  up  one  right-angle  are  said 
to  be  Complementary  to  one  another:  and  each  angle  is 
called  the  Complement  of  the  other. 

Thus,  the  pairs  of  angles  30"  and  60^  4T  13'  29"  and  42°  46'  31"  are 
complementaiy  pairs.  If  A  denote  any  angle,  90°  -  A  denotes  its 
complement. 
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Angles  which  together  make  up  two  right-angles  are  said  to 
be  Supplementary  to  one  another:  and  each  angle  is  called 
the  Supplement  of  the  other. 

Thus,  the  pairs  of  angles  "30°  and  150",  47°  13'  29"  and  132°  46'  31" 
are  supplementary  pairs.  If  A  denote  any  angle,  180°  -  A  denotes  its 
supplement. 

The  trigonometrical  in  terms  of  the  corresponding  geometrical 
a/ngle, 

14.  Let  101,  K'OK  be  two  lines  at  right-angles  cutting 
inO. 


Let  a  line  revolve  from    07,   as  initial  position,   towards 
the  perpendicular  OK.     Then,  when  the  revolver 
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is  between  01  and  OK^  it  is  in  the  Ist  Quadrant 

when OZandO/;,     2nd     

when or  and  0^',    ^d     

when OZ'andO/,     ^th      

15.  To  find  the  general  expression  for  the  trigonometrical 
cbngle,  when  the  final  position  of  the  revolving  line  is  given. 

Let  OF  be  the  final  position  of  the  revolving  line  corre- 
sponding to  any  angle. 

1.  Let  OFi  be  in  the  1st  Qtuidrcmt, 

Let  the  cuyute  angle  10 F^  be  A, 

Then,  the  revolving  line  may  have  described  any  number  of 
complete  revolutions,  bringing  it  back  to  01,  before  finally 
resting  at  OF^, 

Hence  the  trigonometrical  angle  lOF^  is  n .  360°  +  A  where  ri 
is  any  whole  (positive)  number. 

2.  Let  OF2  be  in  the  2nd  Qriadrant. 

Let  the  acute  angle  /'O/^g  t)e  A. 

Then,  any  number  of  complete  revolutions,  i.e.  n .  360°,  may 
be  first  described,  bringing  the  revolver  back  to  OL 

Now  lOF^  +  rOF^  =  180° .-.  lOF^  =  180°  -  FOF^  =  180°  -  A. 
Thus  the  trigonometrical  angle  lOF^  is 

n .  360°  +  180°  -  ^  =  (2n  +  1)  180°  -  A, 

3.  Let  OFj  be  in  the  3rd  Qtiadrant. 
Let  the  acute  angle  I'OF^  he  A. 

Then,  the  revolving  line  may  be  supposed 
first,  to  make  n  complete  revolutions  from  01  back  to  01; 
then,  to  revolve  from  01  to  OT,  through  180°; 
and ^waZ^,  to  revolve  from  OT  to  OF^,  through  angle  A, 

Thus,  the  trigonometrical  angle  lOF^  is 

n .  360°  +  180°  +  -4  =  (271  +  1)  180°  +  A. 
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4.     Let  OF4  be  vn  the  ^th  Quad/rarU. 

Let  the  acute  angle  lOF^  be  A, 

Then,  the  revolving  line  may  be  supposed 

first,  to  make  (w-1)  complete  revolutions  from  01  back 
to  07; 

then,  to  revolve  from  01  to  OF,  through  180"; 

and  Jinally,  to  rev6lve  from  OT  to  OF^,  through  180°  -  A, 

Thus,  the  trigonometrical  angle  lOF^  is 

(n  - 1)  360°  +  180°  +  180°  ^A=n.  360°  -A*, 

16.  By  the  last  article,  we  see  that  we  may  express  any 
trigonometrical  angle  in  terms  of  the  geometrical  acute  angle 
which  the  final  position  of  the  revolving  line  makes  with  the 
initial  position  (produced  if  necessary). 

Summing  up  the  results,  when  the  final  line  is  in 

1st  Quad.,  trig,  angle  =  even  multiple  of  180°  +an  acute  angle. 
2nd  Quad.,  trig,  angle  =  odd  multiple  of  180°  -  an  acute  angle. 
3rd  Quad.,  trig,  angle  =  odd  multiple  of  180°  +  an  acute  angle. 
4th  Quad.,  trig,  angle  =  even  multiple  of  180°  -  an  acute  angle. 

These  results  should  be  carefully  noted  and  remembered  t. 

§  2.     Areas. 

17.  In  order  to  measure  an  area,  it  is  necessary  to  express 
the  ratio  it  bears  to  some  knovm  area;  just  as  to  measure  a 
length  or  a  weight,  it  is  necessary  to  express  the  ratio  it  bears  to 
a  known  length  or  weight. 

*  In  these  four  results,  n  is  understood  to  be  0  or  some  positive  integer. 
An  explanation  will  be  given  later  according  to  which  n  may  be  positive  or 
negative. 

t  The  student  should  observe  that  to  speak  of  an  angle  as  being  in 
a  certain  Quadrant  is  misleading:  it  is  the  revolving  line  which  passes 
through  the  several  Quadrants,  and  whose  final  position  in  one  or  other  of 
the  Quadrants  indicates  the  magnitude  of  the  angle. 
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18.  To  find  ike  a/rea  of  a  rectangle,  when  the  lengths  of  its 
adjcuient  sides  are  known. 

Let  ABGD  be  a  rectangle.  l^ 

Let  AB  contain  m  parts,  each 
equal  to  AF-y  and  let  AD  contain  n 
parts,  each  equal  to  AQ, 

From  the  points  of  division  draw 
lines  parallel  to  the  sides  of  the 
rectangle. 

Then  the  whole  rectangle  ABGD  is  divided  into  small  rect- 
angles— the  adjacent  sides  of  each  of  these  rectangles  being 
equal  to  AP  and  AQ. 

And  the  number  of  these  rectangles  is  m  x  n. 

Thus, 

rect.  whose  adj.  sides  are  m  times  AP  and  n  times  AQ, 
=  mn  times  rect.  whose  adj.  sides  are  AP  and  AQ, 

19.  In  the  above  proposition,  suppose  that  AP  =  AQ,  Then 
the  rectangles,  into  which  ABGD  is  divided,  are  squares. 

Let  AP  or  ^Q  be  taken  as  the  wait  of  length.  Then,  the 
measure  of  ^^  in  terms  of  this  unit  is  m,  and  the  measure 
of  AD  in  terms  of  this  unit  is  n. 

If  we  take  the  square  on  the  unit  of  length  as  the  unit 
of  area,  then  the  measure  of  ABGD  in  terms  of  this  unit  is  mn. 

Thus,  the  measure  of  the  area  of  a  rectangle  is  equal  to  the 
product  of  the  measures  of  the  lengths  of  its  two  adjacent 
sides. 

20.  The  student  should  observe  that  an  area  is  measured  by 
the  prodvAit  of  two  numbers  which  measure  lengths. 

This  is  expressed  by  saying  that  area  is  of  the  second  dim&nr 
mmh  in  length. 

21.  The  conclusion  of  Art.  19  may  be  expressed  more  briefly 
thus: — 

The  area  of  a  rectangle = product  of  the  lengths  of  its  sides. 
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But  arithmetically  we  can  only  multiply  a  quantity  by  an  abstract 
number.  If  we  extend  the  meaning  of  the  term  multiplication  beyond 
that  understood  in  Arithmetic,  we  may  speak  of  physioaJly  multiplying 
one  physical  quantity  by  another,  whenever  the  arithmetical  multipli- 
cation of  the  measures  of  these  quantities  gives  us  the  measure  of  some 
other  physical  quantity  depending  on  these.  It  should  be  clearly 
understood  that  we  are  m  this  case  ea^tending  the  meaning  of  the  word 
multiplication. 

The  a/rea  of  a  tricmgle, 

22.  By  Euc.  I.  41,  if  a  parallelogram  and  a  triangle  be 
on  the  same  base  and  between  the  same  parallels,  the  parallelo- 
gram is  double  of  the  triangle. 


C  B  C  L         B  CL 

Now,  let  ABC  he  any  triangle, — acute-angled,  obtuse-angled 
or  right-angled. 

From  the  vertex  -4,  draw  AL  perpendicular  to  the  base  BC 
produced  if  necessary. 

If  the  angle  G  is  acute,    L  will  fall  between  B  and  (7, 

if    obtuse,  L  will  fall  beyond  C, 

if. right,    Z;  will  fall  on  C. 

Through  A  draw  PAQ  parallel  to  BC'y  and  draw  BP,  CQ 
parallel  to  LA, 

Then,  in  each  case,  the  triangle  ABC  and  the  parallelogram 
PBGQ  are  on  the  same  base  BC,  and  between  the  same  parallels 
BC,  PQ, 

.'.  the  A  ABC  is  |  the  parallelogram  PBCQ. 
But  the  rectangle  PBCQ  is  measured  by  the  product  of  the 
measures  of  BC  and  BP;  i.e.  of  BC  and  AL, 

.-.  the  A  ABC  =  i  the  product  BC,  AL 

=  I  (base  X  altitude). 
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23.  The  student  should  compare  the  algebraical  and  the  geometri- 
cal uses  of  the  word  square.  In  Geometry  a  square  is  a  figure  of  a 
certain  shape.  In  Algebra,  a  square  is  a  product  of  two  equal  numbers. 
Now,  by  Art.  19,  the  measure  of  the  area  of  a  square— ^e  product  of 
the  two  equal  measures  of  its  adjacent  sides.  It  might  be  supposed 
that  this  explains  the  identity  of  names  in  Algebra  and  Qeometry. 
But  this  is  only  a  partial  explanation.  In  the  above  article,  we  had 
arbitrarily  taken  a  square  as  our  unit  of  area.  If  we  had  taken  some 
other  figure  as  imit  of  area,  a  figure  of  a  corresponding  shape  would 
have  been  represented  by  the  product  of  two  equal  numoers.  If,  a  g., 
the  unit  of  area  had  been  a  triangle  whose  base  and  altitude  were  equal, 
then  any  other  triangle,  whose  base  and  altitude  were  equal  would  have 
been  measured  by  the  product  of  two  equal  numbers  [and  any  triangle 
would  be  the  product,  (instead  of  J  the  product,)  of  its  base  and  alti- 
tude]. It  ia,  thus,  pureljyr  arbitrary^  but  (as  the  student  may  see  on 
reflection)  highly  convenient,  to  choose  a  square  as  the  unit  of  area. 
Whatever  unit  of  area  had  been  chosen  y  anyother  area  v)ovld  have  been 

proportional  to  thejoroduct  of  two  lengths.  This  is  equivalent  to  Euclid's 
statement  that  ^  Similar  rectilineal  figures  are  to  one  another  in  the 
duplicate  ratio  of  their  homologous  sides." 

24.  The  area  of  any  rectilineal  figure  may  be  found  by 
dividing  it  into  triangles :  and  applying  the  formula, 

triangle  =  ^  (base  x  altitude). 

25.  Since 

triangle  =  ^  (base  x  altitude), 

.'.  triangles  of  equal  altitudes  are  to  one  another  as  their  bases. 

This  is  Prop.  1  of  Euc.  Book  VI.  The  student,  who  has  not 
read  Book  VI.  is  advised,  here,  to  read  and  learn  Props.  2,  4,  5, 
6  and  7  of  that  book.  These  props,  are  necessary  for  a  great 
deal  of  what  follows. 


§  3.    Miscellaneous  Propositions. 

Equality  in  all  respects  of  two  triangles, 

26.  In  Euc.  I.  (4,  8,  26)  is  proved  the  equality  in  all 
respects  of  two  triangles,  three  elements  of  which  in  each  case 
are  given  equal  Euclid  omits  one  case,  which  may  be  now 
considered. 
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Let  ABC  J  DEF  be  two  triangles,  having  the  two  sides  AB^ 
AC  equal  to  the  two  sides  DEy  DF^  each  to  each;  and  likewise 
the  angle  ABC^  opposite  to  -4(7,  equal  to  the  angle  DEF,  opposite 
to  DF,  The  angles  ACB,  DFE  opposite  the  other  equal  sides 
AB,  BE  shall  be  either  equal  or  supplementary. 

(i)  If  EF  and  BC  are  equals  then,  by  Eua  I.  4,  the  triangles 
ABC,  DEF  are  equal  in  all  respects.  But  (ii)  if  not,  one  of 
them  must  be  the  greater.  Let  EF  be  the  greater.  Produce 
BC  to  C,  so  that  BC'  =  EF,  join  C'A.  Then,  by  Euc.  I.  4,  the 
triangles  ABC,  DEF  are  equal  in  all  respects. 

But  •/  AC  =  AC',  .-.   L  ACC'=  L  AC'C     [Euc.  L  5.] 

And  the  angles  ACB,  ACC  are  supplementary, 

.'.  the  angles  ACB,  AC'C  are  supplementary, 

i.e.  the  angles  ACB,  DFE  are  supplementary, 

.'.  in  case  (i)  ACB,  DFE  are  equal, 

and  in  case  (ii)  ACB,  DFE  are  supplementary.     Q.E.D. 

Cor.  L  Since  of  two  supplementary  angles,  not  equal  to  one 
another,  one  must  be  acute  and  the  other  obtuse,  therefore  if,  in 
the  above  proposition,  we  know 

either  that  both  the  angles  ACB,  DFE  are  acute, 
or     that  both  the  angles  A  CB,  DFE  are  obtuse, 
or     that  one  q/*the  angles  ACB,  DFE  is  right, 

then  it  follows   that  ACB,  DFE  are  necessarily  equal  without 
any  other  alternative. 

Cor.  2.  Ii  AC  \s  equal  to  or  greater  than  AB,  then  z  ABC 
is  equal  to  or  greater  than  i  ACB. 


MISCELLANEOUS  PROPOSITIONS.  13 

But  two  angles  of  a  triangle  are  together  less  than  two 
right- angles,  therefore  l  ACB  is  acute. 

Similarly  DF  being  equal  to  AC,  and  DE  to  ABy  the  angle 
DFE  is  acute. 

This  brings  us  to  Cor.  1,  showing  that  the  angles  ACB,  DFE 
are  necessarily  equal. 

27.  The  proposition  of  the  last  article  is  called  The  Am- 
bigtuyus  Case  of  the  equality  of  two  triangles.  The  ambiguity  is 
removed  by  the  corollaries.  Further  consideration  of  the  matter 
is  postponed  to  the  chapter  on  Solution  of  Triangles. 

28.  We  see  from  Art.  26,  that  there  a,re /oiir  cases  in  which 
the  exact  equality  of  two  triangles  may  be  shown.  But  the  last 
case  is  Ambiguous. 

In  each  case,  a  side  is  given  equal. 

The  three  elements  given  equal  are  in 

Case  I.     Two  angles  anid  a  side,     Euc.  I.  26. 

Case  II.     Three  sides,    Euc.  I.  8. 

Case  III.  Two  sides  and  the  a/ngle  included  by  them,  Euc. 
1.4. 

Case  IV.  Two  sides  and  the  angle  opposite  one  of  them. 
Art.  27.    ' 

These  four  cases  correspond,  respectively,  to  the  four  propo- 
sitions 4,  5,  6,  7  of  Book  VI.  in  which  the  similarity  of  two 
triangles  is  shown. 

Case  I.     T^uo  a/ngles  given  equal.     Euc.  VI.  4. 

Case  II.     TTi/ree  sides  given  proportional.    Euc.  VI.  5. 

Case  III.  Two  sides  given  proportional,  and  the  angle  in- 
cluded by  them  given  equal.     Euc.  VI.  6. 

Case  IV.  Two  sides  given  proportional,  and  the  angle  opposite 
one  of  them  given  equal.     Euc.  VI.  7. 

29.  By  Euclid  I.  32,  the  angles  of  a  triangle  are  together 
equal  to  two  right-angles. 
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But  1  right-angle  =  90  degrees  or  90**, 
.'.   2  right-angles  =180  degrees  or  180**, 
.*.  the  angles  of  a  triangle  are  together  equal  to  180°. 

Example,     The  angles  of  a  triangle  are  a8  2  :  3  :  4.     Find  them. 

We  have  to  divide  180°  into  3  parts,  which  are  in  the  proportion 
2:3:4. 


The  required  parts  are 

2 


2 


(1)     2+3T4^^^^^=9"^^^"  =  ^^^' 
(^)     2+1+4"^^®^°==!^^^®^'  =  ^'' 

30.  By  Euclid  I.  47,  the  square  on  the  hypothenuse  of  a 
right-angle  is  equal  to  the  sum  of  the  squares  on  the  two  sides 
containing  the  right-angle. 

Let  ABC  be  a  right-angled  tri- 
angle, right-angle  at  A, 

If  a,  b,  c  are  the  measures  of  the 
sides  opposite  to  A,  B,  Cy  respec- 
tively; then  a^,  b\  c^  are  the  mea- 
sures of  the  squares  on  these  sides, 
respectively, 

.-.  a2  =  ft2  +  cl 

By  this  equation,  we  can  find  any  one  side  of  a  right-angled 
triangle  when  the  other  ttvo  are  given. 

Example  1.     The  sides  of  a  right-angled  triangle  are  6  ft,  and  12  ft. 
respectively,  find  the  hypothenuse. 

Take  a  foot  as  the  unit  of  length. 

Then  5  and  12  are  the  measures  of  the  two  sides. 

.-.  (measure  of  hypothenuse)2= 52  + 122 =25 -f  144=169, 
.'.  measure  of  hypothenuse  =^169=13, 
.-.  hypothenuse  =  13  ft. 
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Exam/pie  2.     The  hypothenuse  cmd  base  of  a  right-angled  triangle  are 
2fi.  5  in.  and  1  ^.  9  in.  respectively.    Find  the  altitvde. 

Take  an  inch  as  unit  of  length.    Let  x  measure  altitude.     Then,  we 
have, 

292=:212  +  ^. 

.-.  a;2=292- 212=841 -441=400, 

.-.  a? =20, 

.  •.  altitude = 20  in.  =  1  ft  8  in. 


Examples  I. 

1.  Express  in  grades,  minutes  and  seconds  the  following 
decimals  of  a  right-angle. 

(1)    -000003,  (2)   -0025,  (3)   -04,  (4)   -356, 

(5)   1-888,         (6)   234-25789,         (7)   52-04065042003. 

2.  Express  the  above  angles  in  degrees,  minutes,  seconds. 

3.  Express  as  decimals  of  a  right-angle : — 

(1)  4^  (2)  70\  (3)  -04«,  (4)  5*  2^  45^  (5)  26«  46^ 
35^^-62,      (6)  32"-4,      (7)  3" -24,      (8)  0"-324,       (9)    IT  41 12", 

(10)  31°  3',      (11)  er  r  12". 

4.  Express  in  the  centesimal  method  ; — 

(1)    l""  8'  8''-8,         (2)   3°  4'  7"-2,  (3)   6r  1'  12". 

5.  Express  in  the  sexagesimal  method : — 

(1)    3»  33'  33"  3,         (2)   45«  5'  3^\         (3)  7»  9  IT. 

6.  Show  that  the  number  of  degrees  contained  in  any  angle 
is  -^  of  the  number  of  grades  contained  in  the  same  angle. 

7.  If  an  angle  is  expressed  as  a  decimal  of  a  degree,  show 
that  it  may  be  expressed  as  a  decimal  of  a  grade  by  removing 
the  decimal  point  one  place  to  the  right  and  dividing  by  9. 

8.  If  an  angle  is  expressed  as  a  decimal  of  a  grade,  show 
that  it  may  be  expressed  as  a  decimal  of  a  degree  by  subtracting 
from  the  given  decimal  the  decimal  formed  from  it  by  removing 
the  point  one  place  to  the  left. 
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9.  The  angles  of  a  triangle  are  in  arithmetical  progression, 
and  the  greatest  of  them  is  |^  of  the  least.     Find  them. 

10.  The  number  of  degrees  in  an  angle  is  to  the  number  of 
grades  in  its  complement  as  3  is  to  5.     Find  the  angle. 

11.  A,  B,  G  are  the  three  angles  of  a  triangle.  The  number 
of  degrees  in  ^  is  equal  to  the  number  of  grades  in  B  and  to  the 
product  of  the  number  of  degrees  and  of  grades  in  G.  Find 
A,  B,  G. 

12.  The  side  AB  of  a  triangle  ABG  is  produced  to  i>,  and 
AjE  is  drawn  making  an  angle  with  AG  equal  to  BGA  which  is 
less  than  BAG,  The  angle  GBD  is  112°  11'  44";  and  the  angle 
JSAB  is  67°  48'  16".     Find  the  angles  of  the  triangle  ABG, 

13.  What  trigonometrical  angles  has  the  minute  hand  of  a 
clock  described  since  midnight  at  3.15  a.m.,  at  7.40  p.m.,  and  at 
9.10  a.m.,  respectively? 

14.  ABGD  is  a  square,  AG  and  BD  are  its  diagonals.  Find 
the  general  expressions  for  the  trigonometrical  angles  bounded 
by  the  lines 

(1)     AB  and  AG,  (2)  AB  produced  and  BD, 

15.  Find  in  degrees  the  angles  of 

(1)  an  equilateral  triangle,  (2)  a  regular  hexagon,  (3)  a 
regular  pentagon,  (4)  a  regular  dodecagon,  (5)  a  regular  quinde- 
cagon. 

16.  Find  the  hypothenuse  of  the  right-angled  triangles 
whose  sides  are  respectively, 

(1)  3  ft.  and  4  ft.  (2)  2  ft.  9  in.  and  4  ft.  8  in.  (3)  4  ft. 
and  4  ft.  7  in. 

17.  Find  the  third  side  of  the  right-angled  triangles  whose 
hypothenuse  and  other  side  are,  respectively, 

(1)  26  in.  and  10  in.  (2)  4  ft.  5  in.  and  2  ft.  4  in.  (3)  7  ft. 
1  in.  and  3  ft. 

18.  The  sides  of  a  right-angled  triangle  are  a^-b^  and  2ab 
respectively.     Find  the  hypothenuse. 
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19.  OA  is  a  line  of  any  length.  AB  is  perpendicular  to 
OA,  EC  to  OB,  CD  to  0(7,  DE  to  OD  &c.,  and 

AB  =  BG^CD^DE  =  k^,^OA. 

Find  the  lengths  of  the  lines  OB,  OC,  OD,  OE  &c.  in  terms 
oiOA. 

20.  Show  in  the  method  of  Euclid,  Book  I.,  that 

(1)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  adjacent  angle  of  one  equal  to  a  side  and  adjacent  angle  of 
the  other,  are  equal  in  all  respects. 

(2)  Two  triangles,  which  are  equal  in  area  and  have  two 
angles  of  the  one  equal  to  two  angles  of  the  other,  each  to  each, 
are  equal  in  all  respects. 

(3)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  opposite  angle  of  one  equal  to  a  side  and  opposite  angle 
of  the  other,  are  equal  in  all  respects. 

(4)  If  two  triangles,  which  are  equal  in  area,  have  two 
sides  of  the  one  equal  to  two  sides  of  the  other,  each  to  each, 
then  the  angle  contained  by  the  two  sides  of  the  one  is  equal  or 
supplementary  to  the  angle  contained  by  the  two  sides  of  the 
other. 
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CHAPTER  11. 
THE  ANGLE  AND  THE  CIRCLE. 

§  1.    On  Measurement. 

31.  Two  quantities  are  said  to  be  homogeneous  or  com- 
parable, when  one  is  either  equal  to,  less  than,  or  greater  than 
the  other. 

Thus,  an  inch  and  a  mile — a  degree  and  a  grade — a  triangle  and  a 
square — are  pairs  of  quantities  which  are  com/parahle  in  magnitude. 
But  a  line  and  an  angle — a  line  and  an  area — an  angle  and  an  area — 
are  pairs  of  quantities  incomparable  in  magnitude. 

Two  homogeneous  quantities  are  said  to  be  commensurate, 
when  the  multiplication  of  the  smaller  .by  some  finite  number 
gives  a  quantity  greater  than  the  greater. 

Thus,  an  inch  and  a  mile  are  commensurate  ;  but  the  space  occupied 
by  an  atom  and  that  occupied  by  the  Solar  System  are  practically  irir- 
commenswrate. 

Two  homogeneous  commensurate  quantities  are  said  to  be 
commensurable,  when  both  are  exact  multiples  of  some 
common  quantity  commensurate  with  each. 

Thus,  3 J  inches  and  17J  inches  are  commenmrable ;  for  3^  inches 
=  21  dxths-of-an-inch  and  17J  inches  =  104  sixths-of-an-inch.  Also 
3a/2  inches  and  b^2  inches  are  commensv^able.  But  1  inch  and 
iJ2  inches  are  incommensiirable :  for,  since  there  is  no  fraction  with 
integral  numerator  and  denominator  exactly  equal  to  a/2,  1  inch  cannot 
be  divided  into  any  finite  number  of  parts  such  that  a  number  of  those 
parts  shall  exactly  equal  a/2  inches*. 

*  The  distinction  between  commensurdble  and  incommensurdbU  is  purely 
theoretical.  Practically  we  cannot  compare  the  measures  of  two  quantities 
exactly;  hence  we  can  never  determine  whether  they  are  really  commen- 
surable or  not. 
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32.  The  definitions  of  the  last  article  are  equivalent  to  the 
following : 

Two  quantities  are  comparable,  when  the  one  has  some  ratio 
to  the  other :  they  are  commenswra^te,  when  the  ratio  of  either  to 
the  other  is  Jmite :  they  are  comw^nswrdbley  when  their  ratio  is 
measured  by  a  fraction  with  finite  integral  num^era/tor  and 
denommatoT. 

33.  A  quantity  of  any  kind  is  msaawred  by  assigning  the 
ratio  it  bears  to  some  known  quantity  of  the  same  kind  called 
the  vm;t. 

Thus  we  measure  lerigths  by  assigning  their  ratio  to  (say)  a  foot ; 
we  measure  angles  by  assigning  their  ratio  to  (say)  a  right  angle. 

The  ratio  of  the  given  quantity  to  the  unit  is  called  the 
abstract  or  mmierical  mea^sure  of  the  quantity;  or  sometimes, 
more  shortly,  the  measure  of  the  q%bantity. 

34.  An  accurate  measurement  of  any  quantity  is  practically 
impossible. 

Suppose  that  we  know  that  a  magnitude  lies  between  w  —  1 
units  and  m  +  1  units.  Then  the  error  involved  in  taking  m 
units  for  the  true  value  is  less  iha/n  1  unit  We  should,  therefore, 
say  that  to  within  1  unit  its  measure  is  m  units. 

If  another  magnitude  has  to  be  found  by  multiplying  the 
above  by  any  number  k,  this  second  magnitude  lies  between 
km  —  k  units  and  hm  +  k  units.  The  error  involved  in  taking 
km  units  for  the  true  value  is  less  than  k  units.  We  should, 
therefore,  say  that  to  within  k  units  its  measure  is  hn  units. 

Therefore,  the  possible  error  in  assigning  the  measure  of  a 
magnitude  by  multiplying  the  measure  of  another  magnitude  by 
k  is  increased  Mold.    The  ratio  of  the  possible  error  to  the  whole 

measure  is  as  before,  viz.  — . 

m 

If  now  the  number  k  is  fractional  and  we  wish  to  find  an 
integral  number  of  units  in  our  product,  we  need  not  calculate 

2—2 
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h  more  closely  than  to  within  —   of  unity.      For,  by  the   same 

reasoning  as  above,  provided  the  error  in  A;  is  less  than  — ,  the 

error  in  mk  will  be  less  than  1. 

Example  1.  The  side  of  a  square  is,  to  within  an  inch^  57  yd. 
2  ft.  3  in.    Find  the  diagonal  and  assign  the  accuracy  of  the  result. 

57  yd.  2  ft.  3  in. =2079  in. 
.•.,byEuc.  L  47,  (diagonal)2= (2079 in.)2+ (2079 in. )» 

=2  X  (2079)2  sq.  in. 
.*.  diagonal=4y2x2079  in. 

Now  V2  =  1*4142  &c.  This  differs  from  1-414  by  less  than  OOOS, 
i.e.  less  than  g^^Q. 

.*.  in  finding  an  integral  number  of  inches  in  the  diagonal,  we  may 
use  1'414  for  v2. 

.-.  diagonal=  I-4I4  x  2079  in.  =  2939*706  in. 
=  2940  in.  or  81  yd.  2  ft.  Tisarly. 

Since  the  original  possible  error  was  1  inch,  the  possible  error  in  the 
result  is  a/2  inches,  i.e.  about  1^  in. 

Example  2.  The  ratio  of  the  circmnference  to  the  diameter  of 
a  circle  being  3*14159  &c.,  find  the  circumference  of  a  circle  whose 
diameter  is,  to  within  a/a  inch,  13  yd.  8  in. 

13  yd.  8  in.  =  476  in. 
Now  3-14159  &c.  differs  from  3;^  by  less  than  -002  or  -g^^, 

.*.  in  finding  an  integral  nmnber  of  inches  in  the  circumference  we 
may  use  3^  instead  of  3*141  &c. 

.-.  circumference  =  ^  of  476  in. =41  yd.  1  ft.  8  in. 

The  result  is  correct  to  within  about  3  inches. 

Fv/ndamental  Proposition  on  Incommensurables, 

35.  Let  there  be  two  quantities  which  vary  together,  in  such 
a  way  that  to  any  value  of  one  there  corresponds  a  value  of  the 
other,  and  that  when  either  increases  the  other  increases.  Then, 
if  the  ratio  of  any  two  commenswrable  values  of  the  one  is  equal 
to  the  ratio  of  the  two  corresponding  values  of  the  other,  the 
same  will  hold  for  aU  pairs  of  values  whether  commensurable  or 
incommensurable. 
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'         '     Let  X  and  y  represent  the  two  varying  quantities.     Let  sub- 
;        script   numbers  indicate  particular  values,  the  same   subscript 
number  being  used  for  corresponding  values. 

We  have  to  show  that 

^  •  ^  =  2/1  •  2/2 
where  Xi  and  x^  are  incommensurable  values  of  x. 

K  possible,  let  a^i  •  aJ2  =  ^i  •  ^s  0-) 

where  y^  >  ya  and  .  *.  a^>'X2' 

Suppose  a?!  to  be  divided  into  a  number  m  of  parts,  each  equal 
to  a,  where  a  <  ajg  —  03^. 

Then,  if  tui  is  the  largest  multiple  of  a  less  than  o^, 

iia  <  a^  but  na  >  iBg' 
Call  no,  x^ :  then,  since  x^<a^,  .*.  y^<-yz* 
Again,  since  x^  and  x^  (viz.  ma  and  na)  are  commensurable, 

.'.  Oi  :«4  =  yi  ^^4  (2). 

Comparing  (1)  and  (2), 
since  x^'>X2  .'.  y^'^yz* 

But  ^4  has  been  shown  to  be  <y3.  Which  is  impossible. 
.'.  a^  :  Oa  is  not  unequal  to  y^  :  y^  i.e.  it  is  equal  to  it.  Q.E.D. 

§  2.     The  Angle  and  the  Circle. 

36.  A  ci/rcle  may  be  described  by  the  revolution  in  a  plane 
of  a  straight  line  about  one  of  its  extremities  which  remains 
£xed. 

The  fixed  extremity  is  called  the  centre]  the  moving  extremity 
traces  out  the  drcvrnference. 

Any  part  of  the  a/rcfwmf&rence  is  called  an  a/rc\  and  any  part 
of  the  area,  traversed  by  the  revolving  radius,  is  called  a  sector. 

Now  the  length  of  the  arc  and  the  area  of  the  sector  clearly 
depend  on  two  elements,  viz.  (1)  The  length  of  the  revolving 
radius.     (2)  The  omotm^  q/*  r^vo^ti^ion  described. 
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Heace  we  see  how  naturally  a  circle  ia  connected  i 
angle  as  described  in  the  first  chapter. 

The  two  fundamental  propositions  connecting  cmgle,  i 
radius  will  now  be  proved.  The  first  proposition  is  pro' 
manner  intended  to  show  the  connexion  between  Euclid's 
of  treating  proportionals  and  the  algebraical  method. 

37.     In  circles  of  equal  radii,  arcs  which   mbtend 
angles  ore  to  one  another  aa  the  angles. 


unequal 


Let  the  arcs  AB,  A'B  of  circles  whose  radii  OA,  {/A'  are 
equal,  subtend  angles  AOB,  A'O'S  at  the  centres  0,  0'  respec- 
tively.    Then 

arc  AB  :  arc  A'B  ghedt  eywo?  angle  AOB  :  angle  A'(yB'. 

If  not,  let  the  fractions  which  measure  these  ratios  be  tmequal : 
and  suppose  that  p/q  is  a  fraction  lying  between  them,  so  that  (say) 


THE  ANGLE  AND  THE  CIRCLE.  23 

a.TcAB      p        .  angle-40-ff       p 
arc  A'B  ^  q  angle  A' a B'  "^  q  ' 

Then   q  .  arc  AB-^p  ,  arc  A'B' 

and  q  ..angle  AOB  > p  .  angle  A'O'B . 

At  0  describe  q  angles  (including  AOB^  each  equal  to  AOB^ 
and  at  0'  describe  p  angles  (including  A'C/F)  each  equal  to  A!0'B\ 

Then,  the  whole  angle  AOQ  =  q .  angle  AOB \ 
and  the  whole  angle  A'0'F=p .  angle  A'0*B\ 

.*.  whole  angle  AOQ  >  whole  angle  A'O'F, 

Again,  by  Euc.  III.  26,  the  arcs  ABy  BG  &c.  which  subtend 
equal  angles  are  equal  to  one  another. 

.*.  the  whole  arc  AQ  =  q ,  a,rc  AB, 
and  the  whole  arc  A'P'  —p  .  arc  -4'i?', 
.*.  whole  arc  AQ<.  whole  arc  A'F, 

But  again,  by  Euc.  III.  26,  since  the  radii  OA^  O'A'  are  equal, 
and  since  angle  AOQ  >  angle  A'O'F, 

,\  arc  AQ>' arc  A'F.     Which  is  absurd. 

.*.  arc  AB  :  arc  -4'-ff'  =  angle -40-5  :  angle  A'O'B.     q.e.d. 

Or  the  proposition  may  be  proved  as  follows : 

Using  the   same  figure,  but  considering  the  angles   AOB, 
A'O^F  to  be  equal,  it  follows  at  once  from  Euc.  III.  26,  that 

arc  AQ  :  arc  il'P'^  angle -40©  :  angle  A'O'F 

Le.  the  ratio  of  any  two  commensv/rdble  values   of  the  arc  is 
equal  to  the  ratio  of  the  corresponding  values  of  the  angle, 

.'.,  by  Art.  35,  the  same  holds  for  all  values. 

38.     In  circles  of  unequal   radii,  arcs  which  subte/nd  equal 
angles  a/re  to  one  another  as  the  radii. 

Let  the  arcs  AZ,  aa  subtend  eqtMil  angles  at  the  centres  0,  o 
respectively.     Then 

arc  AZ  :  arc  az  shall  equal  radius  0-4  :  radius  oa. 
Within  angle  .40-^,  draw  any  number  of  radii  OB,  OC...OT : 
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and  at  o,  make  the  angles  aohy  boc.xoy  equal  to  A  OB,  £0C,  . 
XOY,  respectively.     Then 


P"  r*»i? 
D 

O  A  ^  « 

•/  whole  angle  AOZ=  whole  angle  cloz^ 
/.  remaining  angle  YOZ  =  remaining  angle  yoz. 
Join  A B,  BO...YZ;  aJby  hc.yz. 
Then  •/  AO  :  BO  =  (w  :  bo,    and  z  AOB  =  z  ao6, 

.'.    A  AOB  is  similar  to  a  aob.  [Euc.  VI.  6. 

.'.  AB  :  ah  =  AO  :  ao. 
Similarly  -5(7  :  be  =  -BO  :  6o  =  AO  :  ao, 

and  CB  :  crf=  CO  :  co  —  AO  :  oo. 

.*.  AB  +  BC  +  GJ)-\- :  ab-i-bc  +  cd+ =  A0  :  ao, 

Now,  as  we  increase  the  number  of  divisions  of  the  arcs  AZ, 
az,  the  rectilinear  boundaries  evidently  approximate  more  and 
more  closely  to  the  arcs. 

Hence  ultimately  we  may  assume  that 

AB-k'BG  +  CD+ =  arcil^; 

and  ab+bc  +  cd-h =arca«. 

.'.  arc  AZ  :  arc  az  =  radius  OA  :  radius  oa*,         q.e.d. 

39.     The  above  proposition  is  of  the  highest  importance. 

*  A  stricter  proof  of  this  proposition  will  be  given  later. 
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Since  cure  and  radius  are  both  lengths^  we  may  interchange 
the  second  and  third  terms  of  the  proportion,  and  write 
arc  AZ  :  radius  OA  =  arc  az  :  radius  oo, 
when  the  angle  AOZ=  angle  aoz. 

In  other  words,  the  ratio  arc  to  radius  is  constant  for  the 
same  angle  described  at  the  centre  of  a  circle. 

40.  Prop.  I.  The  ratio  of  the  circuTnference  to  the  diameter 
of  a  circle  is  the  sa/mefor  all  circles. 

For,  in  the  last  article,  suppose  the  angles  AOZ,  aoz  to  be  each 
four  right-angles.  Now  the  arc  subtended  by  four  right-angles, 
i.e.  by  a  complete  revolution,  is  the  whole  circumference.    Hence, 

circumference  AZ  :  radius  OA  =  circumference  az  :  radius  oa. 
.*.  circumference  AZ  :  diameter  2  .  OA 

=  circumference  az  :  diameter  2  .  oa, 

i.e.  the  ratio  of  the  circumference  to  the  diameter  in  any  one 
circle  is  equal  to  the  ratio  of  the  circumference  to  the  diameter 
in  a>ny  other  circle.  Q.E.D. 

Prop.  II.  The  a/ngle  which,  at  the  centre  of  a  circle,  subtends 
an  arc  equal  to  the  radius,  is  the  same  in  m>agndtude  for  all  circles. 

For,  in  the  last  article,  suppose  the  arc  AZ  to  have  been 
rneaswred  equal  to  the  radius  OA,  and  the  angle  aoz  to  be  still 
equal  to  the  angle  AOZ,     Then,  since 

arc  AZ  :  radius  OA  =  arc  az  :  radius  oa, 
,',  arc  az  is  also  equal  to  radius  oa. 

Thus,  the  angle,  which,  at  the  centre  of  amy  one  circle,  is 
subtended  by  an  arc  equal  to  the  radius,  is  equal  to  the  angle, 
which  at  the  centre  of  any  other  circle,  is  subtended  by  an  arc 
equal  to  the  radius.  Q.E.D. 

41.  From  the  above  two  propositions,  follow  two  definitions. 

1.  The  ratio  of  the  circumference  to  the  diameter  of  any 
circle  is  called  ir*, 

*  The  Greek  for  circumference  is  ire/x^^/oeta,  of  which  v  is  the  initial 
letter. 
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2.  The  angle,  at  the  centre  of  way  circle,  subtended  by 
an  arc  equal  to  the  radius  of  the  circle,  is  called  a  Radian. 

The  student  must  particularly  observe  that,  since  ir  is  the 
ratio  of  one  length  to  another  length,  tr  is  an  abstract  nwmber: 
and  since  the  ratio  of  the  circumference  to  the  diameter  is  con- 
stant, TT  is  of  constant  magnitude. 

Also,  since  the  angle,  which  at  the  centre  of  a  circle  subtends 
an  arc  equal  to  the  radius,  is  constant  in  magnitude,  therefore  the 
radicm  is  an  angle  of  fixed  magnitude, 

,^      t^,        circumference  .  .    , 

42.  Since       ,.        ,  =  ir,  in  any  circle. 

diameter 

.'.  circumference  =  v .  diameter  =  2^ .  radius. 

43.  To  show  tliat  ir  is  somewhat  greater  than  3. 

Let  six  angles  AOB^  BOC 
<&c.  each  equal  to  ^  of  4 
right-angles,  i.e.  J  of  2  right- 
angles,  be  placed  round  the 
centre  of  the  circle.  Join  AB^ 
BC  &c. 

Then  the  three  angles  AOB, 
OBAf  OAB  being  together 
equal  to  2  right-angles,  and  the 
angle  AOB  being  ^  of  2  right- 
angles,  the  angles  OB  A,  OAB 
are  together  equal  to  f  of  2  right-angles.     And  0A  =  OB, 

.'.  each  of  the  angles  OBA,  OAB  is  ^  of  2  right-angles, 

.*.  the  triangle  OAB  is  equilateral, 

.'.  each  side  of  the  hexagon  ABC  DBF  equals  the  radius, 

.'.  perimeter  of  the  hexagon  =  6  times  the  radius, 

=  3  times  the  diameter, 

.*.  circumference  of  the  circle  is  somewhat  larger  than  3  times 
the  diameter:  or  ratio  of  cvrcuTrference  to  dia/meter  is  somewh<xb 
greater  than  3. 
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44.  To  show  that  the  radian  is  somewhat  smaller  than  the 
angle  of  a/a  equilateral  Priangle. 

Suppose  the  arc  AE  to  be  measured  equal   to   the  radius 
OAy  SO  that  the  angle  AOE  is  the  radian. 

Then,  the  figure  AOR  is  a  curvilinea/r  equilateral  triangle. 

If  the  curved  side  AE  is  bent 
into  the  straight  line  AB,  we 
have  a  rectilinea/r  equilateral 
triangle,  showing  that  the  radian 
angle  AOE  is  somewhat  smaller 

than  the  angle  AOB  of  an  equi-      |  ^ ^A 

lateral  triangle.    Thus  the  radian 
is  somewhat  less  tham,  60"*. 

45.  To  find  the  relation  be- 
tween the  radian  and  the  right- 
angle. 

Since  angles  at  the  centre  of  a  circle  are  to  one  another  as  the 
a/rcs  which  they  subtend, 

two  right-angles     arc  subtended  by  two  right-angles 
one  radian  arc  subtended  by  radian 

_  semi-circumference     circumference  _ 
arc  equal  to  radius  diameter  * 

.-.  2  right-angles  =  ir  radians. 

46.  The  result  of  the  preceding  art.  must  not  be  forgotten. 
Since  tt  radians  =  2  right-angles, 

,.1  radian        =  ^  right-angles 

IT 

Now  IT  is  somewhat  greater  than  3,  hence  the  radian  is  some- 
what smaller  than  ^—^ — - — ,  i.e.   somewhat  smaller  than 

the  angle  of  an  equilateral  triangle,  as  we  have  shown. 
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47.  We  have  shown  that  ir  is  somewhat  greater  than  3. 
Its  value  cannot  be  exactly  expressed  by  any  fraction  having 
a  finite  numerator  and  denominator.  In  other  words  the  circum- 
ference and  diameter  of  a  circle  are  incommenstircbble. 

The  value  of  ir  as  far  as  the  first  8  decimal  places  is 
3-14159265... 

Thus,  if  we  use  this  value  for  ir  in  determining  the  circum- 
ference of  a  circle  from  its  diameter,  our  error  will  be  less  than 
one  hundred  millionth  of  the  diameter.  The  student  is  advised 
to  remember  that  ir  =  3*14159  approximately. 

,       J.          2  right-angles      180** 
Hence  1  radian  = —  = 

IT  IT 

180** 


3-14159265 


approximately  =  57°-29577951. 


Example  1.    Show  that  as  far  as  two  places  of  decimals 

22       1 

7        7 

7)22-000  „  ^1 

-S^&c.  Hence.  =  3^. 

355 
Example  2.    Show  that,  correctly  to  one  millionth,  n  =  yj^. 

Dividing  355  by  113,  the  quotient  is  3*1415929  &c. 

Example  3.    Find  the  number  of  radians  in  15<>. 
We  have  ISO^^tt  radians, 

.-.  150=  ^  of  ISO*  =  ~  radians  ='261799  radians. 
12  12 

Example  4.    Find  the  number  of  degrees  in  11  radians. 
We  have  n  radians  =  180*^, 

.-.     1  radian  =  :^^  =  57«-29578, 

IT 

.-.  11  radians  =  6300-25358. 


Circular  Mea^sure  of  Angles, 
48.     Since  the  radian  is  an  angle  of  invariable  magnitude,  it 
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may  be  taken  as  the  unit  angle  in  terms  of  which  other  angles 
may  be  measured. 

Def,  The  ratio  of  any  angle  to  the  radian  is  called  the 
circular  measure  of  the  angle.  In  other  words,  th^  radian  is 
the  unit  of  circular  measurement .     Thus,  since  180°  =  ^  radians, 

.*.  circular  measure  of  180°  is  ir. 

Similarly  the  circular  measure 

of  90°  is  ^ ;  of  60°,  ^ ;  of  45°,  j ;  of  30°,  ^ ,  Ac. 

49.  Using  the  symbol  °  to  denote  the  radian,  or  the  unit  of 
circular  measurement,  we  have 

2  right-angles  =  180°  =  200«  =  ir«. 

Thus  the  same  angle  is  expressed  severally  by  the  numbers 
2,  180,  200,  3-14159,  when  we  take  the  different  units— right- 
angle,  degree,  grade,  radian — respectively. 

By  the  above  system  of  equations,  we  may  always  find  the 
number  of  degrees  or  of  grades  in  an  angle  whose  circular 
measure  is  given;  or  conversely. 

Example.  Find  the  number  of  degrees  in  the  angle  whose  circular 
measure  is  ^. 

We  have  tt"  =  180% 

.-.  P  = , 

TT 

^      180 .  e 

TT 

180   6 
,\  the  number  of  degrees  required  is '—, 

TT 

50.  The  circular  measure  of  angles,  i.e.  the  measure  when 
the  radian  is  taken  as  unit,  is  so  frequently  used  in  theoretical 
investigations,  that  the  symbol  for  the  wait  is  vsually  dropped. 
But  a  Greek  letter  is  generally  used  to  denote  such  a  measure  of 
an  angle  :  hence,  the  confusion  arising  is  minimised. 

Thus  the  a/ngle  6  is  understood  as  an  abbreviation  for  the 
angle  6  radia/ns.  In  particular,  the  angle  ir  is  short  for  ir  radians 
Le.  180  degrees. 
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To  avoid  confusion  the  student  should  at  first  introduce  the 
symbol  ^  in  any  examples  in  which  it  is  omitted. 

51.     The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  arc^  subtended  by  the  angle  at  the  centre  of  a  circle, 

to  the  radivs  of  the  circle. 

arc 
Shortly,  circular  measu/re  of  angle, =  — -rr-  . 

For,  the  circular  measure  of  any  given  angle  means 

given  angle 
radian  angle ' 

But  angles  are  to  one  another  as  the  arcs  they  subtend. 

arc  opp.  given  angle 


.*.  circ.  meas.  of  given  angle  = 


arc  opp.  radian 
arc  opp.  given  angle 


Q.E.D. 


radius 

52.  If  ^  =  circular  measure  of  any  angle,  by  above, 

radius        * 
.'.  arc  =  ^  X  radius. 
This  result  is  important. 

53.  The  area  of  the  sector  of  a  circle  is  equal  to  thai,  of 
a  triangle  having  the  radius  and  arc  of  the  sector  for  base  and 
altitude  respectively. 

Let  AZ  be  the  arc  and 
OA  the  radius  of  the  sector 
AOZ, 

Within  the  angle  AOZ 
draw  any  number  of  radii 
OB,  OG,  <fcc.  From  the  ex- 
tremity of  each  radius,  draw 
a  perpendicular  to  it  meeting 
the  next  radius  produced.     Then,  by  Euc.  III.  16,  these  perpen- 
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diculars  are  the  straight  lines  which  are  the  closest  possible  to 
the  arcs. 

The  A  s  AOF,  £0Q,  &c.  have  each  the  same  base  equal 
to  the  radius;  and  the  several  altitudes  AF,  BQ,  &c. 

.'.  the  sum  of  these  as  =  a  a  having  its  base  equal  to 
the  radius  and  its  altitude  equal  to  the  sum  of  the  altitudes 
of  the  A  s. 

But  when  the  number  of  the  a  s  is  increased,  the  sum  of  the 
heights  AP,  BQ,  &c.  approximates  more  and  more  closely  to  the 
arc  AZ;  and  the  sum  of  the  a  s  to  the  sector  AOZ, 

.'.  ultimately, 

area  of  sector  =  area  of  triangle  having  radius  and  arc  for  base 
and  height  respectively*. 

54.  If  ^  be  the  circular  measure  of  any  angle  described 
at  the  centre  of  a  circle  of  radius  r,  we  have  shown  (Art.  52) 
that 

a/rc  opposite  6  =  0 .r  (1). 

Again,  any  triangle      =  ^  base  x  altitude, 

.'.  (by  Art.  53)  sector  =  J  arc  x  radius, 

.*.  sector  containing  0  —  ^Or^  (2). 

The  student  should  note  and  compare  (1)  and  (2).  In  these 
equations,  0  is  an  abstract  number.  Now,  since  arc  is  a  length, 
it  is  proportional  to  radius,  r.  But  since  sector  is  an  a/rea,  it 
is  proportional  to  squa/re  on  radius,  it^, 

55.  Tojmd  the  area  of  a  circle. 

In  the  result  of  (2)  last  article,  suppose  that  6  is  the  circular 
measure  of  four  right-angles  i.e.  of  a  complete  revolution.     Then 

But  the  sector  containing  fov/r  right-angles  is  the  whole  circle. 

.'.  area  of  circle  =  irr^, 

*  A  stricter  proof  of  this  proposition  will  be  given  later. 
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This  equation  should  be  noted  and  compared  with  the  equation 

length  of  circumference  =  27rr. 

56.  From  the  equation  sector  =  ^Br^  it  follows  that 

(1)  Sectors  of  circles  of  equal  radii  are  to  one  another  as. 
the  angles  they  contain.     (Compare  Art.  37.) 

(2)  Sectors  of  circles  of  unequal  radii  containing  equal 
angles  are  to  one  another  as  the  squares  on  their  radii  (Com- 
pare  Art.  38.) 

(3)  The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  sector  containing  it  to  the  triangle  whose  base  and 
altitude  are  each  equal  to  the  radius.     (Compare  Art.  51.) 

More  Rigid  Proofs. 

57.  The  chord  ot  an  arc  is  the  straight  line  joining  its 
extremities.  The  tangent  of  an  arc,  subtending  an  acute  angle 
at  the  centre,  will  be  here  defined  as  "the  perpendicular  drawn 
from  the  extremity  of  one  bounding  radius  and  terminated  by 
the  other  produced."  In  what  follows,  the  angles  considered 
will  be  acute.  The  results  may  easily  be  extended  to  angles  of 
any  magnitude. 

58.  Prop.  I.  The  chord  of  an  arc 
is  entirely  within  and  the  tangent  en- 
tirely without  the  circle.  (Euc.  III. 
2,  16.) 

Let  AOB  hQ  any  sector  of  a  circle. 
From  centre  0,  within  the  angle  A  OB, 
draw  any  straight  line  cutting  the 
chord  AB  in  Z,  the  arc  AB  in  M,  the 
tangent  AF  in  N, 

'/  exterior  z  OLB  >  z  OAL,  i.e.  z  DBA     .'.  OB,  le.  OM,  >  OZ, 

•/  right  L  OAN:>  z  ON  A  :.  0N>  OA,  i.e.  OM, 

.*.  OM  lies  in  magnitude  between  OL  and  ON, 

.*.  arc  AMB  lies  in  position  between  chord  AB  and  tangent  AF, 

OoR.  Hence  the  a/rea  of  the  sector  AOB  lies  in  magnitude 
between  tJiat  of  the  1/ria/ngles  AOB  and  AOF, 
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69,    Prop.  II.    The  arc  of  a,  circle  lies  in  nu^nitude  between 
its  chord  and  its  tangent. 

For,    in    above    figure, 
joining  BM  and  AM, 
mm  of  chords,  AM  and  BM 
>  chord  AB. 

And  drawing  from  M, 
the  tangent  MQ,  and  MR 
parallel  to  NP, 
then,  the  angle  MQR  being 
obtuse,  MQ  ^  MR. 

But  MR:  NP^OM:  ON, 
:.  UR<NP, 
.'.  a/orliori  MQ-<WP,  and,  adding  AN, 

sum  of  tm){fents,  AN  and  MQ  <  tangent  AP. 

'Saw,  the  bent  line  AMB  has  more  points  in  common  with 
the  arc  AB  than  the  straight  line  AB. 

And,  the  two  lines  AN,  MQ  have  more  points  in  common 
with  the  arc  AB  than  the  single  line  A  P. 


Therefore,  we  may  assume  that 
im  of  chords  AM  and  BM  is  near< 


f  in  magnitude  than  chord 


sum  of  tangents  A  N  and  MQ  is  nearer  in  magnitude  than  tangent 
AP  to  the  arc  AB. 


Combining  these  results  with  those   above,  it  follows  that 
arc  AB  >  chord  AB,  and  a/re  AB  <  tangent  AP. 


Cor.     a  fortiori,  arc  AB  >  perpendicular  from  B  on  OA. 
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60.     Let  AZ  be  an  arc  of  a  circle,  centre  0. 


Suppose  this  arc  divided  at  B^  (7,  &c.   and  radii  drawn  to 
B,  C,  &c. 

From  each  point  of  division, 
drop   perpendiculars,  BL^  CM,  <fcc.  on  the  preceding  radii,  and 
draw  tangents  APy  BQ,  CM,  Ac.  to  meet  the  succeeding  radii 

We  shall  refer  to 

BLy  CM,  (fee.  as  the  Internal  Perpendiculars, 
and       APy  BQ,  <fcc.  as  the  Eoctemal  Perpendiculars. 

And  to 

triangles  OABy  OBC,  <fec.  as  the  Internal  Triangles, 
and       triangles  OAP,  OBQ,  &c.  as  the  External  Triangles. 

Also  let  APy  OZ  produced  meet  in  T, 

61.     Prop.  III.     The  difference  between  the  sums  of  the 
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external  and   internal   triangles   may  be   made   less  than  any 
assigned  area. 

Let  a  triangle  equal  to  the  assigned  area  be  described  on  AT 
as  base.     Let  Tu  be  its  height. 

Suppose  the  arc  to  have  been  divided  so  that 

AL,  BM,  &c.  are  each  of  them  not  greater  than  Tu, 

Then  a  GAP  -  a  OAB  =  a  ABF  =  a  of  (height  AL)  and  (base  AP), 
A  OBQ  -  A  OBC  =  A  BCQ  =  a  of  (height  BM)  and  (base  BQ), 

&c. 

.*.  sum  of  external  triangles  —  sum  of  internal  triangles 

is  not  greater  than  a  of  (height  Tu)  and  (base  AP-\-BQ+ ) 

and  is  .*.  less  than  a  of  (height  Tu)  and  (base  AT), 

i.e.  less  than  the  assigned  area.  Q.E.D. 

62.  Prop.  IV.  The  area  of  the  sector  of  a  circle  is  equal  to 
the  triangle,  which  has  its  base  equal  to  the  radius  and  its  height 
equal  to  the  arc  of  the  sector. 

Suppose  the  sector  divided  as  above.     Then 

every  internal  triangle  has  the  radius  for  base  and  an  internal 
perpendicular  for  height :  and 

every  external  triangle  has  the  radius  for  base  and  an  external 
perpendicular  for  height. 

.*.  8u>m  of  the  internal' insbngles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
vntemal  perpendiculars : 

and  sum  of  the  external  triangles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
eoctemal  perpendiculars. 

Now  the  arc  of  the  sector  lies  between  the  two  sums  of 
perpendiculars.     (Prop.  II.) 

.'.  the  triangle  having  the  radius  for  base  and  arc  for  height 
lies  between  the  two  sums  of  triangles. 

But  the  area  of  the  sector  also  lies  between  the  two  sums  of 
triangles.     (Prop.  I.  Cor.) 

3—2 
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.'.  the  difference  between  the  area  of  the  sector  and  the 
triangle  having  the  radius  for  base  and  arc  for  height  is  less  than 
the  difference  between  the  two  sums  of  triangles. 

But  this  latter  difference  may  be  made  less  than  any  assignable 
area.     (Prop.  III.) 

.'.  a  /oirtiori,  no  difference  can  be  assigned  between  the  area 
of  the  sector  and  the  triangle  having  the  radius  for  base  and  arc 
for  height :  ie.  these  are  equal.  q.e.d. 

63.  Prop.  V.  Sectors  of  circles  which  contain  equal  angles 
are  to  one  another  in  the  duplicate  ratio  of  their  radii. 

Suppose  the  sector  AOZ  divided  as  above  :  and  that  another 
sector  aoz,  whose  angle  ao«  =  angle  AOZ,  is  similarly  divided  : 
i.e.  so  that 

j:  aoh  =  z  AOB^  z  hoc=  z  BOC,  «fec. :  and  z  xoy=  z  XOY, 

Then,  since  the  whole  angle  cloz  =  whole  angle  AOZ, 

.*.  the  remaining  angle  yoz  =  remaining  angle  YOZ. 

Then,  since  ao  :  AO  =  ho  :  BO  and  z  aoh  =  z  AOB, 

,',  triangles  a>ohf  AOB  are  similar, 

.*.    A  a>oh  is  to  A  AOB  in  the  duplicate  ratio  oi  ao  to  AO, 

.*.  sum  of  the  internal  a  s  of  aoz  is  to  sum  of  the  internal  a  s  of 
AOZ  in  the  duplicate  ratio  of  ao  to  ^0 :  i.e.  as  square  on  ao  is 
to  square  on  AO, 

Similarly,  sum  of  the  external  as  of  aoz  is  to  sum  of  the 
external  triangles  of  AOZ  as  square  on  ao  is  to  square  on  AO. 

But  sector  AOZMes  between  its  external  and  internal  triangles. 
(Prop.  I.) 

.'.  the  fourth  proportional  to  square  on  AO,  square  on  ao, 
and  sector  AOZ  lies  between  the  external  and  internal 
triangles  of  aoz :  and,  therefore,  differs  from  the  sector  aoz  by  a 
difference  less  than  that  between  the  external  and  internal 
triangles  of  aoz. 

But  this  latter  difference  may  be  made  less  than  any  assignable 
area.     (Prop.  III.) 


•   EXAMPLES  II.  37 

.'.  the  fourth  proportional  to  square  on  AO,  square  on  ao,  and 
sector  AOZ  is  equal  to  the  sector  aoz:  i.e.  sector  AOZ  :  sector 
aoz  =  square  on  AO  :  square  on  (lOy  or,  the  sectors  are  ii^  the 
duplicate  ratio  of  their  radii. 

64.  Prop.  VI.  The  arcs  of  circles,  which  subtend  equal 
angles,  are  to  one  another  as  their  radii. 

For,  by  Prop.  lY.,  sector  ^0-^=|  rectangle  OA,  AZ, 

and  sector  aoz  =  J  rectangle  ao  :  az. 

.-.  by  Prop.  Y. 

.  ^  rectangle  OA,  AZ :  J  rectangle  oa  :  a2J  =  sq.  on  OA  :  sq.  on  oa, 

.'.  AZ  :  az  ^  OA  :  oa.  Q.E.D.* 

65.  These  propositions  are  fundamental  in  all  questions 
connecting  angles  and  circles.  Thus,  by  Prop.  YI.,  we  prove  the 
equality  of  all  radians,  and  the  constancy  of  the  ratio  of  cir- 
cumference to  diameter. 

Hence,  by  Prop.  lY.,  if  ^  be  the  circular  measure  of  an  angle, 

sector  containing  0  =  ^Or^, 
and  area  of  circle  =  ttt*. 

Examples  II. 

1.  Express  the  circumference  of  a  circle  in  an  integral 
number  of  inches  and  assign  the  accuracy  of  your  result  from 
each  of  the  following  data : — 

(1)  Given  diameter,  to  within  an  inch,  =  7  yds. 

(2)  Given  diameter,  to  within  an  inch,  =  1  mile. 

(3)  Given  radius,  to  within  an  inch,  =  8  yds.  2  ft.  3  in. 

2.  Reduce  to  circular  measure  the  following  angles : 

(1)  r.  (2)  l'^.  (3)  7^^  (4)  7r».  (5)  2°  3'.  (6)  15'  30'. 
(7)    12°. 

*  To  aid  the  student  in  learning  the  above  six  propositions,  he  should 
note  that  Props.  I.  III.  Y.,  which  concern  Sectorial  areas  and  not  at  all 
Lengths  of  arcs  are  independent  of  the  other  three :  but  not  vice  versa. 
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3.     Express  in  degrees  the  angles  whose  circular  measures 


are 

(1)   TT.     (2)    Sir.     (3)   ^.     (4)   f     (5)   3.     (6)    3f 

4.  Find  in  degrees  the  angles,  at  the  centre  of  a  circle  of 
radius  3  yards,  subtended  by  the  following  arcs : 

(1)     11  in.     (2)    3  yds.  2  ft.     (3)    1ft.  10  in.     (4)    11  yards. 

5.  The  sum  of  two  angles  is  1  •4ir  radians.  There  are  twice 
as  many  grades  in  one  of  them  as  degrees  in  the  other.  Find 
them. 

6.  Find  the  arcs  of  a  circle  of  diameter  4  ft.  which  subtend 
at  the  centre  the  following  angles  : 

(1)    30^     (2)    49°.     (3)    70°.     (4)   22f . 

7.  Find  the  area  of  a  clock-face  whose  radius  is  3 J  ft. 

8.  Find  the  area  covered  in  7  minutes  by  a  minute-hand 
which  is  1  ft.  6  in.  long. 

9.  Show  that  the  circumference  of  a  circle  is  a  little  greater 
than  6  times  the-  radius  added  to  |^  of  the  side  of  the  inscribed 
square. 

10.  Which  of  the  following  pairs  of  angles  is  the  greater  ? 
(1)     76«orl-2^        (2)     126°  or  2 •3<^. 

11.  If  the  angle  subtended  at  the  centre  of  a  circle  by  the 
side  of  a  regular  heptagon  be  the  unit  of  angular  measure,  by 
what  numbers  are  the  angles  45°,  15°,  1  right-angle  expressed? 

12.  If  the  circumference  of  a  circle  be  divided  into  five  parts 
in  arithmetical  progression,  the  greatest  part  being  six  times  the 
least,  express  in  radians  the  angle  each  subtends  at  the  centre. 


CHAPTER  III. 

THE  TRIGONOMETRICAL  RATIOS  AND  THEIR 
FUNDAMENTAL  RELATIONS. 

Sin  this  and  the  following  chapters  we  confine  ourselves  to  actUe 
^  es  and  to  a  geometrical,  not  trigonometrical,  view  of  the  angla] 

66.     Let  XOT  be  any  acute  angle. 

In  either  of  the  lines  containing  it,  say  OX,  take  any  point  M, 

Draw  MP  at  right-angles  to  OX,  meeting  OY  in  F. 

[Euc.  Axiom  XII. 

Let  X'O'Y  be  another  acute  angle:  and  let  the  same  con- 
struction be  represented  by  dashed  letters. 


67.  Prop.  I.  If  the  angle  XOY\&  equal  to  the  angle  XO'T, 
then  the  ratio  of  any  pair  of  sides  of  MOF  shall  be  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'O'P', 

For  the  angles  at  0  and  0\  and  the  angles  at  M  and  M'  are 
equal. 

.*.  the  triangles  MOP,  ATO'F  are  equiangular.      [Euc.  I.  32. 
.-.  OM\OP\  MP=0'M'  :  O'F  :  MP'.  [Euc.  VI.  4. 
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68.  Prop.  II.  If  the  ratio  of  any  one  pair  of  sides  of  MOP 
is  equal  to  that  of  the  corresponding  pair  of  sides  of  M'O'F,  then 
the  angle  XOY  shall  be  equal  to  the  angle  X'O'Y, 

For  the  angles  at  M  and  M*  are  equal,  being  right-angles. 
.*.  each  of  the  other  angles  is  less  than  a  right-angle. 

Also  the  ratio  of  one  pair  of  sides  of  MOF  is  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'O'P', 

.'.  the  triangles  MOP,  M'O'P  are  equiangular.   [Euc.  VI.  6,  7. 
.-.  the  angle  XOY=  the  angle  X'O'Y'. 

69.  The  two  converse  propositions  above  proved  are  of 
fundamental  importebnce  in  all  that  follows.  Their  results  may 
be  expressed  thus : 

The  determination  of  the  magnitiide  of  any  cbcute  angle 
determines  also  the  roitio  of  every  pair  a/ sides  of  the  right-angled 
triangle  containing  that  acute  angle ;  and,  conversely, 

The  determination  of  the  ra^io  of  any  one  pair  of  sides  of  a 
right-angled  triangle  determines  also  the  ma^nitvde  of  the  acute 
angles  of  that  triangle. 

Briefly — the  a^yiUe  angle  and  its  rectwngvla/r  ratios  vary 
together  and  are  constant  together. 

70.  Let  XOY  be  any  acute  angle. 

In  either  of  its  containing  lines, 
say  OX,  take  any  point  M. 

Draw  MP  at  right-angles  to  OX 
meeting  OF  in  P. 

Then,  in  reference   to    the   angle 
XOY,  or  MOP, 

(1)  OM  is  called  the  base.  ^ 

(2)  OP  is  called  the  hypothenuse  (hyp.). 

(3)  MP  is  called  the  perpendicular  (perp.). 

It  will  be  convenient  to  observe  and  retain  the  order  0,  M,  P; 
which  indicates  the  order  in  which  both  the  lines  themselves  and 
the  letters  which  express  them  are  written. 
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The  hypotkeniose  is  that  side  which  is  opposite  to  the  right- 
angle. 

The  base  and  perpendicular  are  distinguished  by  reference  to 
the  angle  in  question  : 

i.e.  the  base  is  adjacent  to  the  angle  in  question, 

and       the  perp.is  opposite  to  the  angle  in  question. 

Thus,  in  reference  to  the  angle  MFO, 

MO,  being  opposite  to  the  angle  MPO,  is  its  perp. : 
and  PM,  being  adjacent  to  the  angle  MFO,  is  Us  base. 

71.  Names  have  been  given  to  the  6  ratios  of  the  sides  of  the 
right-angled  triangle  as  follows. 

1       o-  perp.  _       _       .  base 

1 .    Sine  =  \— ^  .  2.     Co-sine  =  ^ —  • 

hyp.  hyp. 

3.     Tangent  =  ™ .  4.     Co-tangent  =^^  . 

base  °  perp. 

5.     Secant  =  J^' .  6.     Co-secant  =  ^^  . 

base  perp. 

72.  The  following  observations  will  aid  the  student  in 
learning  these  definitions. 

(1)  We  will  call  the  Sine,  Tangent,  and  Secant  the  Prima/ry 
Ratios]  the  Cosine,  Cotangent,  and  Cosecant  the  Secondary 
Raiios. 

(2)  Note,  then,  that  each 
Secondary  Ratio  is  derived  from 
the  corresponding  Primary  Ratio 
by  interchanging  Ba,se  and  Per- 
pendicular, 

(3)  In  the  triangle  OMP, 
call  each  side  by  the  little  letter 
corresponding  to  the  angle  op- 
posite it.  Then,  we  follow  the 
same  order  of  lettering  in  the 
Primary  Ratios  as  in  the  Sides. 
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Thus 


Base  =  OM 
Sin.  —o\m 


Hyp.    =0P 
Tan.     =0  :p 


Perp.  =  MF 
Sec.    =Tn  : p. 


73.  Just  as  the  lines  base,  hyp.,  and  perp,  are  defined  in 
reference  to  a  certain  angle,  so  the  names  of  the  ratios  must  be 
understood  as  defined  in  reference  to  that  angle. 

If  A  denotes  any  angle,  we  speak  of  the  sine  of  A,  the  cosine 
of  A,  &c.     These  expressions  are  abbreviated  into  sin  A,  cos  A,  &c. 

If  A  represents  the  angle  MOP  in  the  preceding  figures,  the 
following  will  be  this  more  complete  definitions  of  these  ratios  : 

1       «•     J      ^^  o      n      A       ^^ 

1.         hm  A  =  -prr=r   .  2.         COS  A     =   -TTTJ  . 

OF  OF 

3.    Tan  A  =  -tt^^  .  4.     Cot  A  -  ^7r=r . 

OM  MP 

OP  OP 

5.     ^ecA  =  -pr--.  6.    Coxil*«  ^tft;. 

OM  MF 

74.  We  have  shown  that  for  every  determinate  value  of  the 
acute  angle  A,  there  is  a  determinate  value  of  each  of  the  ratios 
of  the  pairs  of  sides  of  the  right-angled  triangle  containing  A  ; 
and  conversely. 

Hence  sin  A,  cos  A,  <fec.  are  what  are  called  Functions  of  A  : 
i.e.  quantities  which  depend  on  A  and  vary  as  A  varies.  They 
are  also  singl&-valiied  functions  of  A ,  i.e.  they  have  one  determinate 
value  for  every  determinate  value  of  A, 

75.  The  student  must  specially  remember  that 

(1)  These  functions  of  angles,  being  ratios  of  a  line  to  a  lincy 
are  abstract  numbers. 

(2)  Sin   -4   is   a   compound   symbol   representing    a    single 

niMnerical  quantity.     It  cannot  be  divided  algebraically  into  sin 

and  A,     Thus,   we   cannot  say  2sinil  =  sin  2i4,   or   sin(^+^) 

=  sin  A  +  sin  B,   as   if  sin  were   a   multiplier   or  factor.      We 

*  Usually  written  cosec  A,    In  the  abbreviations  of  the  secondary  ratios, 
the  student  should  attend  to  tbe^Tia^  letters  s,  £,  x. 
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must  treat  sin  A  as  one  whole  symbol,  as  if  it  were  always 
enclosed  in  an  impregnable  bracket,  (sin  Ay,  (sin  Ay,  &c.,  are, 
however,  always  written  in  the  forms  sin^  A,  sin^  A,  &c.,  in  order 
that  the  bracket  may  be  dispensed  with  in  writing. 

So  of  the  other  ratios. 

76.  Eocplanation  of  the  prefix  Co. 

In  the  triangle  OMP,  since  the  angle  OMP  is  a  right-angle, 

.*.  the  angles  MOP,  MPO  are  together  equal  to  a  right-angle, 

.'.  the  angles  MOP,  MPO  are  Complementary, 

Now  the  side  OM,  which  is  hose  to  i  MOP,  is  perp.  to  l  MPO, 
and  the  side  MP,  which  is  perp,  to   z  MOP,  is  hose  to   z  MPO, 

.*.  the  ratios  of  MPO  will  be  obtained  from  those  of  MOP  by 
interchanging  hose  and  perp.  But  this  is  equivalent  to  an  inter- 
change between  the  corresponding  prima/ry  and  secondary  ratios. 

Hence, 

cosin  A  =  sin  of  complement  of  A, 
cotan  A  =  tan  of  complement  of  A, 
cosec  A  =  sec  of  complement  of  A, 

Since,  similarly, 

sin  A  =  cosin  of  complement  of  A, 
tan  A  =  cotan  of  complement  of  A , 
sec  A  =  cosec  of  complement  of  A, 
we  may  say 

sin  =  co-cosin,  tan  =  co-cotan,  sec  =  co-cosec. 

The  above  results  should  be  carefully  worked  out  by  a 
reference  to  the  figure. 

77.  Since,  by  above,  the  cosine  of  any  angle  is  the  sine  of 
some  other  angle,  and  so  of  the  others,  therefore,  general  pro- 
positions about  the  sine  will  be  true  of  the  cosine;  and  those 
about  the  tangent  will  be  true  of  the  cotangent ;  and  those  about 
the  secant  will  be  true  of  the  cosecant.  The  next  article  will 
illustrate  this  statement. 
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Fundamentcd  relations  of  Inequality  between  the  ratios  of  any 

one  angle. 

78.  From  the  proposition  that  of  the  three  sides  of  a  right-angled 
triangle  the  hypothemise  is  larger  than  either  of  the  others,  the 
following  inequalities  amongst  the  ratios  of  an  angle  may  be 
deduced : 

Since,  sine  and  cosine  have  hypothenuse  in  denominator,  sine 
and  cosine  are  always  less  than  unity. 

Since  secant  and  cosecant  have  hypothenuse  in  nvanera^tor, 
secant  and  cosecant  are  always  greater  than  unity. 

Since  sine  and  cosine  have  hypothenuse  in  denominatory  and 
have  the  same  numerator  as  tangent  and  cota/ngent  respectively, 

sine  is  less  than  tangent,  and  cosine  is  less  than  cotangent. 

Since  secant  and  coseca/nt  have  hypothenuse  in  mmtsrator,  and 
the  same  denominator  as  ta/ngent  and  cotangent  respectively, 

secant  is  greater  than  tangent,  and  cosecant  than 
cotangent. 

Thus  the  following  trios  are  in  ascending  order  : 
sine,  tangent,  secant :  cosine,  cotangent,  cosecant. 

FundamerdaJ,  relations  of  Equality  between  the  ratios  of  any 

one  angle, 

79.  The  dual  or  reciprocal  relations, 

(1)  sin  -4  X  cox  A  =~^        x  -^^  =  1. 
^  '  hyp.      perp. 

(2)  tan^xcotil  =  ^x^^  =  l. 
^  '  base      perp. 

/ox  A  A      ^yP-      ^*se     - 

(3)  sec  -4  X  cos  ii  =  r-=^^  x  ^- —  =  1. 
^  '  base     hyp. 

Tlie  triple  or  zigzag  relations, 

„,       .      .         .    .  .     perp.      base      hyp.     - 

(4)  sin  -4  X  cot  -d  X  sec  A  =  -r—     ^  ^  ^ —  =  ^* 

^  ^  hyp.      perp.      base 

/Kx  A     J.       A  A     ^*se     perp.      hyp.      - 

(5)  cos  A  X  tan  A  x  cox  A  =  -, x  \- x  =  1. 

^  ^  hyp.      base      perp. 
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There  are  thus  3  independent  dual  relations,  and  2  independent 
triple  relations.  These  5  relations  are  not  all  independent.  Any  one 
of  them  may  he  deduced  algebraically  froDi  the  other  four. 

These  equations  follow  at  once  from  the  definitions  of  the  ratios,  and 
do  not  at  all  depend  on  any  property  of  the  right-angled  triangle. 

80.  The  Sqv^ared  or  Pythagorean  relations. 

By  the  famous  47th  Proposition  of  Euc.  I.,  attributed  by 
tradition  to  Pythagoras,  we  have,  in  any  right-angled  triangle, 

sum  of  squares  on  sides  containing  the  right  angle 
=  square  on  side  opposite  the  right  angle. 

Thus,  algebraically, 

(Perp.)2  -H  (Base)^  =  {Hj^.f. 

To  reduce  this  equation  to  ratio  form,  we  may  divide  suc- 
cessively by  (hyp.)^,  (base)^,  and  (perp.)^. 

Thus 

<«)  (g^.)'*(p^.)"-(S?.)"-— — ^- 

There  are  thus  3  independent  squared  relations.  Of  the  8  relations 
given  in  this  and  the  preceding  article,  any  5,  including  one  at  least  of 
the  squared  relations,  are  independent ;  from  these  5  the  other  3  mxiy  be 
algebraically  deduced. 

These  squared  relations  depend  on  the  Pythagorean  property  of  the 
right-angled  triangle,  being  in  fact  merely  transformed  expressions  of 
that  property. 

81.  The  relations  of  inequality  of  Art.  78,  will  help  the  stu- 
dent to  remember  the  relations  of  eqitality  of  Arts.  79  and  80. 

Thus,  the  equation  sin^  A  +  cosf^  A  =  1,  which  may  be  written 
sin^  -4  =  1—  cos^  A  or  cos*  -4  =  1—  sin*  -4, 
shows  that  sin  A  and  cos  A  are  each  less  than  1. 

The  equation  tan*  -4  +  1  =  sec*  il,  which  may  be  written 
tan*  A  =  sec*  A  —  I  or  sec*  A  —  tan*  A  =  1, 
shows  that  sec  A  is  greater  than  1  and  greater  than  tan  A, 
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The  equation  1  +  cot^  A  =  cox^  A^  which  may  be  written 
cot*  A  =  cox*  A  —  1  or  cox*  A  -  cot*  -4  =  1, 
shows  that  cox  A  is  greater  than  1  and  greater  than  cot  A. 
The  equation  sin  A  x  cox  A  =  1,  which  may  be  written 

Sin  A  = 7  or  cox  A=  — 


cox  A  sin  -4  ' 

shows  that  of  sin  A  and  cox  A  one  is  less  and  the  other  greater 
than  1. 

The  equation  sec  A  ^  cos  A  =  1,  which  may  be  written 

sec  A  ■■= :   or  cos  A  = 


cos  A  sec  A  ' 

shows  that  of  sec  A  and  cos  A  one  is  greater  and  the  other  less 
than  1. 

82.  Definition.    Two  quantities  whose  product  is  imity  are  called 
Beciprocals. 

The  reciprocal  of  unity  is  unity. 

Of  two  reciprocals,  not  equal  to  1,  one  must  be  greater  and  the 
other  less  than  1. 

Thus,  sin  and  cox,  tan  and  cot,  sec  and  cos,  §  and  J,  5  and  ^,  are 
pairs  of  reciprocal  quantities. 

Observe  that  tan  and  cot  form  a  pair  which  is  both  complementan/ 
and  reciprocal, 

83.  The  above  and  any  other  relations  between  the  trigono- 
metrical ratios  may  be  conveniently  studied  and  remembered  by 

means  of 

The  Ratio -Hexagon. 
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Arrange  the  ratios,  in  the  order  of  their  definitions,  symmetri- 
cally on  the  circumference  of  a  circle,  so  that  the  corresponding 
ratios  which  are  complementary  to  one  another  are  in  the  same 
horizontal  line :  and  place  vmity  at  the  centre. 

84.  The  relations  of  Art.  78,  are  summed  up  thus: — 
On  either  side  the  qucmtities  increase  as  we  descend, 

85.  The  relations  of  Art.  79,  are  summed  up  thus: — 

The  product  of  any  set  of  ratios  arranged  symmetrically  about 
the  centre  is  equal  to  unity, 

86.  The  relations  of  Art.  80,  are  summed  up  thus : — 

The  sum  of  the  sqrmres  of  any  two  horizontally  adjacent  quan- 
tities is  equ>al  to  the  squa/re  of  the  quantity  just  below  and  between 
them, 

87.  As  an  exercise,  the  student  may  show  also  that  (1)  each  ratio 
equals  the  product  of  its  two  neighbours.  E.g.  tan = sin  x  sec.  (2)  Each 
ratio  equals  the  ratio  of  its  neighbour  to  the  next  on  the  same  side. 
E.g.  tan  =  sin -~  cos. 

88.  The  most  important  formulae  for  use  in  Examples,  <fec., 
are  the  following  5  which  are  independent.  These  should  be 
learnt  by  everyone. 

du>al.  (1)     cox -4=  ~ — -y  (2)     sec -4  = 


sin  A'  ^  ^  cos  A ' 

triple,         (3)     tan^  = j,  (4)     cot -4=-; — 7, 

^  ^  ^  cos  A  ^  sm  -4 

squa/red,     (5)     sin^  A  +  cos^  -4  =  1. 

Example  1.     Prove  each  of  the  above  identities  immediately  from 
the  defimtions  of  the  ratios. 

Method.    Substitute  in  the  more  complex  sides  of  each  identity, 

/.x        1         ^       '     A     ^      ^P     OP 

(1)  -. — J  =  1  -r  sm^=  1  -T-  75^  =  -T>o  =  cox^, 
'     ^inA  OP     MP  ' 

/ox  1  1  A       ^        OM      OP 

(2)    T  =  1 4-  cos  ^  =  1  -T-  7,^  =  yprt  =  sec^, 

^  '     cosJ.  OP     OM  ' 

,,,    sin^       ...        ,     MP  ,0M    MP     OP     MP     ^      , 
(^)    ^A'^^''''^^'^^^Op-^OP^OP''m^OM^^''^^ 
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(5)    sm2^ + cosM  =  ^^2  +  -^^  = ^^^ —  =  (Euc.  L  47)  -^^  =  I. 

Example  2.    Show  from  definitions  that  tanA+cotA=8ecA  .  cox  A, 
^      .^     ..     MP     OM     {MPY+{OMf 

/T7  T    A>7^         OP^  OP      OP 

=(Euc.L47)^^^^  =  ^.^ 
=  sec^ .  cox-4. 

89.  The  5  formulae  of  the  last  article  may  be  used  in  proving 
any  given  complex  formula.  Thus,  by  means  of  the  first  four 
formulae,  cmy  other  ratio  may  be  expressed  in  terms  of  sine  omd 
cosine.  By  means  of  the  fifth,  either  of  the  two  ratios  sine  amd 
cosine  mmf  he  expressed  in  terTns  of  the  other. 

This  method  will  prove  any  required  formulae.  But  it  is  not 
always  the  shortest  method.  The  student  should  by  degrees 
familiarise  himself  with  other  formulae,  especially  the  two — 

sec^  -4=1+  tan^  A  and  coo?  -4  =  1+  cot^  A, 

90.  Example  1.     Prove  the  identity 

sec^  A  +  cox^^ = sec2  A  .  cox^  A . 

By  (I)  and  (2)  of  art.  88 

5  .  ,        o  .         1       ,      1         8in2^+cos2.4 
secM 4-coxM  =  — s-T  +  -7-0-,  =    .  g  . «-r 

^^^^^^sin^J.cosM' 

Again,  by  (1)  and  (2)  of  art.  88 

11  1 


sec^^ .  cox^^  = 


cos^il '  sin^  A     cos^il.  sin^^ ' 
. •.  sec^^ + cox' -4 = sec^^ .  cox^ul.  Q.  E.  d. 

Example  2.    Prove  that 

tan^  A  —  cot*  A = sec*  A  —  cosec*  A. 
sin*  A     cos*  A     sin*  A  —  cos*  A 


tan*-4-cot*il  = 


cos*  A     sin*  A      cos*  A .  sin*  A 
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(sinM + co&^A)  (sinM  -  cosM)  ^  sinM  -  cos^  A 
~"  cos^  A  .  sin2  A  '~  cos^  A  .  sin^  A 

[because  sia^A-hcoa^A  —  l], 

Again, 

^  .  -  .         1  1         sin^il-cos*^ 

sec*  A  —  cosec*  A  =  - — 5--;  — .  «  ^  =  — s— j — <  «  .  . 

cos^  A     sin^  -4     cos2  A  .  sin^  J 


=4cotilcoseci4. 


Example  3.    Prove  that 

secul  +  l     secjj-l 
secJ.-!     sec -4  +  1 

Left  side  of  above 

(sec^  +  l)g-(sec^-l)2 
"~  sec^  A  —  1 

_  (sec^^+2sec^  +  l)-  (sec^il-2sec^  +  l)_   4sec^       4  sec  J. 
"~  sec^ A-\  " sec^^ - 1 ""  tan^^ 

4        sin2  A        4        cos*  A     4  cos  A      .  cos  A       1 

X -r-5-7  =  — T-5— r  =  4 


cos^  *  cos* -4     cos^     sin*^      sin*^         sin  ^' sin  ^ 
=  4  cot  A  .  cosec  A. 

Example  4.    Prove  that 

1  +  tan  ^     sec  ^  +  2  sin  ^ 
sec^     "~      1+tanJ      ' 

i.e.  that  (1+ tan -4)2= sec -4  (sec -4 +  2 sin -4), 

Le.  that  l+2tan-4+tan*  J=sec2-4+2sin-4sec-4, 

i.e.  that  l+tan2^+2tan^=sec2^+2tan^, 

which  is  clearly  true. 

91.  We  have  shown  that  the  cosine  and  sine  are  always  less 
than  unity!     Hence 

Def,  The  defect  of  the  cosine  from  unity  is  called  the  versed 
sine ;  and  the  defect  of  the  sine  from  unity  is  called  the  co- 
versed  sine. 

Or  briefly, 

1  —  cos  A  =  vers  A  and  1  -  sin  -4  =  covers  A, 

Again,  we  have  shown  that  the  seca/nt  and  cosecamt  are  always 
greater  than  unity.  Hence  we  might  adopt  the  following  defini- 
tions : — 

J.  T.  4 
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Bef,  The  excess  of  the  secaM  over  unity  is  called  the  sub- 
tense ;  and  the  excess  of  the  coseccmt  over  unity  is  called  the 
cosubtense. 

Or  briefly 

sec  ^  —  1  =  subt  A  cmd  cosec  ^  —  1  =  cosubt  A, 

92.  ExaTrmle,  If  from  the  hypothenuse  a  length  equal  to  the 
base  is  cut  off,  show  that  the  ratio  of  the  remainder  to  the  hypothe- 
nuse is  the  versed  dne,  and  the  ratio  of  the  remainder  to  the  base  is  the 
svhtense, 

93.  The  following  explanation  may  be  given  of  the  origin  of 
the  terms  used  in  this  chapter. 

Let  -4-6  be  a  portion  of  the 
circumference  of  a  circle  whose 
centre  is  0, 

Draw  the  radii  OA,  OB, 

From  A  draw  AT,  perpen- 
dicular to  OA,  touching  the  cir- 
cle at  A  and  meeting  OB  pro- 
duced in  T. 

From  B  draw  BM  perpen- 
dicular to  OA, 

Then  the  circumference  AB,  being  likened  to  a  how,  was  called 
the  a/rc  [L.  arcus] ;  the  perpendicular  MB,  where  the  bow-string 
touches  the  bosom,  was  called  the  sine  [L.  sinus]  ;  the  line  A  T, 
touching  the  circle,  was  called  the  tangent  [L.  tangens]  :  the  line 
OT,  cutting  the  circle,  was  called  the  seccmt  [L.  secans] ;  the  line 
AM,  over  against  the  sine  MB,  was  called  the  versed  sine ;  and 
the  line  BT,  which  svhtends  the  angle  BAT  contained  by  the 
chord  and  tangent,  is  sometimes  called  the  subtense. 

Thus,  in  the  older  trigonometry,  the  svne,  tcmgent,  seccmt,  &c., 
were  functions  of  the  an'c  AB,  not  of  the  angle  AOB,  Moreover 
they  represented  certain  lengths,  not  certain  ratios.  They,  there- 
fore, varied,  not  only  as  the  angle  AOB  varied,  but  also  as  the 
radius  OA  varied. 
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94.  The  connection  between  the  ancient  and  modem  nomen- 
clature is  thus  indicated  : — 

If  we  divide  each  linear  fwnction  of  the  arc  by  the  radma  of 
the  cvrde,  we  obtain  the  corresponding  ratiofunction  of  the  angle. 
Thus 

linear  sine  MB      .        -        ,     ^  ^ « 

-T-, =  Tc-ji  =  sme  of  angle  AOB. 

radius  OB  ® 

linear  tangent  AT  ,     .        ,     ^  _  _ 

Sidli^ =01=  **^^^^*  ^^  ^^^^  ^^^• 

linear  secant  OT  ^    .        .     .  ^  „ 
-ji =  jyT  —  secant  of  angle  AOB, 

linear  versed  sine     MA  ^    .        i,        ,     .^d 

^. =  -pr-r  =  versed  sine  of  angle  AOB. 

radius  OA  ° 

linear  subtense         BT        ,  ^  -        ,     ^  ^^  t> 

-j: =  77^  =  subtense  of  angle  AOB, 

radius  UB 

95.  Now,  as  the  angle  AOB  or  the  arc  AB  increases,  it  is 
clear  that  each  of  the  lines  MB^  AT^  OT,  AM,  BT  increases. 
Hence  the  primary  ratios  sine,  tangent,  secant,  versed  sine,  sub- 
tense increase  as  the  angle  increases. 

The  functions,  having  the  prefix  co-,  are  found  from  the  above 
by  substituting  for  the  arc  or  angle  its  complement.  Hence  the 
secondary  ratios  decrease  as  the  angle  increases, 

96.  Any  relations  which  hold  amongst  the  linear  functions  will 
involve  the  radius  of  the  circle.  The  corresponding  relations  amongst 
the  ratio-fmictions  may  be  found  from  these  by  putting  radiiis=^\. 
Conversely,  we  may  find  the  relations  amongst  the  linear  fmictions, 
from  those  involving  the  ratio-functions,  by  introducing  radivs  wherever 
it  is  necessary  to  make  the  equations  homogeneous.  If  we  place  rod, 
instead  of  1  in  the  centre  of  the  ratio-hexagon,  we  shall  see  the  sym- 
metry of  the  relations  more  clearly  than  before.  Thus,  connecting  the 
linear  functions,  we  have 

8in2+cos2=rad2,        tan2+rad2=sec2,        rad24-cot2=cox2 

sin .  sec = rad .  tan  &c.,        cos .  sec =rad2  &c. 

sin^ .  tan*  4-  sin* .  rad* = tan* .  rad*, 
cos* .  rad* + cos* .  cot* = cot* .  rad*, 
rad* .  sec* + rad* .  cox* = sec* .  cox*. 

4—2 
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Examples  III. 

1.  Let  ABC  be  a  triangle,  right-angled  at   C,  such  that 

AB  =  6  ft.,  BC  =  V 11  ft.     Find  the  trigonometrical  ratios  of  the 
angles  at  A  and  B. 

2.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
3:4:5.  Find  sine,  cosine,  and  tangent,  of  each  of  the  acute 
angles. 

3.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
2  :  3^5  :  7.  Find  secant,  cosecant,  and  cotangent,  of  each  of 
acute  angles. 

4.  Write  down  five  independent  formulae  by  means  of  which 
the  other  ratios  may  be  expressed  immediately  in  terms  of  sec  A 
and  tan  A,  and  these  in  terms  of  one  another. 

5.  Write  down  similar  formulae  for  cosec  A  and  cot  A, 

6.  Why  is  sin  30**  =  cos  60''  ? 

7.  Show  that  sin  45"  =  cos  45",  and  thence  find  tan  45". 

8.  Apply  the  equation  sin^  A  -\-  cos*  -4  =  1,  to  find  sin  45". 

9.  Find  the  angle  whose  cosine  is  equal  to  sin  70". 

10.  In  a  triangle,  right-angled  at  (7,  the  sides  opposite  A^  By 
and  C,  are  called  a,  b,  and  c,  respectively. 

Prove  (i)  asiD.B  =  b  sin  A. 

(ii)  2a«  tan  ^  -h  6*  sec«  A  =  c*(sin  ^  -f-  sin  B)\ 

11.  Prove 

(1)     si^^-i^tan«il'  W     ^^^^-l+cot*^' 

/— \         3  i     l  +  cot''^  ..V  g.     l+tanM 

(^^)  «^^  ^  =  -^S^X"  •  ('^>  "^'""^ = -teSM"  • 

12.  Express 

(i)     (1  -f-  sin*  Oy  in  terms  of  cos  6, 
(ii)    (1  -  tan*  Oy  in  terms  of  sec  0, 
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13.     Show  from  definition  and  figure 

(i)  cosec  A  -  sin  A  =  cos  A  .  cot  A, 

(ii)  sec  -4  —  cos  A  =  BmA.  tan  A, 

(iii)  sec^  A  +  cosec^  A  =  sec^  A  .  cosec*  A . 

(iv)  tanM  -  sinM  =  tanM  .  sinM.  « 

( v)  cot»  A  -  cos*  ii  =  cot*  A  .  cos*  il . 

Prove  the  following  identities  : 
sec  A  —  I        tan  A 


14. 


15. 


19. 


tan  A        sec  -4  -K  1  ' 
l+tan-4     cotil  +  l 


1  —  tan  A     cot  A  — I'        . 

16.  1  +  tan ^cos*tf  +  cot  tf  sin* tf  =  (sin  ^  +  cos  Oy. 

-^      1  +  costf     1-cos^      .      ..  . 

17.  ^1 J.  —  ^ =  4  cot  ^  .  cosec  6, 

1  -  cos  e?     1  +  cos  6 


j\  ~  si: 
V  1  +  si] 


TO  /  *  ~" sm  A 

lo.     A  /  ; : — :  =  sec  A  -  tan  il. 

sin^ 


sin  4         1-cos^ 


1 +C0S-4         sin -4 


20.  -z =  (cosec  A  -  cot  -4)*. 

1  +  COS  il      ^  ' 

21.  sec  ii  +  sin*  ii  +  cot*  ii  =  c6sec*  il  +  cos*  ii  (sec'  A  —  1). 

22.  sec*  ^  =  sec  ^  +  tan'  0 .  cosec  $, 

1  1        " 


23.     2  sec*  ^  = 


1  -  sin  ^      1  +  sin  ^ ' 


« ,      cos  d  +  sin  $     cos  ^  -  sin  ^ 

24.      + 

cos  ^  -  sin  ^     cos  ^  +  sin  ^ 

_  sec  ^.cosec  6  /cosec  0  +  sec  0     cosec  ^  —  sec  ^\ 

~~  2  \  cosec  0  -  sec  ^     cosec  6  +  sec  ^/ 

25.  (sec  A  .  cot  ii  +  1 )  (sec  ii  .  cot  ii  -  1)  =  cos*  ii  .  cosec*  il. 

26.  (sec* ii  +  tan*  ii )  (cosec*  il  +  cot*  ii)  =  1  +  2  sec*  ii  .  cosec*  A, 

27.  cot*  A  +  cot*  il  =  cosec*  ii  -  cosec*  ii. 

28.  sec*  ii  -  sec*  il  =  tan*  A  +  tan*  il. 
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29.  (sec*  A .  cosec*  A  -  tan*  A)  (sec*  A  .  cosec*  A  -  cot*  A) 

=  1  +  2  sec*  A  cosec*  A, 

30.  (cos*  A  +  cot*  il)  tan*  ^  =  sec*  -4  +  (cos*  A-\)  tan*  A, 

31.  cos* -4— sin* -4  =  cos*  il —  sin* -4. 

32.  cosM  +sinM  =  1  -  2  sin*ii  .  cos*^. 

33.  cosM  +  sinM  =  1  -  3  sin*  ^  .  cos*^. 

34.  cos* -4  -  sin^  ^  =  (cos*  ul  -  sin* -4)  (1  -2  sin*  ^4  .  cos*il). 

35.  sec«^=l+tan«^+  3  tan* ^ .  sec' ^. 

36.  vers*  -4—2  vers  A  +  sin*  -4  =  0. 

37.  tan  -4  —  sin  -4  =  tan  A  vers  A, 

38.  vers  A  =  cos  A  subt  -4. 

39.  vers  -4(1  +  sec  -4)  =  subt  -4  (1  +  cos  -4). 

40.  sin*  A  —  sin*  B  =  cos*-5  —  cos*  A. 

41.  tan*^  +  sec*  jB  =  sec*  A  +  tan*  B. 

cos  A  +  cos  B  .  r^    cos  B  —  cos  A 

42.     -. 5  =  cos  -4  .  cos  B  = ^ . 

sec  -4  +  sec  ^  sec  A  —  sec  B 

43.  (sin  A  +  sin  B)  (cosec  -6  -  cosec  -4)  =  (sin  -4  —  sin  -6) 

(cosec  B  +  cosec  -4). 
sin  -4  +  sin  B  _  cos  B  -  cos  -4 
cos  A  +  cos  -5     sin  A  —  sin  jB  * 

45.  (sin  A  -  cos  B)  (sin  -4  +  cos  B)  =  (sin  -5  —  cos  -4) 

(sin  B  +  cos  -4). 

46.  Solve  for  sin  d : — 

(i)  3  sin*  6  -  cos*  ^  =  6  cot*  B, 

(ii)  sin  0  +  cos  ^  =  1. 

(iii)  tantf  +  sec^  =  2. 

(iv)  cot  0  +  cosec  ^  =  3. 

(v)  4cos*^  +  2sind  =  4+  N/3(l-2sin^). 

47.  Solve  for  cos  0 : — cot  6  +  cosec  ^  =  6. 

48.  Solve  for  tan  ^ :— 1 2  sec*  ^  =  6  +  1 7  tan  ^. 

49.  In  the  ratio-hexagon,  the  ratio  of  the  product  to  the 
8v/m  of  the  squares  of  any  two  horizontally  adjacent  quantities  is 
equal  to  the  square  of  the  quantity  just  above  and  between  them. 
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RATIOS  OF  PARTICULAR  ANGLES. 


§  1.    One  Ratio  bbing  given. 

97.  Given  the  vahie  of  a/ny  one  raJbio  of  cm  angle,  to  draw  the 
€vngle  a^d  to  find  the  values  of  the  other  ratios. 

General  Method.  Let  j9  :  g  be  the  given  value  of  the  ratio. 
Construct  a  right-angled  triangle,  in  which  the  measures  of  those 
two  sides,  by  which  the  ratio  is  defined,  are  respectively  p  and  q. 
Then  find  the  third  side  by  Euc.  I.  47. 

98.  Given  the  value  of  the  sine  or  cosine  of  any  a/ngle,  to 
draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Then,  since  sin  and  cos  are  always  less  than  1,  r  is  less 
than  1. 

Take  a  line  OA  equal  to  any  unit 
length.  With  centre  0  and  radius 
OA  describe  a  circle  AFB.  From  OA 
cut  off  a  part  OM  equal  to  r  times  OA. 

Draw  MP  at  right-angles  to  0-4, 
cutting  the  circle  in  P.     Join  OP, 

Then  the  measure  of  OP  =  OA  is  1. 

And  the  measure  of  OM  =  r  ,  OA 
isr. 


cos  MOP  =  sin  MPO  =- 


OM 
OP 


r 
1 


=  rr=r. 
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Therefore  an  angle  has  been  drawn  whose  sine  or  whose  cosine 
has  the  given  value  r.  Q.E.F. 

If  r  had  been  neater  than  1,  OM  would  have  been  greater  than 
OAy  JbT  would  have  been  outside  the  circle,  and  MP  wotUd  not  have  cut 
the  circle  at  all.  Hence  the  method  would  have  failed  as  we  should 
expect. 

99.  Given  the  value  of  the  sine  or  cosine  of  am.y  angle,  to 
find  the  other  ratios. 

In  other  words:  To  express  the  other  ratios  in  terms  of  the 
sine  or  cosine. 

As  before,  let  r  be  the  value  of  the  given  ratio. 
Construct  the  figure  of  the  last  article. 
Then,  by  Euc.  I.  47,  MP*  +  OM*  =  0P^ 

i.e.  JfP»  +  r?  =  l, 

.-.   ifP«  =  l-r», 

.-.  ifP  =  ^(l-r»). 

(i)  Suppose  that  r  is  the  sine  of  the  required  angle.  Then 
MPO  is  the  required  angle,  which  we  may  call  A, 

.*.  r=sinil. 


f  • 


,-«^     MO  r  BID.  A 

tan  A  =  t&ri  MPO  = 


PM'J{l-7^)     ^(1-sinM)' 
and  so  for  the  otJier  radios, 

(ii)     Suppose  that  r  is  the  cosine  of  the  required  angle.     Then 
MOP  is  the  required  angle,'  which  we  may  call  A, 

.*.  rscosil. 
.-.  sin^=sinifOP=^^=^j"'^^  =  ^(l-cos2J), 

ta.^  =  tanifOP=^=^^(l=^>=^fc^^ 

OM  r  cos -4 

amd  so  for  the  other  ratios. 
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100.     Given  the  vahie  of  the  tangent  or  cotangent  of  cmy 
anffle,  to  dranjo  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Take  OM^  1  :  draw  MP  at  right- 
angles  to  OMy  and  let  MF  =  r,  Join 
OP. 


Then  tan  MOP  =  cot  MPO 

MP 


r 
=  T  =  n 


OM     1 

Therefore  an  angle  has  been  drawn 
whose  tangent  or  whose  cotangent  has 
the  given  value  r.  q.  e.  f. 


101.     Given  the  value  of  the  tangent  or  cotangent  of  am/y 
angle,  to  find  the  other  ratios. 

In  other  words :  To  express  the  other  ratios  in  terms  of  the 
ta/ngerU  or  cotamgent 

From  the  figure  of  the  last  article, 

by  Euc.  I.  47,  OP*  =  Oif « +  ifi^  =  1  +7^, 
.-.   OP=V(l+r»). 

(i)     Suppose  r  =  tam  A  so  that  MOP  =  A, 

MP  r  tan -4 


Then,  sin  il  =  sin  if  OP  = 


OP     V(l+r*)     ^(l+tan«il) 


a/nd  80  for  the  other  ratios. 

(ii)     Suppose  r  =  cot  A,  so  that  MPO  =  A, 


Then,  sin  il  =  sin  MPO  = 
and  so  for  the  other  ratios. 


1 


1 


M0_ 

PO~V(l+r^)~V(l+cotM)' 


102.     Given  the  value  of  the  secant  or  cosecant  of  amy 
am^le,  to  draw  the  angle. 

Let  the  given  talue  be  r,  i.e.  r  :  1. 
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Then  r  must  be  greater  than  1. 

^  Take  OA  =  r ;  describe  a  circle  with 
centre  0  and  radius  OA,  From  OA  cut 
off  OM  =  1.  Draw  MF  at  right  angles 
to  OA  meeting  the  circle  in  P, 

Then  OP  =  OA^r. 


sec  MOP  =  cosec  MPO  = 


OP     r_ 
OM'l"^' 


Therefore  an  angle  has  been  drawn  whose  secant  or  whose 
coseccmt  has  the  given  value  r.  q.  e.  p. 

103.     Oiven  the  value  of  the  secant  or  cosecant  of  any 
€mgle^  to  find  the  other  ra>tio8. 

In  other  words:  To  express  the  other  ratios  in  terms  of  the 
secant  or  cosecwnt. 

From  the  figure  of  the  last  article,  by  Euc.  I.  47, 

MP^  =  OP^^OM^^^-^l, 

(i)     Suppose  r  —  sec  A,  so  that  MOP  =  A, 

Then,  sinii  =  smifC>P=-?r^  =  ^^Lv /  __  ^m / 

OF  r  sec -4 

<vnd  so  for  the  other  ratios. 


(ii)     Suppose  r  =  cosec  A,  so  that  MPO  =  A, 

OM     1  _       1 
OF  ~"  r  ~  cosec  A ' 
€md  so  for  the  other  ratios. 


Then, 


sin  -4  =  sin  MPO  = 


104.  The  results  of  Arts.  99,  101,  103,  may  also  be  obtained, 
without  drawing  a  figure,  from  the  general  relations  of  equality 
established  in  the  preceding  chapter. 

Example  1.    To  express  the  tangent  in  terms  of  the  cosecant, 

1  1 


tan^  = 


cotul     V(cosec*ul-l)' 
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Example  2.    To  express  the  sirie  in  terms  of  the  tangent, 

tanA  tauil 


sin  ul =tan  A  x  cos  A  = 


secul     V(l+tan2^)' 


105.  Other  .problems  may  be  solved  in  a  somewhat  similar 
way.  It  is  left  to  the  student  to  prove  the  results  of  the  follow- 
ing examples. 

Example  1.  To  divide  any  angle  AOB  into  two  angles  whose 
recants  shall  have  a  given  ratio. 

Cut  off  OA  and  OB,  so  that  OA  :  OB  =  given  ratio. 

Join  AB :  and  draw  OC  perpendicular  to  AB, 

OC  shaU  divide  AOB  {yntemjoUy  or  extenmUy)  as  required. 

Example  2.  To  divide  any  angle  AOB  into  two  angles  whose  tan- 
gents shall  have  a  given  ratio. 

Let  CD  :  2)-^  =  given  ratio.  Place  CD  and  DE  in  a  straight  line. 
Upon  CE  describe  a  segment  CFE  of  a  circle  containing  an  angle  equal 
to  AOB,  Draw  DF  at  right-angles  to  CE  cutting  the  circumference 
in  F, 

DF  shall  divide  CFE,  which  is  equal  to  AOB,  as  required. 

Example  3.  To  divide  any  angle  AOB  into  two  angles  whose  sitiss 
shall  have  a  given  ratio. 

Produce  ilO  to  il' :  and  cut  off  OA'  and  OB  so  that  OB  :  0^'= given 
ratio.     Draw  OC  parallel  to  A'B, 

OC  shall  divide  AOB  as  required, 

§  2.     The  Angle  beinq  given. 

106.  We  now  proceed  to  find  the  ratios  of  such  angles  as 
have  simple  geometrical  relations  by  a  method  similar  to  the 
above.  It  is  convenient  to  take  the  smaMest  line  in  our  figure  as 
the  ti/nit  of  length,  in  order  to  avoid  unnecessary  fractions.  A 
second  side  is  then  found  by  some  proposition  connected  with  the 
particular  angle  in  question.  Lastly,  a  third  side  is  always  found 
by  Euc.  I.  47. 

The  student  should  in  each  case  retain  the  figure  with  the 
values  of  its  aides  and  angles  marked,  and  not  try  at  first  to 
remember  the  ratios  tJiernselves, 
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107.     The  ratios  of  the  half  right-angle.       45**,  50*,  -j-. 

Draw  AO,   AB  equal  and   at   right- 
angles  to  one  another.     Join  BC, 

Or  briefly  :    Construct  a  right^ngled 
isosceles  triangle. 

Then  since  AB  =  AG,    /.   i  ABC -=  l 
AGB',  [Euc.  I.  6. 

but  these  angles  are  together  one  right- 
angle.  [Euc.  I.  32. 

.*.  each  of  them  is  a  hcdf  right-angle. 

Take  AB^AC  for  unit  length.    Then 

BC^^AB^-^A(P  =  \-\-\  =  2, 
/.  BC  =  i^2, 


[Euc.  I.  47. 


.     .    ,^0     AG       1  ,.o     BA       1 

..sin  45  =_  =  _:cos45  =;g-^=^, 

tan  45°  =  ^r-.  =  1      :  cot  45°  =  -j-r,  — 1» 
BA  AU 

sec  45°  =  -^    =^2  :  cox  45°  = -jtv  =  \/2. 


BA 


AC 


Since  45°  is  its  own  complement,  any  ratio  of  45°  is  the  same 
as  its  co-ratio. 


■] 


108.     TJie  ratios  of  ^  and  ^  o/.a  right-angle, 

[30°  and  60°  :  |' and  ^ 

On  AB  as  base  describe  an  equilateral  triangl^  ABG,  and 
bisect  the  angle  ACB  by  CD, . 

Or  briefly':  Construct  a  bisected  equilateral  triangle. 

Then  ABC  being  equilateral  is  also  equiangular.        [Euc.  I.  5. 

.'.  e^ch  of  its  angles  =  ^  of  2  right-angles  =  60°,      [Euc.  I.  32. 
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.'.  the  angle  ACD  =  ^  of  a  right- 
angle  =  30°, 

and  the  angle  DAC=  ^  of  2  right- 
angles  =  60**. 

Also,  as  in  Euc.  I.  10,  the  tri- 
angles DAG^  DBG  are  equal  in 
all  respects. 

.-.  AD  =  DB\  and  DG  is  at  right- 
angles  to  AB. 

Take  AD  for  unit  length. 

Then  AG  =  AB=2.AD^2, 

And  DG^  +  Ajy'^AG^ 

i.e.  i)(72+ 1=2^=4, 

.-.  DG^  =  Z  and  DG  =  JS. 


[Euc.  I.  47. 


Thus,    sin  60°  = 


and  sin  30°  = 


DGJS  ^ 


:  cos  60°  = 


AD     I 
AC"  2 


=  j:  :  Ac, 


AG       2 

AD     1       ^        ^^._DG     JS  ^ 


;  cos  30°  = 


:  &c. 


AG     2       •  AG      2 

Since  30°  and  60°  are  complementwry,  any  ratio  of  the  one  is 
equal  to  the  co-ratio  of  the  other. 

109.     The  ratios  of\  and  \of  a  right-angle, 

3i 


[22J°and67J°  :  |\nd  ^\] 


Describe  the  isosceles  triangle  ABGy  right-angled  at  A,     Pro- 
duce AB  to  i>,  making  BD  =  BG,     Join  DG. 

C 
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Then,  as  in  Art.  107,  l  ABC  is  a  ^  right-angle;  and  the 
angles  BDC^  BCD  being  equal  by  Euc.  I.  5,  each  of  them  is  \  of 
a  right-angle  by  Euc.  I.  32. 

TBkQ  AB  =^ AC  =\,     Then  BD  =  BC  =  J2,  as  in  Art.  107. 

DA 
:.  cot  22J°  =  cot  4i)C7  =  25  =  ^2  +  1. 

Again  i>C»  =  i>il»  +  il6^=(2  +  2^2  +  l)  +  l=4  +  2V2. 

DC 
.-.   cosec  22^"  =  cosec  ADC  =  j^  =  ^(4  +  2  ^2). 

Similariy  the  other  ratios  may  be  written  down,  and  their 
denominators  may  be  rationalised  by  an  algebraic  process. 

The  same  figure  gives  the  ratios  of  67^°. 

By  the  following  simple  geometrical  construction ;  the  other  ratios 
may  be  at  once  written  down  with  rationalised  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  DCB, 
cutting  BA  produced  iu  K    Join  CE. 


J2 


B 


A  ( ^2  - 1) 


Then  i  DCE  in  a  semi-circle  is  a  right-angle. 

.-.    I  ^(7J^= complement  of  i  DCA^  l  ^2)C=22i°. 
Also  AE=BE-  BA=^J2- 1, 

.-.  CE^=AE^+AC^=^{2-2»j2  +  l)  +  l  =  ^-2^2, 
.-.  from  A^2)(7,  sin22i**=iV(2-V2)  and  cos22i°=JV(2+V2), 
and  from  A  ECAy  tan  22^° = ^^2  - 1  and  sec  22i° = >J{4  -  2^2). 
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110.     The  ratioa  qf^  and  ^  o/a  right-angle. 


["15°  and  75°  :  ^  and  -^'.1 


Let  ABC  be  the  half  of  an  equilateral  triangle,  so  that,  as  in 
Art  108,  iBCA==60\  i  ABC  =30%  i  B AC  =  90\  Produce 
il^  to  D,  making  BD  =  BC,     Join  DC, 


Then,  the  angles  BDOy  BCD  being  equal, 
each  of  them  is  half  angle  ABOy  Le.  15°. 


[Euc.  I.  6. 
[Euc.  I.  32. 

Take  AC=l.   Then  BD  =  BC=  2,  and  AB  =  ^3,  as  in  Art.  108. 

DA 
.-.  cotl5°  =  cotiLD(7  =  -j7»=2+^3. 

Again, 
2>C^  =  2>.l»  +  ^C^  =  (4  +  473  +  3)  +  l  =  8  +  V3  =  6  +  2Vl2  +  2, 

DC 
.*.  cosec  15°  =  cosec  ADC=  -777=  J^  +  J^- 

At/ 

Similarly  the  other  ratios  of  15°  and  75*  may  be  written  down,  and 
their  denominators  may  be  rationalised  by  an  algebraic  process. 

By  the  same  construction  as  in  the  preceding  article,  the  other 
ratios  may  be  at  once  written  down  with  rationalised  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  DCBy 
cutting  BA  produced  in  E.    Join  CE. 

Then  z  DCE  in  a  semi-circle  is  a  right-angle, 

.-.    iACE=  complement  of  i  DC  A  =  l  ADC=  15°. 
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(a-VJ») 


Also  AE=BE-BA=2-^Z, 

.-.  from  lEDC,  8ml5'*=J(x/6-V2)  and  cosl6°=J(V6+x/2), 
and  from  lECA,  tanl5°=2-V3  and  secl5''=x^e-x/2. 

111.  We  may  proceed  to  bisect  the  angles  22 J°  and  15°  in 
the  same  way.     The  student  will  easily  show  that 

cotllJ°=V2+l+  >/(4  +  2^2), 

cot  7J'  =  2+ ^3  +  76  +  72. 

In  precisely  the  same  way  the  student  may  prove  geometrically 
the  general  formula 

cot  A  =  cosec  2A  +  cot  2A, 

112.  The  ratios  of\^^,^,^ofa  right  am>gle, 

[18°,  36%  64°,  72°.] 

Bisect  any  straight  line  ABin  C.  Draw  BD  at  right  angles 
and  equal  to  AB,  Join  CD,  Produce  AB  to  E,  making  CE 
equal  to  CD.  With  centres  A  and  B  and  radii  each  equal  to 
AE  describe  two  circles  cutting  in  F,  Join  FA,  FBy  so  that  FA 
and  FB  are  each  equal  to  AE,     The  angle  AFB  shall  he  36°. 

For  •/  AB  is  bisected  in  G  and  produced  to  E, 

.-.  AE.BE  +  BC^  =  CE^:=-CD'  =  BD^-\-B(P, 

:.  AE.BE^BD'orAB^. 
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From  FB,  which  is  equal  to  AE,  cut  off  FO  equal  to  AB ; 
then  the  remainder  BO  =  remainder  BE, 

.*.  the  above  equation  becomes  BF  ,BO  —  AB^y 

/.  BF:AB  =  AB  \  BO, 

.*.   the  triangles  FBA,  ABO,  having  the  sides  about  their 
common  angle  B  proportional,  are  similar. 

/.    iAOB=  iFAB=  iFBAamdAO  =  AB  =  FO, 

But  \'AO  =  FO,   :.zAFO  =  zFAO,   ,\  zAOB^tioice  l  AFO. 

J.  T.  5 
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/.    each  of  the  angles  FAB,  FBA  of  the  triangle  FAB  is 
doable  of  the  third  angle  AFB, 

:.  i.  AFB  ^"l.jL  AFB  +  2 .  z  AFB  =  180%  i.e,  5  .  z  AFB  =  180% 

.*.    iAFB  =  3Q\ 

Join  FC.     Then  FG  bisects  angle  AFB  and  is  perpendicular 

to -4^. 

AF 
:.   L  AFC  =  18%  and  cosec  AFC  =  -r^r  • 

Now  letAC  =  CB  =  l,     Then  AB  =  BB  =:  2, 

andCF^=CD'=CB'  +  BI)'^l  +  2^  =  5,  /.  CF=J6. 
and  AF=  BF=  AE=  CF -^  AG  =  J5-^l. 

/.  cosec  18**  =  ^5  +  1. 

The  following  construction  gives  the  ratios  of  18**  or  72°  and  of  64° 
or  36°  in  their  simplest  form. 
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In  the  above  figure,  with  centre  0  and  radius  OF  or  OA  describe  a 
circle  FAGE  cutting  AB  produced  in  E,  and  FB  produced  in  G,  From 
F  and  G  drop  FC^  GR  perpendiculars  on  AE,  These  perpendiculars 
being  drawn  from  the  extremities  Fy  G  of  the  diameter  FG  cut  off  equal 
segments  from  the  chord  AE, 

.-.  HE=AC  and  AH^CE, 

Consider  the  angles  of  the  figure. 
•.•  i?!4(?=90"  and  FAB^ir,    ,\  BAG=IS\ 
.-.  GFE=GAE=IS'' .  AEG-^AFG  =36° .  FGE^FAE=^ir, 
V  FEG^m"  atid  AEG=ZQ\    ,\  AEF=b4°=AFE,    .-.  AE^AF, 

And  GBE=ABF=ir^BGE,    .-.  GE^BE. 

Consider  the  lengths  in  the  figure. 

Let  AC^HE=  1.    Then,  by  above,  AE=AF=^b  + 1. 

And  GE^AH=Jb,    .'.  GE=^BE=CE-CB=y/6-l, 

.-.  OF^==AF^-AC^=6  +  2^b  and  GH^=GE^-ffE^=5-2^5, 
.\  EF^=CF^+CE^^10+2J6  and  AG^=GH^+AH^=10-2y/5, 

Lastly,  FG=2,F0=^.AB=4, 

.-.  from   A  GFE,  sinl8'=J(V5-l),  cosl8°=iV(10+2V6), 

from   A  FGA,  sin54°=i(V5  +  l),  cos54°=JV(10-2V5), 

from  A(?^^,tanl8°=^^(^^),secl8'=^^(i«I«, 

from  ^FEC,  tan54°^^(^y^),  sec54°=  ^^(^Q+ V^), 

from  A  AFC,  cot  18**  =  V(5  +  2^5),  cox  18° = ^5  + 1, 
fix3m  A  ^(?i?,  cot  54° = V(5  -  2^5),  cox  54°  =  V^  - 1- 

It  may  be  observed  that  the  lengths  below  AE  have  the  same  form 
as  the  corresponding  lengths  above  AE,  but  a  mvmis  sign  instead  of  a 
plus  sign.  Thus  the  corresponding  ratios  of  18°  and  of  54°  have  the 
same  algebraical  form,  except  for  the  sign  of  the  second  term.  More- 
over, the  —  sign  occurs  in  \h.Q  primary  ratios  of  18°  and  in  the  second- 
ary ratios  of  54°.  This  last  fact  may  be  connected  with  the  results  of 
Art.  114 

Example.    Hence  show  that 

cot9°=V(5+2V5)+V5  +  ^,  and  cot27°=V(5-2V5)+V5-l. 

113.  To  find  the  limiting  vanities  of  the  raiios  as  the  triangle 
o/ reference  collapses  mto  a  straight  line. 

The  triangle  of  reference  OMF  collapses  into  a  straight  line, 

5—2 
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when  either  the  base  OM  or  the 
perp.  MP  coincides  with  the  hyp. 
OP,  while  the  remaining  side 
vanishes.     Thus, 

as  MOP  decreases  to  0°, 

OM  becomes  equal  to  OP,  and  MP 
vanishes ; 

as  MOP  increases  to  90°, 

MP  becomes  equal  to  OP,  and  OM 
vanishes.  O 


/ 


Now  the  ratio  of  two  finite  equal  lengths  is  unity :  "^  =  1. 

The  ratio  of  zero  to  any  finite  length  is  zero :  -^=0, 

f 
The  ratio  of  any  finite  length  to  zero  is  infinity,  p;  =«=. 

[For  a  fraction  varies  in  the  same  direction  as  its  numerator^  but  in 
the  opposite  direction  to  its  denominator.  Hence,  if  the  numerator 
decreases  indefinitely,  the  fraction  decreases  indefinitely  : — Ojf—O,  But 
if  the  denominator  decreases  indefinitely,  the  fraction  increases  indefi- 
nitely :— //O = 00 .] 

Hence  the  limiting  values  of  the  ratios  are 

0,  1  or  oc. 

sin  0  =  ^  =  0  :   tan  0  =  -2;=0:   secO='^=l: 

/  /  / 

cosO=*~.=  l:    cot  0-«*^  =  ce:  coxO=*^  =  cx:: 

sin90°=*^=l:tan90°=-^=oc:  sec90°=-^=  «: 

cos  90"  =  ^=0:  cot90°=^=0:cox90°=-^=l. 

In  this  table  the  student  should  observe : 

(1)  That,  the  angles  0  and  90°  being  complementary,  any  ratio  of 
the  one = the  co-ratio  of  the  other. 
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(2)  Since,  for  certain  limiting  angles,  the  sin,  cos,  sec  or  cox  equals 
1,  strictly  we  must  say  of  sin  and  cos — not  that  they  are  always  leas 
than  1— out  that  they  are  never  greater  than  1  :  and  of  sec  and  cox — 
not  that  they  are  always  grealer  than  1 — but  that  they  are  never  less 
than  1. 

(3)  The  primary  ratios  have  their  minimv/m  values  at  0,  and  their 
maasimwm  values  at  90°. 

The  seconda/ry  ratios  have  their  maxim/am  values  at  0,  and  their 
minimum  values  at  90°. 


114.  General  changes  in  vahie  of  the  ratios^  as  the  angle 
changes  from,  0  to  90°. 

Let  a  line  of  constant  length 
OF  revolve  from  any  position  01, 
It  will  describe  a  continuously 
increasing  angle,  as  its  extremity 
P  traces  out  the  quadrant  of  a 
circle. 

Drop  a  perpendicular  PM 
upon  01, 

Then,  as  the  angle  lOP  in- 
creases from  0  to  90°, 

OF  remains    constant:    MP    O 
increases :  OM  decreases. 

Now,  the  perp.  MP  is  in  the  numerator  of  sin  and  tan ; 

but  in  the  denominator  of  cox  and  cot 

And  the  base  OM  is  in  the  numerator  of  cos  and  cot ; 

but  in  the  denominator  of  sec  and  tan. 

Thus  as  the  angle  increases  from  0  to  90°,  the  primary  ratios, 
sin,  tan,  sec  increase :  while  the  secondary  ratios,  cos,  cot,  cox 
decrease. 

From  0  to  90°, 

sin  increases  from  0  to  1  :  but  cos  decreases  from  1  to  0. 

ta/n  increases  from  0  to  oc  :  but  cot  decreases  from  oc  to  0. 

sec  increases  from  1  to  oc  :  but  cox  decreases  from  oc  to  1. 
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The  results  of  some  of  the  preceding  articles  exemplify  these  state- 
ments :  ag. 

sinO°=  "{-  :  sin 30°=  ^  :  sin 46°=  ^  :  sin 60°=  ^  :  sin 90°=  ^. 

A  A  A  A  A 


*     §  3.     The  Solution  op  Trigonometrical  Equations. 

115.  A  Trigonometrical  equation  is  an  equation  connecting 
the  ratios  of  some  unknown  angle  which  has  to  be  found. 

The  solution  generally  requires  the  following  three  steps : 

(1)  Express  the  different  ratios  which  occur  in  terms  of  one 
single  ratio ;  by  means  of  the  formulae  of  this  or  the  preceding 
chapter. 

(2)  Find  the  value  of  this  one  ratio  by  the  purely  algebraic 
process  of  solving  an  equation. 

(3)  Put  down  the  acute  angle,  whose  ratio  has  the  value 
found,  by  applying  inversely  the  results  of  this  chapter  on  the 
values  of  the  ratios  of  specific  angles. 

Example  1,    Solve  2  sin  ^=1. 

(1)  Here  only  one  ratio  occurs. 

(2)  The  algebraical  process  gives  sinB—^, 

(3)  Reference  to  Art.  108  shows  that  ^=30°. 

Example  2.    Solve  ^3  (tan  ^ + cot  ^) = 4. 

(1)  Since  cot^=  ^  .-.  V3(tan^+  ^^  =4. 

(2)  .-.  V3.tan2^+V3  =  4tan^, 

4 
.-.  tan2^-  -T^tan  ^  =  -  1, 

4  /  2  \2      4  1 

.•.tan^^--^3tan<»+y  =3-1=-. 

•■•**"*-;!  =  *  73' 

•■•  **"''=  73  "^73=^^*^  va- 
cs)   Reference  to  Art.  108  shows  that  ^=60°  or  30°. 
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Example  3.    Solve  tan^  ^ + sec  ^ = 5. 

(1)  Since  tan2^=sec2^-l,  .-.  8ec2^-l+sec^=5. 

(2)  .-.  sec*^+sec^=6, 

.-.  sec»^+sec^+  Q^  =6+  j  =  ^, 

.'.  sec^=  5  or  -  5=2  or  -3. 

(3)  Reference  to  Art.  108  shows  that  sec  ^=2  is  satisfied  by  ^=60°. 
But  negative  values  of  the  ratios  have  not  yet  been  treated.  Hence 
for  the  present  we  may  discard  the  solution  sec  ^=:  -  3. 

Example  4.    Solve  2  sin  ^ — a/3  tan  A, 
Meihjod  hy  factors.    Here 

2sin-4-iv/3tan^=0  gives  sin^(2-x/3sec-4)=0, 
.*.  either  sin^=0  or  2-A/3secul=0. 

Now  sin^=0  gives  A—0, 

2 
And        2-^3  sec -4=0  gives  sec^=  -,  ,    .*.  ^=30^ 

.-.  ^=0  or  30°. 


Examples  IY. 

1.  Draw  the  angle  A  and  find  all  its  ratios  in  each  of  the 
following  cases : — 

(1)     sin.i  =  ^,         (2)     tan^  =  3,         (3)     8ec.i  =  l-4, 

(4)     cos  il  =  -6,         (5)     cot  A  =  -3,       (6)  coseCii= 3^. 

2.  Express   tan  A  in  terms  of  sin  A  and  oi  cos  A, 

3.  Express     sec  A  in  terms  of  svn,  A  and  of  cot  A, 

4.  Express  cosec  A  in  terms  of  sec  A  and  of  cos  A. 

5.  Express    sin  A  in  terms  of  ta/a  A  and  oisecA, 

6.  Divide  an  angle  into  two  angles  whose  cosines  shall  have 
a  given  ratio. 

7.  Divide  an  angle  into  two  angles  whose  coseccmts  shall 
have  a  given  ratio. 
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Fvnd  the  acute  angles  including  0  a^  90"*  which  satisfy  ea^ch 
of  the  following  eqiuUions  (8 — 25). 

8.  4  +  4cos^=3secft  17.  4  sin  ^  =  cosectf-2^2. 

9.  2siii^  +  2cosec^  =  5.        18.  3 tan« «  +  2  =  cot^ ^. 

10.  tan«=cotft  19.  2cos2«  =  2  siii2«+ 1. 

11.  2  sin  tf  =  cosec  tf .  20.  4  sin  tf  =  cosec  tf  -  2. 

12.  sec' tf  +  3  cosec^ ^  =  8.  21.  tantf +  4  cos'tf  =  3. 

13.  2sin^  =  tan^'.  22.  sec^tf  =  2  + 2tanft 

14.  tan^  +  cot^  =  2.  23.  2sin^tantf+l=tantf+2sintf. 

15.  ^2.cos^-cot«  =  0.  24.  2cos«^+ ^3  .  8in«=  2. 

16.  2sin2tf  =  3cosft  25.  tan^  +  cot^  =  4. 

Prove  the  following  identities :  (26 — 32). 

26.  (sin  30°  +  sin  60**)  (cos  30**  -  cos  60**)  =  sin  30** . 

27.  (cos  60"  +  cos  30")  (sin  60°  -  sin  30°)  =  cos  60°. 

28.  sin  30°  +  sin  60°  =  ^2  .  cos  15°. 

29.  cos  30°  -  cos  60°  =  J2  .  sin  15°. 

30.  (sin  60°  -  sin  45°)  (cos  45°  +  cos  30°)  =  sin«  30°. 

31.  cos  36° -sin  18°  =  f 

32.  4  sin  18°  cos  36°  =1. 

33.  If  the  sine  of  an  angle  be  >  — t^  and  the  eosim^  of  that 
jEingle  be  >  ^,  between  what  limits  does  the  angle  lie  ? 

34.  If  the  tcmgent  of  an  angle  be  >  —r^  and  the  cotcmgevU  of 

that  angle  be  >  ^3,  between  what  limits  does  the  angle  lie  % 

35.  Trace  the  changes  in  value  of  (1)  1  -  cos  ^;  (2)  sec  tf  -  1 ; 
(3)  sin  $  +  cos  $ ;  (4)  sec  0  -  tan  0  :  as  0  changes  from  0  to  90°. 

Solve  the  followvng  sirmilta/neotis  equations  : 

36.  sin*  a  =  cos'  jS,  a/nd  4  cot*  a  =  sec'  fi, 

37.  sin(il+^)  =  4o»    a/ndcoB{A-B)  =  ^. 

38.  In  Example  I.  19,  show  that  the  angles  ODC  and  DOO 
are,  respectively,  60°  and  30°. 


CHAPTER  V. 
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116.     The  following  two  propositions  will  be  found  useful  in 
many  applications. 

I.     If  a  magTwtvde  AB  he  bisected  at  C  and  dvvided  a^  D, 


B 


then  (1)  AD  +  DB=2.AC,Siiid{2)AD'DB  =  2.  CD, 

For  (I)  AD  +  DB  =  AB=2.  AG. 
and  (2)  AD-DB=={AG  +  CD) - {CB^CD)  =  2.  CD. 

II.     If  a  magnitude  AB  be  bisected  at  C  a/nd  extended  to  D, 


A  C  B  D 

then  (1)  AD-BD  =  2.AC,  and  (2)  AD  +  BD  =  2.CD. 

For  {!)  AD  -  BD  =AB  =  2  .  AC. 
si.jid{2)AD  +  BD={AC+CD)  +  {CD--CB)=:2.CD. 

These  propositions  may  be  applied  to  straight  lines,  angles, 
triangles,  <fec.,  as  in  Arts,  which  follow. 

117.  To  express  the  a/rea  of  a  triangle^  when  two  sides  and  the 
included  angle  are  given. 

We  have  shown  (Art.  22)  that  the  a/rea  of  a  triangle  is 
measured  by  \  {base  x  altitude). 


Let  ABC  be  any  triangle.     Draw  AL  perpendicular  to  the 
base  BC  produced  if  necessary. 

Then  ^ABG=\BC.LA.  (1) 

The  angle  ACB  is  either  acute,  obtuse,  or  right. 
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In  each  case,  let  C  denote  that  angle  at  the  point  (7,  which  is 
not  ohtvse. 

Then,  in  each  case,  sin  G  -  j^  . 

/.  C^.sin(7=ZA 
Substituting  for  LA  in  (1) 

£.ABQ  =^\BG.GA,^\siC.  (2) 

Hence,  the  a/rea  of  a  triangle  is  measv/red  by  half  the  product 
of  two  sides  amd  ike  sine  of  the  (noiv-obttMe)  angle  contained  by 
them, 

118.  To  eoDpress  the  sine  of  the  internal  or  eoctemal  angle  of  a 
tria/ngle  in  terms  of  the  area  of  the  triangle  a/nd  the  sides  coniavning 
the  am^le. 

By  the  last  article  we  have,  if  (7  be  the  non-obtuse  angle  at  C7, 

which  is  either  internal  or  external  to  the  triangle  ABGy 

^£G.GAsmG=  a  A£G, 

.     .  2_._aABG 

..sine-   ^Q ^j^    • 

Hence,  the  sine  of  the  internal  or  eostemaZ  a/ngle  of  a  triangle 
__  twice  area  of  the  triangle 

~  product  of  sides  containing  the  angle  ' 

The  student  should  observe  that  both  the  numerator  and  the  de- 
nominator of  the  above  jfraction  represent  an  area.  Hence  the  sine  is 
given  correctly  as  an  abstract  number. 

119.  We  proceed  to  find  the  ratios  of  angles  formed  by  the 
addition  or  subtraction  of  two  angles. 

We  shall  adopt  a  method  which  in  each  case  involves  the 
application  of  the  preceding  article.  But  alternative  proofs  are 
given  in  Chapter  XIII.,  which  the  student  may  use  in  preference 
to  these. 

The  beginner  is  very  liable  to  fall  into  the  mistake  of  supposing  that 
sin(A+B)  must  equal  sin  A  +  sin  B,  that  sin  2A  must  equal  2  sinA^  and 
so  on.  He  must  remember,  as  was  pointed  out  before,  that  sin  is  not 
a  multiplier  which  can  be  separated  from  its  accompanying  symbols. 
Thus,  sin  (A  +  B)  means  "  The  sine  of  the  angle  formed  by  adding  the 
two  anales  A  and  B^\  while  sinA+sinB  means  "The  number  formed 
by  adding  the  two  sines  of  the  angles." 

In  what  follows  all  the  angles  whose  ratios  are  involved  are  ordinary 
(La  positive)  acute  angles. 
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120.     To2[>rovetheformiLlasm(A+£)=smAco8B+cosA  sinB,  .(1). 


Let  A,  B  he  the  angles  at  the  base  of  a  triangle,  whose 
vertical  angle  at  G  is  obttise.     Draw  CN  perpendicular  to  AB. 

Then,  producing  AC,  the  exterior  angle  at  C  is  aciUe  and 
interior  iA  +  interior  z  ^  =  exterior  z  C,  [Euc  I.  32. 

.     •    />!      m      •    /    X    •        /.x     2aABC     NCBA 
.  .  sin (il  +  ^)  =  sin  (exterior  l  C)=  j^q^q  =  j^q  j^q 

_NG(BN^NA)     NQ     BN     NA     m 
"       AG,BC       ~  AG'  BG'^  AG  '  BG 

=  sin  A  .  cos  B  +  cos  A  .siaB, 

121.     Topr(wethe/ormtilaBiD.(A---B)=siiiAcoaB'-cosAairiB,,(2). 


Let  ^  be  an  (acute)  angle  exterior,  and  B  an  angle  interior, 
to  the  triangle  ABG,     Draw  CiV  perpendicular  to  ^-4  produced. 

Then  exterior  i  A  -  interior  i  B  =  interior  i  C     [Euc.  I.  32. 

•    /^      Dx      •    /•  4.    •        />x     2a^^C     I^G.BA 
.•.sm(^-^)  =  sm(mtenorz(7)=^^-g^  =  j^-g^ 

_NG{BN-AN)     NG'    BN  _AN^     NG 
"      AG.BC       ~  AG'  BG      AG  '  BG 

=  sin  u4  .  cos  B  —  cos  A  .  sin  B, 


V 
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1 22.     To  prove  the  formula 

cos  {A-^  B)  =  cos  A  cos  B-sinA  sin  B, 


.(3). 


In  the  figure  of  Art.  120,  draw  GA'  at  right  angles  to  CA. 

Then        l  NO  A'  =  comp.  of  z.  NGA  =  ^  iV^iiC'  =  A, 

and        int.  z  BOA'  =  comp.  of  ext.  z  C  =  comp.  of  {A  +  ^). 

2aA'BG     NCBA' 
:.  co&{A  +  B)  =  smBGA'=jj^-^-^,(j^(, 

NGABN-A'N)  _NG    BN _A^    NO 
^ A'G.BG TC'BG      A'G'BC 


=  cos  A .  cos  ^  -  sin  -4  .  sin  -ff . 

123.     To  prove  the  formula 

cos  {A-B)  =  cos  j4  cos  j5  +  sin  il  sin  B, 


(4). 


In  the  figure  of  Art.  121,  draw  MCA'  at  right  angles  to  GA 
Then       l  NGA'  =  comp.  of  i  NGA  =  iNAC^A, 
and  ext.    z  J5(7Jf = comp.  of  int.  lG  =  comp.  of  (A  -  B). 
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cos(il-J5)  =  sin5ajf  = 


2  A  A'BC  _  NG .  BA' 
A'G .  BC  ~  A'G .  BG 


NG{BN+NA')     NG    BN     NA' 
A'G .  BG       "  A'G  '  BG  "^  A'G 


NG 
BG 


124. 


=  cos  A  .  cos  B  +  sin  A  .  sin  B, 

To  prove  theformvlce 
sin  -4  +  sin  5  =  2  sin  ^  (il  +  J5)  cos  J  (-4 
sin  -4  -  sin  j5  =  2  cos  J  (-4  +  ^)  sin  J  {A 


B), 

By 


(5), 
(6). 


Let  I  FOG  =  A;  and  z  QOG=B.     Take  OF=OQ.     Join  P©, 
cutting  0(7  in  G. 

Let  Oi?  bisect  angle  FOQf  triangle  POQ,  and  base  FQ. 

Then  (Art.  116,  L) 

/^POC+  AG0Q  =  2AF0Eand  aFOG-  aG0Q  =  2aE0G, 

L  FOG+  L  G0Q  =  2  I  FOR  and  l  FOG  -  l  GOQ  =  2  z  ROG, 

.  .    j._2aP0G     2aG0Q     ^aFOR 

..     sin.l+sm/;-^^^^4.^^^^~^^^^ 

_2Pfi    0^ 
"OP  *  0(7 

=  2  sin  i  (.i  +  ^)  cos  i  (il  -  ^), 

2  A  POO  _  2aOOQ  _  4Ai?00 
OF  .OG  OQ.OG'OF  .  OG 
20R    RG 


and    sin  A  —  sin  B  = 


OF  •  OG 
=  2  cos  J  (il  +  B)  sin  ^  (il  -  ^). 
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Similarly  we  may  show  that 

/i^\     J.      CIA        2tan-4  ,-q.  ^.        sec^^ 

(19)     COS  2il  =  2  cos'*  -4  - 1 .  (20)     cos  2i4  =  1  -  2  sinM. 

.127.  To  find  the  tangent  cmd  cotomgent  of  ths  sum  or  difference 
of  two  angles, 

,  ,      -,.      sin  (-4  +  B)     sin  ^1  cos  j5  +  cos  ^  sin  ^ 

tan  iA  +  B)  =  — 7-^ — 5(  = ^ 5 -, — j—. — ^  • 

^  '     cos  (-4  +  B)     cos  A  cos  -o  -  sm  -4  sin  ^ 

[Arts.  120,  122. 

In  order  to  express  this  fraction  in  terms  of  tan  A  and  tam,  B, 
we  must  divide  its  numerator  and  denominator  by  coa  A  .  coa  B. 

,.      _,       tanil+tan^  ,._. 

Similarly:        tan  (^  -  ^)  =  J^Az^ (22). 

4. /A        T>\       COtilcot-5-1 

•  «'t(^  +  ^)=   cot^  +  cot^  <23), 

4./VI      m      cot  ^  cot -5  +  1 
cot(^-^)=  ^t^_^,^  (24). 

128.  The  preceding  24  formulae  are  not  independent  of  one 
another.  It  will  be  useful  to  show  their  algebraical  inter- 
dependence.    This  is  done  in  Arts.  129 — 13z. 

129.  Given  sin  {A  +  B)  =  sin  A  cos  B  +  cos  ^i  sin  5 (1), 

to  prove  cos  (-4  -  ^)  =  cos  A  cos  B  +  sin  ^  sin  ^ (4). 

In  (1)  let  il  =  90°  -  C. 

Then  sin  il  =  sin  (90°  -C)  =cos  C, 

and  cos  -4  =  cos  (90°  -  (7)  =  sin  (7, 

and  sin  (il  +  J5)  =  sin  (90°  -  a  -  ^)  =  cos  ((7  -  ^).     . 

.'.  (1)  becomes  cos  (G  —  B)  =  cos  C  cos  ^  +  sin  (7  sin  i?. 

Writing  A  for  (7  we  have  (4).     Similarly 

Given        sin  (-4  -  5)  =r  sin -4  cos  ^  —  cos -4  sin^ (2), 

we  can  prove  cos  (A  4-B)  =  cos  A  cos  5  -  sin  ^1  sin  B (3). 


RATIOS  OF  COMPOUND  ANGLES.  81 

130.  Given  sin  (A  ■\-B)=siD.A  cosB  -^coaA  einB (1), 

to  prove  eiD.{A-'B)  =  8ixiAcos£  —  coBAsmB    (2). 

In  (1)  write  A-^B^J),  so  that  A  =  D  -  B. 

Then  we  have  sin  i>  =  sin  (D  -  B)  cos  B  +  cos  (D  —  B)  sin  B, 

But  we  have  shown  in  the  last  article  that  from  (1)  it  follows 

that 

cos  (i>  -  ^)  =  cos  D  cos  j5  +  sin  i>  sin  5. 

Substituting  for  cos  (J)~B)  in  above, 

sin  D  =  sin  {D  -  B)  cos  B  +  cos  D  cos  ^  sin  j&  +  sin  i>  sin^  B, 
.'.  sin  i>  (1  —  sin^  B)  =  sm(D  —  B)  cos  B  -h  cos  D  cos  B  sin  B, 
.*.  sin  i>  cos^  B  -  cos  i>  cos  B  sin  ^  =  sin  (i>  —  i?)  cos  ^, 
.'.  sin  D  cos  -5  -  cos  D  sin  B  =  ain  (D  -  B), 

Writing  A  for  D  we  have  (2). 

131.  Given 

sin(ui  +  ^)  =  sin  il  cos  ^  +  cos -4  sin -5 (1), 

cmd  sin(i4  -  ^)  =  sin  il  cos  ^  -  cos -4  sin^ (2), 

to  prove       sin-4 +sini?=2sin^(il  +  jB)  cos  ^(-4 --5)  (5), 

cmd  sin -4  -  sin  jB  =  2  cos  J  (-4  +  ^)sin  ^(^1  --6)    (6). 

(1)  +  (2)  gims  sin  (^  +  ^)  +  sin  (ui  -  jB)  =  2  sin  -4  cos  B^ 
(1)  -  (2)  gives  sin  (il  +  ^)  -  sin  (-4  -  ^)  =  2  cos  A  sin^. 

Put  A  +  B^SandA-B^T, 

.'.  (adding)  2A^S+T,  (subtracting)  2B  =  S'-Ty 
.  •.  sin  Ab'  +  sin  I'  =  2  sin  ^  (/S  +  ^  cos  J  (/S  -  T), 
and  sin^-sin  T^ 2  cos  HS+T)  8mi(S-T). 

Writing  A  for  S  and  B  for  T  we  have  (5)  and  (6). 

Similarly 

Given  cos(A  +B)  =  coaA  cosB-smA  ^nB (3), 

(md  COB  (A  -  B)  =  coa  A  cos^  +  sin-4  sin^ (4), 

toe  can  prove 

cos -5  +  cos  -4  =  2  cos  ^(A+B)  cos  ^(A-B) (7), 

a/nd  coaB~coaA=2Bm^{A+B)Bmi{A-B) (8). 

J.  T.  6 


82  RATIOS  OF  COMPOUND  ANGLES. 

132.  The  signs  in  the  fonnulfle  (1) — (8)  may  be  connected 
with  the  fact  that  the  sine  increases  but  the  cosine  decreases  as 
the  angle  increases. 

133.  In  aji{A  +  B)  =  smA  coaB  +  coBAsmB  (1), 

and  cos  (A+B)  =  cos  A  cos  B  -sin  A  sin  B  (3), 

^  ^"<^^-^>  =  l^tan^tan^    <^^^' 

Put  B  =  A. 
Thus  sin  {A+A)=^  sin  A  cos  A  +  cos  A  sin  ii, 

i.e.  sin  2il  =  2  sin  il  cos  il (9), 

cos  (A+A)  =  cos  A  cos  -4  —  sin  A  sin  il, 

Le.  cos  2-4  =  cos'^  -  sinM  (10), 

,  .       .,       tan  A  +  tan  -4 

.       .  .       2  tan -4  ,,.. 

^•"•**"24  =  j-^^^ (17). 

These  results  are  very  important. 

134.  To  express  the  sum  or  difference  of  two  sines  or  cosines 
as  a  product 

This  is  done  in  the  general  case  in  Arts.  124  and  125.  But 
the  following  method  is  recommended  as  an  exercise  in  the  four 
important  fundamental  formulae  of  Arts.  120,  121,  122,  123. 

Express  the  tuoo  given  angles  as  the  sfwm  amd  difference^  respec- 
tively y  of  two  new  angles ;  either  by  inspection  or  by  solving  an 
equation.     Then  apply  the  formulae  of  Arts.  120 — 123.     Thus 

Example  1.    sin  7-4+ sin  3-4= sin  (5^1 +2^1)+ sin  (5-4-^4) 
= (sin  5il  cos  2-4  +  cos  5il  sin  2-4)  +  (sin  5-4  cos  2-4  -  cos  5-4  siq  2A) 

=s2sin5-4cos2il. 

Example  2.    cos  5^1  -  cos  1 1-4 = cos  {%A  -  3-4)  -  cos  (8-4  +  3-4) 
=(cos8-4  cos  3il +sin  8^  sin  3-4)  -  (cos  8-4  cos  3il  -sin  8^  sin  3-4) 

=2  sin  8-4  sin  3-4. 
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Exwfwple  3.    sin  ^  —  sin  ^ :  assuming  ^  to  be  the  greater. 
Let  x+y=A    and    x—y=B, 

Then  sin  (^ +y)  —  sin  (a; — y) = 2  cos  x  sin  y. 

But  solving  for  x  and  y,  2x=A+B  and  2y=^A  -  B^ 

,'.  sin  ul  -  sin -5= 2  cos  iM +5)  sin  J  (-4 --5). 

Example  4    cos  A  -  cos  B :  assuming  ^  to  be  the  greater. 
Let  x+y=B    and    x—y—A, 

Then  cos(a7-y)-cos(^+y)=2sina7siny. 

But  solving  for  x  and  y,  2^=jB+-4  and  ^y^B-A, 

,\  cosil-cosjB=2sinJ(jB+^)sini(jB--4). 

135.  To  express  the  product  of  sines  or  cosines  as  a  swm  or 
difference. 

This  is  the  converse  problem  to  that  of  the  last  article.  The 
method  is  simply  to  introduce  a  product  containing  the  ratios 
complementary  to  those  in  the  given  product.     Thus 

Exam/pie  1.  2  cos  ^A  sin  ZA 

=(8in  4ii  cos  3^ +COS  4il  sin  ZA)  -  (sin  44  cos  3^1  -  cos  4.4  sin  3-4) 

= sin  7-4  — sin -4. 

Example  2.  2  cos  7-4  cos  2-4 

■=  (cos  lA  cos  2-4 + sin  7-4  sin  2-4)  +  (cos  7-4  cos  2-4  -  sin  7-4  sin  2-4) 

=cos6/l+cos9il. 


Examples  Y. 

1.  Show  that 

cos  (-4  -  jB)  +  sin  (-4  +  -5)  =  (cos  4  +  sin  -4)  (cos  .5  +  sin  .ff) 
cos  (-4  +  i5)  +  sin  {A  —  B)  =  (cos  -4  +  sin  -4)  (cos  i5  -  sin  ^) 
cos  (il  —  -5)  —  sin  {A  +  B)  =  (cos  -4  -  sin  il)  (cos  B  —  sin  B) 
cos  (-4  +  .5)  —  sin  (il  —  ^)  =  (cos -4  —  sin  -4)  (cos B  +  sin  B), 

2.  Find  the  sine  and  cosine  of  15**  from  those  of  60°  and  45°. 

3.  Find  the  sine  and  cosine  of  75°  from  those  of  45°  and  30°. 

6—2 
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4.  Show  that 

/  A      nv     tan  A  cot  ^  +  1 

and  that  '■  cot  (-4  -  ^)  =  r; — -j— =i . 

^  '^      1  -  cot  A  tan  ^ 

5.  If  sin  -4  =  cos  ^  =  f ,  find  sin  (-4  +  B)  and  cos  (-4  +  B), 

6.  If 

sin  ui  =  ^  and  sin  ^  =  f|,  find  sin  (-4  -  B)  and  cos  (-4  -  B). 

7.  Find  tan  {A  +  45'')  and  cot  (45**  ^  A), 

8.  Show  that 

sin  il  +  cos  il  =  ^2  .sin  {A  +  45°)=  ^2  cos  (45°  -  -4). 

9.  Show  that 

cos  il  -  sin  il  =  ^2  .  sin  (45°  -A)  =  J2  cos  (45°  +  -4). 

10.  Find  sin  30°  from  the  identity  cos  30°  =  sin  60°. 

Prove  thefolUywmg  iderUities: 

1 1.  (sin  A  +  cos  Ay  =  1  +  sin  2 A, 

1 2.  (cos  A  +  sin  -4)  (cos  -4  -  sin  -4)  =  cos  2-4. 

13.  cos2i4  =  2cosM-l  =  l-2sinM. 

lA      4.     2  4     1  -  COS  2^  -  ^  .    .      1  +  cos  2il 

14.  tan2-4  =  -z ^r-r .  15.     cot  -4  =  — .    ^  .     . 

1  +  cos  2A  sm  2  A 

16.  1  +  sec  2il  =  2  cosM  .  sec  2A. 

Put  the  folloxjomg  eaypressions  (17 — 28)  in  ike  form  of  ttvice 
the  product  of  two  ratios  : 

17.  sinlli4  +  sin7i4.  18.     sinl3 -4-sin9i4i 
19.     cos  3il  +  cos  5-4.              20.     cos  7il -oos  17^4. 

21.  sin(w  +  l)-4  +  sin(w-l)-4.  22.     cos  2i4  +  sin  2il. 

23.  sin  3i4  -  sin 2^.  24.  cos2il -cos  3^. 

'     i6.  sin  ^  + cos  ^.  26.  cos  <^- sin  ^. 

27.  cos  (ti  -  3) -4  -  cos  (7i  +  3)  A  28.     sin  2^  -  cos  2j5. 
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Put  the  following  expressions  (29 — 36)  vn  the  form  of  the  swm 
or  difference  of  two  ratios : 


29. 

2  sin  -4  cos  B, 

30. 

2  sin  A  sin  B, 

31. 

2  sin  lO"*  cos  50^ 

32. 

2  sin  50' cos  10°. 

33. 

^      be  .   3^ 

2  cos  -^  sin  -r  . 

34. 

^   ,    7B  ,    5B 

2  sin  -^  sm  -jr- . 

35.     2  sin  (a  +  )8)  .  cos  (a  -  )8).  36.     2  cos  T**  sin  1 1 

Prove  thefoUowing  identities  (37 — 58)  : 

37. 


38. 
39. 
40. 
41. 

42. 

43. 
44. 
45. 
46. 
47. 
48. 

49. 
50. 
51. 


sin  il  -  sin  ^     ,      A  —  B 
=  tan 


cos  A  +  cos  B 

sin  A  +  sin  B 
cos  A  -  cos  B 

sin  il  +  sin  j^ 
cos -4  +cos^ 

sin  A  —  sin  B 


=  cot 


=  tan 


«cot 


2 

A-'B 
2     ' 

A+B 
2 


cos  A  —  cos  ^  2 

sin  -4  +  sin  ^  _  tan  ^  (A+B) 
sin -4  -  sin  ^  ""  tan  ^  (-4  —  j5)  * 

cos  A  —  cos  B     tan  ^  (A  -  B) 
cos  ul  +  cos  B  ~  cot  J  (ul  +  J5)  ' 

sin  43°  +  sin  17°  =  cos  13°. 
cos81°  +  cos39°  =  cos21°. 
sin  73° -sin 47°  =  sin  13°. 
cos  11° -cos  49°  =  sin  19°. 
cos  25°  -  sin  5°  =  cos  35°. 
cos  5°  -  sin  25°  =  sin  35°. 

sin  36^  +  sin  ^     x      ^/i 

^ y.  =  tan  20, 

cos  oO  +  cos  0 

cos  ^ -cos  2^  SO 

sin2d-sind""         2"' 

sin  tf  +  sin  ^     .      ,  , /,      , ,     j.  i  //i 

«r./i      •    T  =  tan^  tf  +  <^  cotH^ 
Sin  c^  — Sin  <p 


-<!>)■ 
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COS  0  -  COS  <l>     sin  ^  -  sin  ^ 


52. 


sin  ^  +  sin  ^     cos  0  +  cos  ^  * 


Ko  ,    0      ,    70      .    30      ,    110      .    o/i      •    K/i 

53.  sin  -  .  sin  -jr-  +  sin  -^  .  sin  -^  =  sin  2^  .  sin  5ft 

2i  Ji  Ji  2i 

54.  tan  ^  +  tan  j^  =  sec  ^  .  sec  jS  .  sin  (il  +  B), 

55.  cot  A  -  tan  ^  =  cosec  A  .  sec  B  .  cos  (^  +  B), 

56.  cos  (30'  -  il)  -  cos  (30"  +  il )  =  sin  il. 

57.  sin(45Vil)-sin(45'-il)  =  ^2.sini4. 

^^  ^      ^+j5    ^      ^-j5  2sinil 

58.  tan  — 7^ —  +  tan 


2  2         cos  ^  +  cos  B ' 

59.  If    tan  A  =  ^   and    tan  B  =  ^^    find    tan  (il  +  B)    and 
tan  (il  -  -5). 

60.  If  tani4  =  iandtan^  =  ^,  show  that  tan  (^1  +  jff)  =  1. 

61.  If  (l+tanil)(l+tan^)  =  2,  show  that  tan (^1 +^)=  1. 

62.  Show  that  if   45**  is  divided  into  two  parts,  0  and  ^, 
then  (1  +tan  ^)  (1  +tan<^)  =  2. 

63.  tan  A  tan  2 A  tan  3 A  =  tan  3A  —  tan  2 A  —  tan  A. 

64.  If  tan  0=2m-\- 1  and  tan  <^  =  2w- 1,  then  cot  (^-<^)  =  2m^         j 

65.  Bm{A  +  B) .  sin  (i4-^)=sin»-4-sin»j5=cos»^-cos2-4.  ' 

66.  cos  (il  +  j5)  .  cos  (il  -  j5)  «  cos'^  -  sin'j^  =  cos^j^  -  sin^J. 

/!**  /^»o      JN        COS  2-4 

67.  tan  (45**  -A)  =  ^ ^-^^  . 

^  '     1  +  sin  2-4 

68.  sin  2^=  tan  ft  69.     sin  ^  =  cos  2ft  ^ 
70.     cos  ^  =  cos  2ft                        71.     sin  ^  =  sin  2ft 

72.  cos2^=(V2  +  l)^co8^--^V 

73.  cos2^+3sin^  =  2. 

74.  tan^  +  tan2^  +  ^3tan^.  tan2^  =  ,y3. 

75.  ^3(tan^  +  tan2^)  +  tan^.  tan2^=l. 

76.  cos  20  -  sin  ^  =  J. 


CHAPTEK  VI. 


TRIGONOMETRICAL  FORMUUE  FOR  A  TRIANGLE. 


§  1.    The  Trioonometbical  ratios  of  Obtuse  Angles. 

136.     We  have  at  present  defined  the  ratios  of  ct/mte  angles 
only.     We  now  proceed  to  define  those  of  ohtoMe  angles. 

Let  lOF  be  any  ohtuse  angle. 


B 


r 


Produce  10  to  1\ 

Then  TOF  is  an  acfuie  angle. 

In  or  take  any  point  B\   and   draw  BH  at  right  angles 
to  OT  meeting  OF  in  H. 
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Then  BOH  is  the  right-angled  triangle  by  which  we  deter- 
mine the  ratios  of  the  acute  angle  I'OF^  OB  being  base,  OH 
being  hyjJothenuse,  and  BH  being  perpendicular. 

Now  it  is  found  convenient  to  use  this  same  right-angled 
triangle  BOH  to  define  the  ratios  of  the  obtuse  angle  lOF',  only 
that,  as  OB  has  to  be  drawn  in  the  opposite  direction  to  the  line 
Oly  which  bounds  the  obtuse  angle,  we  take  -  OB  (instead  of 
OB)  as  its  base.     Thus 


sin  IOF= 


tan  10  F= 


sec  IOF= 


BH 
OH' 
BH 
^OB' 
OH 
-OB' 


cos  10  F=^ 


cot  10  F^ 


cox  10  F=^ 


"OB 
OH 
"OB 
BH 
OH 
BH' 


Thus,  those  ratios  of  an  obtuse  angle,  which  contain  the  base 
-  OB  (viz.  all  but  the  sine  and  cosecant),  are  negative, 

A  fuller  explanation  of  this  adoption  of  the  minus  sign  will 
be  given  later.  But  the  student  will  immediately  perceive  its 
convenience,  for  by  its  means  the  formulee  connecting  the 
ratios  of  the  angles  and  the  sides  of  a  triangle  are  the  same 
whether  the  triangle  be  acute-angled,  right-angled  or  obtuse- 
angled. 

137.     To  find  the  ratios  of  the  obtuse  angles   180''-il  amd 
90°  ^A  in  terms  of  those  of  the  acute  am>gle  A, 
Take  the  figure  of  last  article. 


B 
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(1)  Let  BOH = A. 

Then  since  IOF+  BOH=  180%  /.  IOF=  180'  -  A, 

sin  IOF=.^  =  sin  BOH,  i.a  sin  (180''  -  J)  =  sin  ^, 

—  OB 

cos  IOF=-jYfT-  =  -  cos  BOHy  Le.  cos  (180°  -A)  =  -cos  A, 

and  80  on, 

(2)  Let  BffO  =  A, 

Then  since  10 F=  OBH+  BffO,  /.  lOF^^  90°  +  A, 

Bff 
sin  IOF=  jyTj  =  cos  BffO,  Le.  sin  (90°  +  A)  =  cos  il, 

—  OB 

cos  lOF^-^  =  -  sin  ^^70,  i.e.  cos  (90°  +  il)  =  -  sin  ^, 

ar^c^  80  on, 

138.  ^0  ^rk£   the   ratios  of  the  acute  angles  180° --4  and 
A  -  90°  in  terms  of  those  of  the  obtuse  am^le  A, 

Take  the  same  figure. 

(3)  Let  lOF^  A,  then  BOff  =  180°  -  A, 

sin  BOff=^=  sin  lOF,  i.e.  sin  (180°  -ui)  =  sin  il, 

OB 
cos  ^0J7=  ^-g  =  -  COS  10 F,  i.e.  cos  (180°  -  ^)  =  -  cos  A, 

and  so  on, 

(4)  Let  lOF  =  A,  then  BffO  =  A- 90°, 

sin  BffO  =  ^  =  -  cos  /Oi?;  i.e.  sin  (A  -  90°)  =  -  cos  A, 

Bff 
cos  J5i70  =  -^2^=  sin  lOF,  i.e.  cos  (il  -  90°)  =  sin  A, 

and  80  on, 

139.  To  find  the  ratios  of  1 80°. 

In  (1)  of  Art.  137,  put  ^1  =  0. 

Thus;  sin  180°=sin0  =  0;  cos  180°  =  - cosO  =  - 1 ; 

tan  180°  =  -  tan  0  =  0 ;      cot  180°  =  -  cot  0  =  -  oo  ; 
sec  180°=-sec0=-l;   cox  180°  =  cox 0=  oo. 
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Example,     To  trace  the  changes  in  the  ratios  of  obtuse  angles. 

As  A  increases  from  90"*  to  ISO"*, 

sin  ^  is+^}  and  algebraically  decreases  from  1  to  0. . 
cos  ^  is — ^* ;  and  algebraically  decreases  from  0  to  - 1. 
tan  ^  is  -  ^ ;  and  algebraically  increases  from  --  oo  to  0. 
cot  ^  is  —  ^;  and  algebraically  decreases  from  0  to  —  oo . 
sec  ^  is— ^;  and  algebraically  increases  from  -  oo  to  - 1. 
cox  ii  is+^*;  and  algebraically  increases  from  1  to  oo . 

140.     From  the  proposition  that  the  a/nglea  of  a  triangle  are 
togetlier  equal  to  two  right  angles  many  important  results  follow. 

Thus,  li  A,  By  C  are  the  angles  of  a  triangle,  we  have 

A  +  B'hC=lSO% 

:.  j5  +  C=180°-A 

.-.  sin(J5  +  C)  =  sin(180''-i4)  =  sini4,  [Art.  137. 

and  cos  ( J5  +  C)  =  cos  (1 80**  -  il )  =  -  cos  A.       [Art.  1 37. 


Examples  YI.     A. 

1.  Write  down  the  ratios  of  135^  120%  150%  112^°,  105^ 

2.  Show  that  sin  120**  =  2  sin  60"  cos  eO**  and  that 

cos  120**  =  cos^  eO**  -  sin^  60^ 

3.  Show  that  tan  150**  =  cot  60**  -  cosec  60**  and  that 

cos^  135'  =  cos  60*. 

4.  If  Af  B,  C  are  the  angles  of  a  triangle,  show  that 
sin  J  (J5  +  (7)  =  cos  J  A;  and  that  tan  ^  (A+B)  =  cot  J  C. 

5.  Show  that  the  ratios  of  the  half-angles  of  a  triangle  are 
all  positive. 

6.  Show  that,  given  the  sine  or  the  cosecant  of  an  angle  of 
a  triangle,  that  angle  may  have  either  of  two  values. 

7.  Show  that  the  area  of  a  triangle  is  measured  by  half  the 
product  of  two  sides  and  the  sine  of  the  internal  a/ngle  contained  by 
them,  whether  that  angle  is  acute,  obtuse  or  right. 
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8.  Show  that  the  ratios  of  any  angle,  whether  acute  or 
obtuse,  are  subject  to  the  relations  of  equality  established  in 
Chapter  III. 

9.  How  must  the  relations  of  inequality  of  Chapter  III.  be 
modified  in  order  to  include  obtuse  angles  ? 


§  2.     Relations  between  the  sides  and  the  batios 
OF  THE  Angles  of  a  Triangle. 

141.  Consider  any  triangle  ABC. 

The  cmgles  at  the  points  A,  B,  C  will  be  called  by  the  names 
A,  B,  C. 

The  Hdea  BC,  GAj  ABy  which  are  opposite  to  these  angles, 
will  be  called  a,  b,  c  respectively. 

142.  To  draw  tJieJigv/re  by  which  the  ratios  of  the  base  angles 
of  a  triangle  may  be  indicated, 

A  A  A 


B        a     c 


Draw  AL  perpendicular  to  BC  or  BG  produced.     Then,  the 
angle  ACB  may  be  (i)  acute,  (ii)  obtuse,  or  (iii)  right. 

In  each  case. 


sin  ACB  =  ^-r , 


GA  sinAGB  =  LA. 


But  in  case 


(i)      COB  AGB^^, 


(ii)     qobAGB^ 
(iii)     COB  AG B  = 


^GL 
GA 

GA' 


GA  coaAGB  =  GL. 


GA  cos  AGB  =  -GL. 


GA  cosAGB^O, 
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143.  To  prove  the  dovhle-cosine  formula : — 

h  cos  C  +  c  cos  B  =  a, 

nil 

In  each  Jig,      cos  B  =  -^  ,        .'.  BA  cos  B  =  BL. 

CL 
In  fig,  {%)        cos  C  =  jta  f       •'•  0^  cos  C  =  CL, 

Infijg,  (ii)       cos  C=    ^      ,     .'.  C-4  cobC=^^CL. 

Infi^,  (Hi)     cos  C  =  7^  ,        /.  CA  cos  C  =  0. 

Again,  in  jig,  (i)  jBC  =  BL  +  CX, 

infi^.lii)  BG^BL-CL, 

in  fig,  (iii)  BG  =  i5X  -(-  0. 

.'.  in  eacA  case,  BG  =  (7-4  cos  C  +  ^il  cos  ^, 

i.e.  a  =  6  cos  (7  +  c  cos  B, 

SimHa/rly  b  =  c  cos  il  +  a  cos  (7, 

awe?  c  =  a  cos  B  +  b  cos  il. 

144.  Ih  prove  the  dovhU-sirve  formula: — 

6  sin  (7  -  c  sin  ^. 

X-4 
/w  each  jig,         sin  (7  =  ^  ,     /.  GA  sin  0  =  Z-4, 

LA 
and  sin  jB  =  ^-j ,      .'.  ^-4  sin  B  =  2/il. 

.*.  GA  sin  C  =  ^-4  sin  B,  i.e.  6  sin  (7  =  c  sin  5. 

Cor.     Dividing  by  he,  we  have 

sin  (7  _  sin  -B 

^.    .,    ,  sin  5     sin  -4 

Similarly  — r —  = , 

o  a 

sin  A      sin  B     sin  (7 


a  &  c 

i.e.  the  sim^s  of  the  angles  are  proportional  to  the  opposite 
sides. 
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145.  By  the  corollary  of  the  last  article,  we  have 

a     _      6     _     c 
sin  il  ~  sin  ^     sin  (7  * 

Put  each  of  these  fractions  equal  to  d.  Then  since  in  each 
fraction  the  numerator  is  a  length  and  the  denominator  a  ratio, 
therefore  d  will  represent  a  length. 

Also,  since  -: — 7  =  d,     ,\  a  =  d  sin  A, 

sinui 

Similarly^  b  =  d  sin  B  and  c  =  c?  sin  C, 

146.  To  find  the  sine  cmd  cosine  of  the  sum  and  difference  of 
tux>  angles  by  mea/ns  of  the  double-cosine  and  douhle-sine /brmtdce. 

In  the  equation 

a  =  b  cos  C  +  c  cos  B, 
substitute  for  a,  6,  c  in  terms  of  d,  [Art.  145. 

Thus         d  ain  A=d  SID.  B  cos  C  +  d  sin  C  cos  jB, 

.*.  sin  ^  =     sin  5  cos  C  +  cos  B  sin  C,  (A.) 

Similarly     sin  B  =     sin  C  cos  A  +  cos  C  sin  A. 

i.e.  (substituting  for  sin  .4) 

sinB  =  sin  C  cos  A  +  cos^  C  sin  B  +  cos  B  cos  C  sin  (7, 
.'.  -sin  C  cos  A  =  cos  B  cos  C  sin  C  -  sin  ^  (1  -  cos^  C), 
.'.  -  cos  A  =  cos  B  cos  0  -  sin  B  sin  (7.  (B.) 

Now  sin  A  =  sin  (B  +  C)  and  -  cos  il  =  cos  (^  +  C),  [Art.  140. 

.*.  (A)  and  (^)  become 

sin  (jB  +  (7)  =  sin  ^  cos  (7  +  cos  ^  sin  C (1), 

cos  (^  +  C)  =  cos  ^  cos  C  -  sin  ^  sin  (7 (2). 

Let  B*  be  the  exterior  angle  at  B, 

Then     A=B'  —  C,  sin  B  =  sin  B'  and  cos  B  =  -  cos  5', 

.'.  (il)  and  (B)  become 

sin  (^-C)  =  sin  B  cos  (7-cos  5'  sin  C (3), 

cos  (V  -  0)  =  cos  ^'cos  C  +  sin  B'  sin  C (4). 
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147.  It  should  be  observed  that,  by  the  method  of  the  last 
article,  we  have  proved  the  formulae  for  the  sine  and  cosine 
of  the  sum  and  difference  of  two  angles,  wluitever  geometrical 
value  the  angles  considered  may  ha/vey  ie.  whether  they  are  acute 
or  obtuse. 

Hence,  also,  the  formulse  which  may  be  algebraically  derived 
from  these  are  universally  true  for  all  geometrical  angles,  viz. 
the  expressions  for  the  tangent  and  cotangent  of  the  sum  or 
difference  of  two  angles,  and  the  ratios  of  the  double  angles,  <fec. 

Example,    If  ^,  ^,  (7  are  the  angles  of  a  triangle,  express 

nn  A +91713 +81710 
as  a  product  of  ratios. 

The  given  expression 

=8m{i(il4-5)4-i(^-5)}4-sin{i(^4-5)-i(^-5)}4-sin(7 
=2  sin  i  (^ +-B)  cos  i  (^ --B)+2  sin  i  (7cos  i  (7 
=2cosi(7{co8i(^--B)4-cosi(^4-5)}, 

[•.•  sini(-4+-B)=cosi(7andsini(7=cosi(^+5)] 
:=2co8J^(7.2cos^^  cos^^ 
=4  cos  ^  A  cos  ^  B  cos  \  C, 

148.  To  prove  the  cotamrcosec  formula: — 

cot  B  +  cot  C=  -  cosec  B  or  ^  cosec  C. 

In  fig,  (i)       ^^^^-J~2>  *^^-  W  ^o*  ^^~r~A    • 

In  each  fig.  cot  B  =-t-7  . 

Again,  in  fig,  (i),  BL  +  CL  =  BC; 

infig,(ii),  BL--GL^BG, 

:,  in  each  case, 

^  J.        .^BCBCAB 
cot^  +  cot(7  =  22  =  3^.2j 

«  -  cosec  B. 
c 

This  formula  may  be  written  in  other  forms:  thus 

6  sin  C  b  tan  C 


tan  j5  = 


a  —  b  cos  C     a  sec  C  —  b' 
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149.     To  prove  the  cosine  formula : — 

c»  =  a2  +  6*-2a6cosC. 
In  fig.  (^),  {Euc.  II.  13),  A&^BG^-\-GA^^2BC  .  CL. 
In  fig.  {ii),  {Euc.  II  12),  AB'^B(P  +  CA^  +  2BG  .  GL. 
Infi^.  {Hi),  {Euc.  L  47),  AB'^BG'^GA\ 
Butinfi>g.  -(i)  GL  =  GA  cos  C, 

iif^fi^-  (**)  GL==^  GA  cos  (7, 

infi>g.  (m)  0  =  (7-4  cos  (7. 

.'.  vneaekcase,  AB^^BG^-^GA^^^BC .GA.oo^G, 

La  c"  =  o*  +  6^  —  2a6 .  cos  (7. 

Similarly  6*  =  c*  +  a^  —  2ca .  cos  j5, 

cmd  a^  =  6*  +  c*  —  2^ .  cos  A. 

160.     ^0  jprow  ^Ae  sine  formula : — 

2a6  sin  (7  =  J{{a  +  6  +  c)  (a  +  6  -  c)  (c  +  a  -  6)  (6  +  c  -  a)}. 
^^  ^^6  last  article, 

2ab  cos  (7  =  a^  +  6*  -  c*, 
.'.  2ai(l+cos(7)  =  (a2  +  2a6  +  6»)-c^=(a  +  6  +  c)(o  +  6-c)(l), 
2a6(l-cos(7)  =  <r'-(a^-2a6  +  62)  =  (c  +  o-6)(c-o  +  6)   (2). 
.'.  multiplying  the  above  equations  (1)  and  (2),  we  have 
4a*6*  (1  -  cos*  (7)  =  (a  +  6  +  c)  (a  +  6  -  c)  (c  +  a  -  6)  (6  +  c  -  o); 
.'.  taking  the  squa/re  root,  since  1  ~  cos*  C  =  sin*  C, 
2a6  sin  (7  =  ^{(a  +  6  +  c)(o  +  6-c)  (c  +  o-6)(6  +  c-a)}. 

151.     To  prove  the  h^lf-a/ngle  formtUce, 
Since    1  +  cos  (7  =  2  cos*  J(7  one?  1  -  cos  (7=2  sin*  ^0, 
substituting  in  (1)  and  (2)  of  last  article 

4ab  cos*  J(7  =  (a  +  6  +  c)  (a  +  6  -  c), 
4a6  sin*  J(7  =  (c  +  a  -  6)  (c  —  o  +  6), 

Dividing,  we  have 

^        (a  +  6  +  c)  (a  +  6  -  c)  ' 
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152.     In  the  formulae  of  the  two  preceding   articles,  it  is 

convenient  to  abbreviate  by  writing 

a  +  6  4-  c  =  2«,  so  that  a  +  6  —  c  =  2«  -  2c,  and  so  on. 

Thus 

i^  a6  sin  C=  V{*  («  -  a)  («  -  6)  {«-c)}, 

8  {a  —  c)\     ^    C  _      //(«  -a)(8-  b)] 


cos 


f-yc 


ab 


n       .    V         /((8-a 


ab 


]■ 


tan 


2      VI     M*-c)      /* 


Since  J  a6  sin  C  =  area  of  triangle  =  S  (say), 

.-.   S=  J{8{8-a)(8'-b)(8-c)}. 

163.     To  />r(we  <Ae  sttm-and-differeru^  formula : — 

t&n^  (A-B)     a-b 

tan  J  (^  +  ^)  ""  a  +  6  * 
Assume  that  il  is  greater  than  B;  and  therefore  a  greater 
than  b. 


With  centre  C  and  radius  CA  describe  a  semi-circle  cutting 
BC  in  2>  and  -5(7  produced  in  E, 

.',  angle  ADE  at  circumference  =  ^  angle  ilC-^  at  centre 

.-.  angle  i>i4^  =  ^2>^-^52>     =Y{A +B)-B  =  ^  {A-- B). 

Also  angle  Dilj^  in  a  semi-circle  is  a  right-angle. 

Draw  BF  parallel  to  AJS,  or  at  right-angles  to  DA. 
t&xi  ^  {A  -  B)     tan  DAF     BF     AE  _  DF 
tan  i  (ul  +  J5)  ~  tan  ABE  ~  AB     AB'  AE 

=  -n^  by  similar  triangles, 

BC-BC     a-b 
~~  BCTCE~aTb' 
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154.  The  student  should  observe  that  each  of  the  identities 
connecting  the  sides  and  angles  of  a  triangle  (except  the 
double-cosine  formula)  involves  fcmr  out  of  the  six  elements 
-4,  ^,  C,  a,  6,  c,  two  of  the  four  being  sides. 

Thus  by  means  of  these  identities  we  can  find  all  the  elements 
of  a  triangle  when  three^  including  a  side,  are  given.  [Compare 
Art.  29.] 

In  fact,  since  -4 +  ^  + C=  180%  we  have  no  more  specific 
information  about  any  particular  triangle,  when  3  angles  are 
given,  than  when  2  angles  are  given.  Hence  a  side  must  always 
be  one  of  the  elements  given. 

165.     The  formulae  above  given  may  be  thus  classified. 
Class  I.     Involving  three  angles. 

Class  II.     Involving  three  sides  and  two  angles. 

a  =  b  cos  C  +  c  cos  B. 

Class  III.     Involving  two  sides  amd  the  two  opposite  angles. 

a  sin  B  =  b  sin  -4, 

^      A-B     a-h^      A+B 

tan  — r: —  = =  tan  — ^ —  . 

2  a  +  b  2 

Class  IV.    Involving  ttvo  sides,  the  included  angle  and  anotJier 

angle. 

c  (cot  C  +  cot  B)  =  a  cosec  B, 

^       c  sin  jB 

tan  G  = =5 . 

a-c  cos  B 

Class  V.     Involving  three  sides  and  an  angle. 

c^  =  a'  +  6^  -  2ah  cos  (7, 
J{s  {s  -  a)  («  —  b)  (s  -c)}  =  ^  ah  sin  C, 

9.  -    //llizf)l 

2~Vt     ab    /•  :  :. 

J.  T.  7 


cos 
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166.  The  substitution  of  dsinA,  d  sin  By  dainC  for  a,  6,  c 
respectively  is  often  useful  in  the  working  of  examples  on  Tri- 
angular formulae. 

Example  1.    Given  -: — j,  =  -^—pa  show  that  j—-  =  .  ^  f  .„  ,  ^. . 
^  smB     amC  o+c     tani(-D  +  C) 

Put  6=fl?sin  B,  c=c?sin  C.    Then 

6-c_c^sin5-c?sin  C_smB-mnC 
b+c~' dan B+d Bin C~ sin B+sin  C 

__  2  sin^(^-C)  008^(^4- C)  ^tan^(^-C) 
''2sinl(B+C)coai{B-C)     tani(B+C)' 

Example  2.    Show  that  tan5  :  tan  C=a^+l^-<^  :  a^-h^+c^y 

tauB     sin  B  cos  C  _b  cos  C  _2ab  cos  C     a^+b^-c^ 
tan  (7     sinC cos B^ ccoa B'' 2ac cos B^ a^+c^-b^' 

Example  3.    Show  that  8  cos  A  cos  B  cos  C  is  never  greater  than  1. 

We  have        2  cos  A  cos  5=cos  (A+B)+ cos  (-4  -  B), 

Keeping  A+B  (and,  therefore,  C)  constant,  this  has  its  greatest 
value,  when  cos(u4  — 5)=1,  i.e.  when  A=B,  Hence  the  given  expres- 
sion has  its  greatest  value,  when  -4= .5= (7=  60**,  i.e.  when 

8  cos  A  cos  B  cos  C=  1. 

Examples  VI.  B. 

li  Ay  By  C  are  the  angles  of  a  triangle,  prove  the  following 
statements : — 

1.  sin{A  +  B  +  G)  =  cos^  {A  +  B  +  C)  =  0. 

2.  -cos{A  +  B  +  C)  =  sin^{A  +  B+C)  =  h 

-      sin il-sinjB     .      C    .      A  —  B 

o,    —i — -: ; — =i  =  tan  —  .  tan  — ^r —  . 

suiii  +sm^  2  2 

4.  tan  A  +  tan  ^  =  sin  C  .  sec  -4  .  sec  B, 

5.  tan  A  +  tan  B  +  tan  0  =  tan  A  .  tan  B .  tan  C. 

6.  sin  -4  +  sin  j5  -  sin  (7  =  4  sin  J  il .  sin  J  jB  .  cos  J  C. 

7.:   :cos  il  +  cos  jB  +  cos  C  =  4  sin  ^  il .  sin  ^  -5 .  sin  i^  0  +  1. 

•  •   • 

'i^\Jcos  A  +  cos  B  -  cos  (7  =  4  cos  J  A  .  cos  J  5 .  sin  ^  (7  ~  1. 
9.     sin2-4  +  sin 25  + sin 2(7  =  4 sin -4.  sin 5.  sin  C. 
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10.  COS  2A  +  COS  2B  +  cos  2C7  =  -  4  cos  A  .  cos  B .  cos  C  —  1. 

11.  cos^  i  -4  +  cos*  i  -5  -  cos'  ^  C  =  2  cos  ^  A  .  cos  J  -B .  sin  J  C. 

-  -      cos  B  -  cos  A        j_C   ^      A-  B 

12.  -^ J  =  cot  ^.  tan—     . 

cos  B  +  cos  A  2  2 

13.  tan  ^  ^  .  tan  ^G  +  tan  ^  C  .  tan  |  -4  +  tan  j^  i4  .  tan  ^B=l, 

14.  sin*  A  =  cos*  j5  +  cos*  C  +  2  cos  -4  .  cos  B .  cos  C. 

15.  cos* -4  +  cos* -B  +  2  cos -4  cos -B  cos  (7 

=  sin*  A  +  sin*  -B  -  2  sin  -4  sin  -B  cos  G. 

16.  8  sin  ^  -4  .  sin  j^  -B .  sin  ^C  i&  never  greater  than  1. 

In  any  triangle  ABC  prove  the  following  statements: — 

.  -      ,        .        a  sin  C 

17.  tanii=^ ^. 

0  —a  cos  6 

18.  b  (tan  B  +  tan  G)=a  tan  -B  sec  C 

19.  a  cos  -4+6  cos  ^  +  c  cos  G  =  2a  sin  -B  sin  (7. 

20.  (a  +  6)  cos  C7  +  (6  +  c)  cos -4  +  (c  +  a) cos B  =  a+b  +  c, 

21.  a  (6  cos  (7  -  c  cos -B)  =  6*  -  c*. 

22.  a  sin*  B=b  (cos  -4  cos  B  +  cos  (7). 

23.  a*  +  6*  +  c*  =  2a6  cos  C  +  26c  cos  A  +  2ca  cos  B, 

24.  a6  sin*  G  =  c  (a  cos  ^  cos  (7  +  6  cos  C  cos  -4  +  c  cos  A  cos  -B). 

25.  4«S^  =  a  (26  sin  B  cos  ^4  +  a  sin  2B). 

26.  26  (1  -  sin  B  cos  ^  cosec  G)  =  a  sin  2-B  cosec  (7. 

27.  2  cos  C7  (a  sin  -4  -  6  sin  -B)  =  c  (sin  2-B  -  sin  2 A), 

28.  be  cos  -4  +  ca  cos  5  +  2a6  cos  C  =  a^  +  6*. 

29.  6  sin  2A  =  2a  (sin  C7  —  cos  B  sin  il). 

30.  /S  (a  f  6  +  c)  =  a6c  (sin  jB  cos*  j^  -4  +  sin  -4  cos*  J  -B). 

31.  (a-6)cos|(7  =  csin^(il-^). 

32.  a*  cos  jB  +  6*  cos  (7  +  c*  cos  ^ 

=  2a6  sin*^il  +  26csin*|^  +  2ca  sin*  ^  (7. 

33.  (6*  -  c*)  cos  ^  +  (c*  -  a*)  cos  ^  +  (a*  -  6*)  cos  (7 

=  a  cos  ^  (6  —  c)  +  6  cos  B  (c  —  a)  he  cos  (7^(c^'  -j-.  6). 

34.  «(2a6  +  26c  +  2ca-a*-6*-c*)  ^^^  i^i 

=  2a6c  (cos*  I  -4  +  cos*  J  -B  +  cos*  J  C7). 

7—2 
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^p,      t&n  A  _  a^  •¥  <P  —  b^ 

36.  tan  ^  (6^  +  c^  -  a^)  =  4;S'. 

37.  aaecA  —  bsecB- sec C (bsec  A  -a sec B). 

38.  Ss  =  abc  (sin  A  +  sin  ^  +  sin  (7). 

^        (g  - g) sin^  j^  ii  _  {8  -  b)  sin'  j  B  _  (8-c)sm^G  _  _^ 
abc  sabc ' 

40.     a  sin  ^  +  6  sin  C7  +  c  sin  A 

A(        B+C  B-C\  B[        A^G     ,       A--C\ 

=  cos  -^  (  c  COS  — -= — +a  COS  — —  )  +  cos—  f  c  cos  — ^  +  6  cos — ^  j. 

If  C  is  a  right  angle,  prove  the  following  statements : — (41 — 50) 


41. 

tan  B  =  cot  A, 

42. 

tan -4  +  tan  ^=sec  A  sec  B. 

43. 

c  +  a  :  b  =  b  :  c  —  a. 

44. 

tan  2il+ tan  25=0. 

45. 

^  A      b  +  c 

C0t-;5-  = . 

2         a 

46. 

^A      b  +  c 
^"^2-    2c    • 

47. 

sec2^  =  -s — vjj. 

48. 

a       b 
cosec  2B  =  ^.  +  ^7-  • 
26      2a 

49. 

-  ^     2  sin  ^  sin 

tan2i?=-r-2-; — 

sm-'ii— sin 

B 
^B' 

50. 

iS^  =ab(^  cos  A  co&B. 

51.  If  any  one  of  the  above  equations  (41 — 50)  holds,  ex- 
amine in  each  case  whether  (7  is  a  right  angle. 

52.  If,  in  any  triangle  ABC,  d,  e,  f  are  the  distances  of  the 
angles  from  the  middle  points  of  the  opposite  sides, 

4(rf2  +  e2+/')  =  3(a'  +  62  +  c'). 

53.  If  Z,  m,  n  are  the  perpendiculars  from  A,  B,  G  on  the 
opposite  sides, 

2  (l  cos  A-\-m  cos  B-\-n  cos  C7)  =  a  sin  -4  +  6  sin  5  +  c  sin  C. 

54.  If  BG  be  bisected  in  D  and  produced  to  E,  cot  A  is  the 
Arithmetic  Mean  between  cot  DAG  and  cot  ACJS, 

.55.*    If  D  be  the  middle  point  of  BG,  H  the  point  where  the 

IJifiQctgi*  of  A  cuts  BG,  L  the  foot  of  the  perpendicular  from  A  on 

!kG\  then 

^BH  .DL  =  {b'-  c)\ 


EXAMPLES  VI.   B.  101 

56.  If  the  base  of  a  triangle  be  trisected,  and  ^p  k^,  k^  be 
the  cotangents   of  the  angles  which  the  parts  subtend  at  the 

{K  +  h){h-^h)  =  i{\  +  k^% 

57.  If  a,  6,  c  are  in  a.  p.,  then  also  cos -4,  vers-B,  cosC7  are 
in  A.  p. 

58.  If  a\  b^,  c*  are  in  a.  p.,  then  also  cot  A,  cot  B,  cot  G  are 
in  A.  P. 

j,b  +  cc-^aa  +  b        .  , ,        ., 

59.  It  ,  — ,     ,  are  in  A  P.,  then  also 

a         0  c 

cot  A  cot  ^  A,   cot  B  cot  ^  B,   cot  C  cot  J  G  are  in  a  p. 

60.  If  a'  +  be,   6*  +  ca,   c*  +  o6  are  in  a.  p.,  then  also  tan  ^  A, 
tan  J  jB,  tan  J  (7  are  in  a  P. 

61.  If  a*  +  fi'c'j  6*  +  c*a^  c*  +  a'6'  are  in  A  p.,  then  also  tan  A, 
tan  B,  tan  C7  are  in  A.  p. 

62.  If  ^^  be  the  bisector  of  A, 

AH^ .  (6  +  cy  =  4:bc8  (8  -  a). 

63.  li  X,  f/y  z  are  the  perpendiculars  on  the  sides  from  any 
point  within  a  triangle, 

ax  +  by  +  cz=  2S, 

64.  In  the  last  proposition  show  that  a^-^y^  +  z^  is  a  mini- 
mum, when  x/a  =  y/b  =  z/c  =  2S/{a^  +  b^  +  c^), 

[In  Examples  (65 — 69),  the  letters  a,  b,  c,  A,  B,  G  are  not 
given  as  the  elements  of  a  triangle.] 

65.  Given    that    a  =  5  cos  C7  +  c  cos  jB,    b  =  c  cos  A  +a  cos  (7, 
c  =  a  cos  jB  +  6  cos  .4,  solve  for  cos  A,  cos  jB,  cos  G. 

66.  From  the  same  equations,  show  that 

sin  ^     sin  -B  _  sin  C7  _  2  J{8  («  -  a)  («  -  6)  («  -  c)} 
a  6  c  a6c  ' 

where  2«  =  a  +  6  +  c. 

67.  Given  that 

i4 +jB4-(7=  180*,   6  =  ccos-4 +acos(7,    c  =  a  cos -B  +  6  cos^il, 
show  that  a  =  b  cos  G  +  c  cos  -B. 
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68.  Given  that 

6  sin  i4  =  a  sin  5,  c  =  a  cos  B  -\-b  cos  -4,  2ah  cos  G  =  a^-^b^-c^, 
show  that  one  value  of  ^  +  5  +  C7  is  180°,  and  that 

b  sin  C  =  c  sin  B,  a  =  b  cos  C  +  c  cos  5. 

^n      i-i-        xu  .sin -4      sin ^     sin (7       ,  ^     ,  . 

69.  Given  that =  —z —  = and  c  =  a  cos  B  +  o  cos  A, 

a  0  c 

find  sin  A,  sin  B,  sin  (7  in  terms  of  a,  6,  c. 

70.  If  D  be  .the  middle  point  of  BG,  and  if  ^i>  and  AD' 
make  the  same  angle  with  the  bisector  of  BAG,  then  BB'  :  i)'(7 
=  c^  :  62  and  ilZ>'  :  ^i)=  26c  :  6^  +  c^. 

71.  If  Z  be  the  foot  of  the  perpendicular  from  A  on  BG, 
and  if  ilZ  and  AL'  make  the  same  angle  with  the  bisector  of 
BAGy  then,  (A,  B,  G  being  in  descending  order  of  magnitude,) 

AL      BM      GN     ,       A-B       B-G       A--G     , 

72.  If  D  and  E  be  points  in  BG  such  that  AD  and  ^1^ 
make  equal  angles  with  the  bisector  of  BAG^  then 

BD.BEiGD.GE^c'ibK 

73.  If6  +  c:c  +  a:a+6=4  :5  :6,  then 

sinil  :  sin^:  sinC  =  7  :  5  :  3,  cos^  :  cos-B  :  cosC  =  -7  ;  11  :  13 
and  A  =  120°. 
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•  • 


CHAPTER  VIL 
SOLUTION  OF  TRIANGLES  [WITHOUT  LOGARITHMS]. 

157.  We  have  shown  in  Art.  29  that,  when  the  values  of 
three  elements  of  a  triangle  including  one  length  are  given, 
the  other  elements  of  the  triangle  have  a  determinate  value. 
The  process  of  finding  the  unknown  elements  of  a  triangle,  when 
a  sufficient  number  of  elements  are  given,  is  called  the  Solution 
of  Triangles. 

158.  The  solution  is  accomplished  by  means  of  the  formulae 
of  the  last  chapter.  Thus,  from  an  equation  involving  /our 
elements,  the  fourth  element  may  be  found  when  three  of  them 
are  known. 

159.  We  shall  have  to  investigate  in  each  case  (1)  whether 
or  not  the  solution  found  represents  any  possible  geometrical 
triangle,  and  (2)  whether  or  not  the  solution  gives  more  than  one 
possible  geometrical  triangle. 

160.  The  condition,  algebraically  considered,  for  a  possible 
solution  is  that  any  quantity  whose  square  root  has  to  be  taken 
must  be  positive. 

The  conditions,  geometrically  considered,  for  a  possible  solution 
are  that  any  length,  any  angle,  and  the  ratio  of  any  angle 
(except  the  cos,  tan,  sec,  or  cot  of  such  angles  as  may  be  obtuse) 
must  be  represented  in  the  solution  by  a  positive  value ;  and  that 
the  sine  or  cosine  of  any  angle  must  be  represented  in  the 
solution  by  a  value  numerically  not  greater  than  1. 

Of  course  it  will  be  assumed  that  the  elements  which  are 
given  are  themselves  possible. 
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161.  There  will  be  more  than  one  solution,  algebraically 
considered,  wherever  a  square  root  has  to  be  taken;  for  before 
this  square  root  we  may  place  a  positive  or  negative  sign. 

There  will  be  more  than  one  solution,  geometrically  con- 
sidered, wherever  an  angle  has  to  be  found  from  its  sine  or 
cosecant;  for  such  an  angle  may  have  either  one  of  two  values, 
supplementary  to  one  another. 

Of  course  one  or  other  of  such  alternative  solutions  must  be 
rejected  if  it  involves  an  impossible  value  for  some  other  element. 

162.  The  chief  cases  to  be  considered  in  the  solution  of 
triangles  are  those  which  correspond  to  the  cases  of  exact  equality 
of  two  triangles  given  in  Art.  29.     These  we  will  now  consider. 

Case  I. 
Given  two  angles  cmd  a  side:  as  B,  C,  a. 

163.  First,  to  find  A. 

Since  ^  +  ^  +  C  =  180°,  .*.  A  =  180° ^B-C. 

This  determines  for  A  a  real,  i.e.  positive,  value  provided 
B  +  C  is  less  than  180°.     (Compare  Euc.  I.  17.) 

Next,  to  find  b  or  c. 

b  a  a  sin  i5 

oince  -: — 7,  =  -. — J  ,      .*.  0  =  — ; — T-  . 

sm  B     sin  A  sin  A 

c     _     a  .      _  a  sin  C 

oince  ~:     5^  —  "i      T  •      . .  c  —     I      T*  . 

sin  C      sin  A  sin  A 

Since  all  the  values  involved  are  positive,  b  and  c  have  each 
one  real,  Le.  positive,  value. 

164.  Or,  we  may  find  6  or  c  without  first  finding  A,     For 

since       cot  B  +  cot  C=  r  cosec  6 ,      . .  6  =      .   p —-pz . 

b  cot  B  +  cot  C 

If  6,  instead  of  a,  had  been  given,  the  equations  for  finding  a 
and  c  would  be 

a  =  b  sin  C  (cot  B  +  cot  C),  and  c  =  — ; — =r  • 
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Case  II. 
Given  three  sides:  a,  b,  c. 

1 65.  Since  26c  cos  -4  =  6^  +  c*  -  a\ 

J^  +  c^-a^ 

.'.    cos  A  = ;rr . 

26c 

This  determines  for  A  a  real  value,  provided  the  above 
fraction  is  numerically  not  greater  than  1. 

(1)  Let  the  fraction  be  positive^  Le.  6^  +  c*  >  a^. 
Then  we  must  have 

26c  >  6^  +  c^  -  a^  i.e.  a*  >  (6  -  c)\ 

i.e.  (assuming  6  not  < c)  a > 6  —  c,  i.e.  a  +  c> 6 (2). 

Moreover,  since  6  not  <  c,  .*.  a  fortiori,  a  +  6  >  c (3); 

and,  since  6*  +  c^  >  a',  /.  a  fortiori,  h -^  o  a (1). 

(2)  Let  the  fraction  be  negative,  i.e.  a'  >  6*  +  c^. 
Then  we  must  have 

26c>a'-6'-c*,  i.e.  (6  +  c)^>a^,  i.e.  6  +  oa (1). 

Moreover, 

•/  a^  — c^>6^,  but  a  — c<6,      .*.  a  +  c>6 (2), 

•/  a^  -  6'  >  c^  but  a  —  6  <  c,     /.  a  +  6  >  c (3). 

Hence  the  condition  that  any  one  angle  A  may  be  real 
is  that,  of  the  sides  given,  any  two  rrnost  be  together  greater  than 
the  third.     (Compare  Euc.  I.  20.) 

166.  Or,  we  may  solve  by  means  of  the  equation 


A^       /as-b)is-c)X 
2      V    I     «(«-«)     J 


^ 


This  determines  for  tan  J  -4  a  real  value,  provided  that  the 
fraction  whose  root  has  to  be  taken  is  positive :  Le.  provided  that 
two  or  none  of  the  factors  «  —  a,  «  —  6,  «  —  c  are  negative. 

But  two  of  the  factors,  such  as  « —  a  and  s  —  b,  cannot  be 
negative,  for  then  2«  —  a  —  6,  i.e.  c  would  be  negative. 
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Hence  none  must  be  negative:  i.e. 

28>2a  or  b  +  o-a (1), 

2«>26  or  C'\-a>'b. (2), 

2«>2c  or  a  +  b^'C (3). 

Moreover,  since  A  must  be  <  180°,  ^A  must  be  <  90°,  therefore 
the  positive  value  of  the  root  must  be  taken  for  tan  ^A. 

Hence  if  the  conditions  (1),  (2),  (3)  are  not  fulfilled  there  is 
no  possible  solution:  if  they  are  fulfilled,  there  is  one  possible 
solution. 

Case  III. 
Given  two  sides  and  the  included  angle:  as  b,  c,  A. 

167.  First,  to  find  a. 

Since    a^  =  6*  +  c*  -  26c  cos  A^    .'.  a  =  J(U^  +  c*  -  2bc  cos  A), 

Taking  the  positive  value  of  this  root,  we  have  one  real  value 
for  a,  provided  that 

6*  +  c^  -  26c  cos  Ay  ie.  (b  -  c)*  +  26c  (1  -  cos  ^)  is  positive. 

Now  since  6,  c,  and  A  are  assumed  to  be  real,  (6  -  c)*  is 
positive  and  1  -  cos  A  is  positive.  Hence  there  is  always  one 
real  value  for  a. 

Next,  to  find  B  and  G,  we  have 

c  6 

cot  -5  =  y  cosec  A  -  cot  A  and  cot  G  =  -  cosec  A  -  cot  A, 
b  c 

which  give  one  real  value  for  B  and  G, 

168.  Or,  to  find  B  and  G,  (assuming  6  >  c)  we  may  use 

,      B-G     b-c^      B  +  C     b-^c        A 
tan  — jr—  =  --  —  tan  — ^ —  =  - —  cot  jr . 
2  6  +  c  2         b-\-c         2 

This  gives  us  1{B-G);  and  since  ^(^  +  C)  =  90°  -  J-4,  by 
addition  we  have  B,  and  by  subtraction  we  have  G, 

T      ,  6  sin  A    . 

Lastly,  a=  —. — ^  gives  us  a. 


p 
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Case  IV. 
Given  two  sides  and  a  non-included  cmgle:  as  b,  c,  B. 

169.     Here  C  has  to  be  determined  from  the  equation 

.     ^     c  sin  B 
sm  C  =  — 7 —  . 

0 

/TV      -r     J  *     n        .1    X  c  sin  B     _ 

(I)  Let  o<c  sin  jd,  so  that  — ^ —  >  1. 

Then  there  is  no  value  of  C7,  such  that  sin  C  has  the  required 
value. 

.*.  there  is  no  solution. 

c  sin  B 

(II)  Let  b  =  c  sin  B,  so  that  — v —  =  1. 

Then  sin  (7=1,    .'.  (7  =  90^ 

and  A  =  IS0''-B-G=90''-B, 

(i)     LetB  =  or>90\ 
Then  A  is  zero  or  negative. 
.'.  there  is  no  solution, 
(ii)     Let  ^  <  90°. 
Then  A  is  positive, 
and  a  =  c  cos  B,  which  is  positive. 
.'.  there  is  one  solution, 

c  sm  B 

(III)  Let  b^c  sin  B^  so  that  — y —  <  1. 

Then  there  are  tvx)  values  of  C,  supplementary  to  one  another, 
whose  sines  have  the  required  value. 

.'.  C  =  Gi  (acute)  or  180°  -  Ci  (obtuse)  say, 

and  A  =  180°  -B-C^orG.-B. 

(i)     Let  B  =  or^  90°. 

Then  the  second  value  of  A  is  negative. 

sin  (180° -5)     h 

Also  we  have ^-; — 7= -'  =  -  . 

sm  C7i  c 
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(1)  Let  h  =  <yr<c. 

Then  180°-^  =  or<Ci. 

.*.  the  first  value  of  A  is  zero  or  negative. 

.*.  there  is  no  solution. 

(2)  Let  b>c. 

Then  180'- ^>C7i. 

.*.  the  first  value  of  ^  is  positive, 

J        6  sin  -4       1.1. 
and  a  =  — ; — ^r  >  which  is  positive, 
sm  ^  ^ 

.".  there  is  one  solution. 

(ii)     Let  ^  <  90°. 

Then  the  first  value  of  A  is  positive. 

This  ffives  a  =    -, — ^-  ,  which  is  positive. 
°  sin  JD  ^ 

. ,  ,         sin  B     b 

Also  we  have  -; — 77  =  - . 

sin  C 1     c 

(!)     Let  b  =  or>c. 

Then  B  =  or:>Cj, 

.'.  the  second  value  of  A  is  zero  or  negative. 

.*.  there  is  only  one  solution. 

(2)     Let  ft  <  c. 

Then  B  <  C^, 

.*.  the  second  value  of  A  is  positive. 

.*.  there  are  two  solutions. 

170.     Summing  up  the  above  results ; 
There  is  no  solution,  if 

(1)  eitlier  5  <  c  sin  B,  [I.] 

(2)  or  b  not  >  c  and  B  not  acute.     [L,  II.  i.,  III.  i.  1.] 

There  is  one  solution,  if.  i 

(3)  either  b>c,  [III  L  2,  III.  ii.  1.]  | 

(4)  or  b  =  c  or  c  sin  B  and  B  acute.     [III.  ii  1,  II.  ii.] 
There  are  two  solutions,  if 

(5)  6  <  c  but  >  c  sin  -B  and  B  acute.     [III.  ii.  2.] 
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171.  The  really  Ambiguous  Case  is,  therefore,  that  in 
which 

Two  sides  amd  an  angle  opposite  one  of  them  are  given : — tJie 
given  angle  being  acute,  and  the  side  opposite  it  being  smaller  than 
the  other  given  side,  but  greater  tlwm.  the  prod%ict  of  that  side  into 
the  sine  of  the  given  angle, 

172.  We  might  also  find  a  without  finding  A  or  (7. 

Thus,  since  b^  =  c^-\-a^'-  2ac  cos  B, 

solving  for  a,  we  have 

a^  —  2ac  cos  B  +  c^  cos^  B  =  b'^-<^  +  c^  cos^  B 

=  b^-<^8m^B, 

.*.  a  =  c  cos  B  ±  J(b^  -  c^  sin^  B). 

If  then  b<c  sin  B,  the  values  of  a  are  algebraically  im- 
possible. 

If  6  =  c  sin  B,  there  is  one  value  for  a. 

If  b>  c  sin  B,  there  are  two  values  of  a,  which  are  both 
positive,  if  c^  cos^  B  '>b^  —  (?  sin^  B,  i.e.  if  c^  >  6^. 

173.  The  student  should  observe  the  ^gome^ricanUustration 
of  the  five  cases  considered  in  Art.  170.     Thus 

Let  AB  be  drawn  of  the  given  length  c:  make  the  angle 
ABX  of  the  given  value  B,  Then  with  centre  A  and  radius 
equal  to  the  given  length  6,  describe  a  circle.  The  point  or 
points,  if  any^  in  which  this  circle  cuts  BX  will  give  the  third 
angular  point  C7. 

Drawing  AL  perpendicular  to  BX,  AL  =  c  sin  B. 
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In  fig.  (1),  where  b^AL,  the  circle  does  not  cut  BX  at  all. 

In  fig.  (2),  where  B  is  obtuse,  and  ft  <  c,  the  circle  does  not 
cut  BX  at  all  on  the  side  on  which  the  angle  B  is  formed  *. 

In  figs.  (3),  where  6  >  c,  the  circle  cuts  BX  in  only  one  point 
on  the  side  on  which  the  angle  B  is  formed  *. 

In  ^g,  (4),  where  b  =  AL  and  B  is  acute,  the  circle  touches  BX 
at  one  point  L. 

In  fig.  (5),  where  b  lies  in  magnitude  between  AB  and  AL^  and 
B  is  acute,  the  circle  cuts  BX  in  two  points  on  the  side  on  which 
the  angle  B  is  formed. 


Other  cases  for  solution, 

174.     The   four  cases   above   considered  are  the   most  im- 
portant.    But  a  triangle  may  be  solved  from  other  data. 

*  If  &=c,  the  circle  cuts  BX  at  £,  and  the  triangle  collapses  into  a 
straight  line;  giving  no  solution  when  B  is  not  acute,  and  one  solution  when 
B  is  acute. 


EXAMPLES  VII.  Ill 

It  is  always  necessary  that  the  value  of  one  length  at  least 
should  be  given. 

A  few  examples  are  worked  out  below. 

Example  1.     Given  C=120°,  a =3,  6=5,  find  c. 

We  have  <^—a^-\-l^-'2,ah  cos  (7. 

Now  cos  (7= cos  120°  =  -  cos  60*  =  -  J, 

.-.  c2=a2+62+a6  =  32  +  52+3.5  =  49. 
.'.  c=7. 

Example  2.     Given  ^  =  30°,  5=45°,  a =^2,  find  h  and  c. 
,     asiUiB      2a        , 

/£     2  ^3 
c=acosjB+6cosj4=^+  -^=1+^3. 

Example  3.     Given  5 = 30°,  6=3  ^2,  c = 6,  solve  the  triangle. 
smC7=  --^  =  ^-^^^  =  ^,    ...  (7=45  or  135  . 

.-.  ^  =  180° -5 -(7=  105°  or  15°, 

A                              D.  7.        /Y    6^3  .  3^/2       6^3     3^2 
and  a=coosjB+6cosc7==^— +  -  ^  or  — ^ ^ 

=3(V3+l)or3(V3-l). 

Example  4.     If  o^  and  aj  are  the  two  values  of  a,  when  5,  6,  c  are 
given,  show  that  64 + ^2 = 2c  cos  jS. 

We  have  ai=ccosjB+6cos(7i, 

and  aa=ccos-B+6cos(72, 

where  C^ ,  Cj  are  supplementary,  so  that  cos  C^^  -  cos  Cj, 

.*.  adding  0^+02= 2c  cos 5. 

Examples  VII. 

1.  Given  A  =  60°,  6  =  7  ft.,  c  =  5  yds.,  find  a. 

2.  Given  a  =  ^13,  6  =  3,  c=  4,  find  A. 

3.  Given  sin  (7  =  '6,  6  =  5,  a  =  7,  find  B, 

4.  Given  (7  =  45°,  cos  B  =  '28,  c^5,  find  a,  6,  and  sin  A. 

5.  Given  il  =  30°,  6  =  4  ft.,  a  =  1  yd.,  find  c. 

6.  Given  a  =  2,  6=^6,  c=  1  +  ^3,  find  il,  5,  G. 
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7.  Given  a  =  2,  6=^2,  c=  ^3-1,  find  il,  ^,  C. 

8.  Given  B  =  120°,  6  =  14,  c  =  10,  find  cos  C  and  a. 

9.  Given  a  :  6  :  c  =  44  ;  117  :  125,  and  that 

sin  20''  36'  35"  =  -352,  find  A,  B,  G. 

10.  Given  G  =  18",  a  -  c  =  2,  oc  =  4,  find  ^  and  B. 

11.  Given  sin  C  +  cos  C  =  t>  find  B, 

0 

12.  Given  cos  G  =  ^,  cos  A  =  ^,  find  a  :  5  :  c. 

13.  Given  a  =  10  ft.,  6  =  15  ft.,  G  =  30°,  find  cot  A  and  the 
area  of  ABC. 

14.  Given  a  =  18,  5  =  16,  c  -  14,  find  the  distance  of  B  from 
the  middle  point  of  AC, 

15.  Given  aS'  =  6  sq.  miles,  a  =  3  m.,  6  =  5  m.,  find  c. 

16.  Given  A  =  30°,  and  6  :  c  =  1  :  ^3,  solve  the  triangle. 

17.  Given  (a  +  6  +  c)  (6  +  c  -  a)  =  36c,  find  A, 

18.  If  a  cos -4  =  6  cos  jB,  show  that  the  triangle   is   either 
isosceles  or  right-angled. 

19.  Given   a=193ft.,   6  =194  ft.,    c  =  195ft.,   find   sin  ^, 
sin  B,  sin  C, 

20.  If  6  cos  A  =  a  cos  B,  show  that  the  triangle  is  isosceles. 

21.  Given   A  =75°,    (7  =  45°,    and   the   perpendicular   from 
A  on  BC  is  3  ft.,  solve  the  triangle. 

22.  Given  tan  C  cot  jB  =  5,  tan  B  tan  (7  =  9,  and  the  distance 
of  A  from  the  middle  point  of  BG  is  7  in.,  find  BG. 

23.  If  the  base-angles  of  a  triangle  are  22 J°  and  112^°,  show 
that  its  base  is  twice  its  height. 

24.  The  sides  of  a  triangle  are  in  A.  p.,  and  the  difierence  ^ 
between  the  cotangents  of  the  halves  of  the  greatest  and  least  | 
angles  is  4.     Show  that  the  cosine  of  the  remaining  angle  is  |. 


CHAPTER  Vm 

I* 

HEIGHTS  AND  DISTANCES. 

175.  The  formulse  of  Chapter  VI.  connecting  the  sides  and 
angles  of  a  triangle  are  of  practical  use  in  enabling  us  to  calcu- 
late lengths  and  angles,  which  cannot  be  directly  measured. 

Many  objects  in  space  are  absolutely  or  practically  inac- 
^      cessible,  though  visible  to  the  eye.     In  order  to  determine  the 
distances  of  such  objects  from  any  others  we  require  to  measure 
directly 

(1)  The  distance  between  some  pair  of  accessible  points. 

(2)  The  angle  between  the  lines  drawn  from  the  eye  to  some 
pair  of  visible  points. 

By  means  of  suitable  instruments  an  angle  can  be  measured 
with  greater  accuracy  than  a  length.  Hence  it  is  usual  to  make 
our  calculations  depend  on  the  measurement  of  a  single  length 
and  of  as  many  angles  as  are  necessary. 

^>  176,     The  angle  made  vnth  the  horizontal  plane  by  the  line 

joining  the  eye  to  an  object  is  called  its  angle  of  elevation 
[or,  briefly,  its  elevation]  when  it  is  above  the  observer;  its 
angle  of  depression  [or,  briefly,  its  depression]  when  it  is  below 
the  observer. 

J.  T.  8 
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177.  To  express  the  relation  between  the  (vertical)  height  and 
the  (horizontal)  distance  of  an  object. 

Let  F  be  any  object,  A  the  position  of  the  observer,  FI^  the 
vertical  line  through  F,  and  AJ^  the  horizontal  line  through  A 
drawn  to  meet  PiV.     (See  first  fig.  of  Art.  179.) 

The  angle  NAF  is  the  angle  of  elevation  of  P,  and  the  angle 
ANF  is  a  right  angle :  thus 

AN' 

-j^  =  cot  NAF,     .*.  distance  =  height  x  (cot  of  elevation), 

NF 

-ji^=  tan  NAF,     .*.  height  =  distance  x  (tan  of  elevation). 

These  results  are  very  important. 

Example  1.  The  angle  of  elevation  of  a  tower  130  ft.  high  is  observed 
to  be  60*.    Find  the  distance  of  the  tower  from  the  point  of  observation. 

Here  the  angle  NAF=^60\  and  iVP=130ft., 

.-.  ^iV'=iV7*.cotiV:4P=130fLxcot60' 

i,nff>.l       130x^3^      130  x  1-7320  ^ 
=  130ft.x^=— 3— ffc,  = 3 ft. 

=57-73  ft. +  17-320  ft. 
=  75  ft.  nearly. 

Example  2.  A  man,  standing  on  the  top  of  a  tower  and  looking  in 
a  direction  perpendicular  to  the  length  of  a  river,  wHich  is  140  fL  wide, 
observes  that  the  angles  of  depression  of  the  two  banks  of  the  river  are 
45*  and  30°.    Find  the  height  of  the  tower. 

Let  A  be  the  further,  B  the  nearer  bank  of  the  river ;  P,  the  point 
of  observation ;  and  FN  the  vertical  through  P.     (See  fig.  of  Art.  179.) 

Then  angle  FBN=46%  and  angle  P^iV^=30* ;  and  J  5= 140  ft. 

Now         •.•  P5iV=45*  and  PiV^5=90*,  .-.  BN=FN. 

Let  FN  or  BN=x,    Then  AN=AB+BN=^  140  ft. +x, 

,  AN       .  „o  .     ^+140ft.      ,. 

and  ^rir=cot  30  ,  i.e. =v3, 

FN  '  a  ' 

=  191-24  ft.  =  191i  fL  nearly. 
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178.  The  values  of  the  trigonometrical  ratios  of  any  angles 
are  to  be  found  in  published  tables.  If  any  ratio  cannot  be 
found  by  the  elementary  geometrical  methods  of  Chapter  IV. 
reference  must  be  made  to  these  tables. 

179.  To  find  the  height  and  distance  of  an  inaccessible  object. 


Let  P  be  the  top  of  an  object,  FN  the  vertical  through  P. 

Let  Ay  B  he  two  points  of  observation,  the  distance  between 
which  is  measured. 

(1)  Suppose  ABN  to  be  in  a  straight  line,  so  that  A,  B,  if,  P 
are  in  the  same  vertical  plane. 

At  A  and  B  measure  the  angles  of  elevation  NAP,  NBP. 

Then  the  angle  PBA  is  the  supplement  of  NBP* 

(2)  Suppose  ABN  not  to  be  a  straight  line. 

At  A  measure  the  angles  NAP,  BAP]  and  at  B  measure  the 
angle  PBA. 

Then,  both  in  (1)  and  (2),  in  the  triangle  PAB,  the  side  AB 
and  the  angles  PAB,  PBA  are  known,  .*.  AP  can  be  calculated, 

:.  in  the  right-angled  triangle  PAN,  AP  and    lNAP  are 
known,  .*.  AN  and  PN  cam,  be  calculated. 

8—2 
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180.     To  find  the  distance  between  two  visible  objects. 


A  B 

Let  P  and  Q  be  the  two  objects;  A  and  B  two  points  of 
observation. 

Measure  AB, 

At  A,  measure  the  angles  FAB,  QAB, 
At  B,  measure  the  angles  PBA^  QBA. 

Also  if  the  triangles  FAB,  QAB  are  not  in  the  same  plane^ 
measure  the  angle  FAQ, 

Then,  in  triangle  FAB]  AB,  l  FAB,  and  l FBA  are  known; 
.*.  AF  can  be  calculated. 

In  triangle  QAB;  AB,  i  QBA,  and  i  QAB  are  known; 
.'.  AQ  can  be  calculated. 

Lastly,  in  triangle  FAQ;  AF,  AQ  and  z  FAQ  are  known; 
.'.  FQ  can  be  calculated, 

18L  In  working  problems,  which  involve  points  not  all  in 
one  plane,  it  is  often  useful  to  employ  a  figure  in  which,  for 
points  not  in  the  observer's  horizontal  plane,  are  substituted  the 
feet  of  the  perpendiculars  from  them  on  that  plane. 

Thus,  if  P  is  any  point  not  in  the  horizontal  plane  containing 
two  points  of  observation  A  and  B,  draw  FJ^  perpendicular  upon 
that  plana 

Then  (by  Art.  177)  we  have 

Aj^=  FN  X  (cot  of  elevation  of  F  at  A), 
BN=FFyc  (cot  of  elevation  of  F  at  B). 


I 
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ExamjpU,  At  A  and  5,  the  angles  of  elevation  of  an  object  P  are 
observed  to  be  a  and  /8  respectively.  The  distance  between  A  and  B 
is  c :  and  the  angle  between  AB  and  the  line  joining  A  to  the  foot  of 
P  is  6,     Find  the  height  of  P. 

Let  N  be  the  foot  of  P,  and  PN=x, 

Then  in  the  triangle  ABN  we  have 

^5=c,  AN=xQoia,  BN=^xQoifi\   l BAN=^B. 

Thus  BN^ =AB^+AN^-  2AB .  ^iV .  cos  6, 

ie.  d;2(jot2j8=:c24-d;2cot2a-2c^cotaCOS  ^, 
.'.  ^(cot2j3-cot2a)  +  2ca?cotacos^=c2, 
a  quadratic  equation  giving  x. 


Examples  YIII. 

1.  At  a  point  866  ft.  from  the  base  of  a  column,  the  angle  of 
elevation  of  its  summit  is  observed  to  be  30**.  Find  the  height 
of  the  column. 

2.  From  the  top  of  a  hill  the  angle  of  depression  of  an  object 
on  the  ground  is  observed  to  be  60".  The  hill  being  1732  ft. 
high,  find  the  distance  of  the  object  from  the  point  where  the 
vertical  line  through  the  top  of  the  hill  would  cut  the  ground. 

3.  A  man  5  ft.  10  in.  high  observes  that  his  shadow  from  a 
lamp  3  yds.  4  in.  high  is  1  yd.  9  in.  What  is  his  distance  from 
the  lamp? 

4.  A  tower  50  ft.  high  stands  on  a  mound  ;  from  a  point  on 
the  ground  the  angles  of  elevation  of  the  top  and  bottom  of  the 
tower  are  observed  to  be  75"  and  45"  respectively;  find  the  height 
of  the  mound. 

5.  The  angle  of  elevation  of  a  balloon  from  a  station  due 
north  of  it  is  45°,  and  from  a  station  at  a  mile  due  east  of  the 
former  station  it  is  30°.  Find  the  height  of  the  balloon  and  its 
distance  in  a  straight  line  from  the  second  station. 

6.  A  man,  walking  along  a  straight  road  at  the  rate  of  3|^ 
miles  an  hour,  observes  that  a  house,  whose  direction  ^  hr.  ago 
made  an  angle  of  45°  with  the  road,  is  now  directed  at  an  angle 
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of  75".     Find  how  long  he  will  take  to  reach  the  nearest  point  on 
the  road  to  the  house  and  how  distant  the  house  will  then  be. 

7.  At  two  points,  400  ft.  apart,  on  the  bank  of  a  straight  river, 
the  direction  of  an  object  on  the  other  bank  is  observed  to  Aake 
with  the  first  bank  angles  equal  to  72°  and  36°  respectively. 
Mnd  the  breadth  of  the  river,  and  the  distance  of  the  object  from 
the  first  point  of  observation. 

8.  At  two  points  A  and  B,  at  a  distance  c  apart,  the  angles 
of  elevation  of  an  object  P  are  observed  to  be  a  and  P  respectively. 
The  straight  line  AB  is  horizontal  and  the  plane  ABP  is  vertical. 
Show  that  the  height  of  P  above  the  horizontal  plane  through 

ABi^ 

c 

cot  a '-  cot  j8  * 

9.  At  two  points  A  and  B^  at  a  distance  c  apart,  the  angles 
of  elevation  of  an  object  P  are  observed  to  be  a  and  P  respectively. 
The  plane  ABP  not  being  vertical,  it  is  observed  that  the  differ- 
ence of  the  angles  BAP  and  ABP  is  90°.     Show  that  the  height 

of  Pis 

c  ^(cosec*  a  +  cosec^  P) 

cosec*  a  ^  cosec^  P 

10.  An  object  26  feet  high,  placed  on  the  top  of  a  tower^ 
subtends  an  angle  a  at  a  place  whose  horizontal  distance  from  the 
foot  of  the  tower  is  h  feet;  show  that  the  height  of  the  tower  is 

6  {^(2  cot  a) -1}. 

11.  The  angles  of  elevation  of  a  tower  from  three  points 
-4,  B,  (7  in  a  straight  line  are  observed  to  be  a,  j8,  y  respectively. 
If  BC  =  a,  AC  =b,  AB  =  c,  show  that  the  height  of  the  tower  is 


// abc \ 

V  \a  cot*  a  -  6  cot*  j8  +  c  cot*  yj ' 


cot*  a  —  6  cot*  p  +  c  cot*  y> 

12.  A  house  of  three  equal  storeys  is  observed  from  three 
points  A,  B,  C  in.  a,  straight  line.  It  is  found  that  (when  looking 
g,t  a  fixed  vertical  line  on  the  house)  the  angle  of  elevation  of  the 
top  of  the  lowest  storey  at  A  is  equal  to  that  of  the  top  of  the 
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middle  storey  at  B  and  to  that  of  the  top  of  the  highest  storey 
at  C,  If  AB  =  a,  BC  =  h,  show  that  the  distance  of  A  from 
the  foot  of  the  vertical  line  is 


/  (ab  {a  -^  5)1 
V  1  5a  -  35  r 


13.  In  the  last  question  find  the  cosines  of  the  angles  sub- 
tended by  AB,  BG,  and  AC  respectively  at  the  foot  of  the  vertical 
line;  and  show  that  if  AB  =  2  ,  BC  and  if  a,  )3  are  the  angles 
subtended  by  AB,  BC  respectively,  then 

(1)  p  i&  the  supplement  of  2a. 

(2)  12cosa  =  72vers)3=l. 

14.  The  angle  of  elevation  of  the  top  of  a  mountain  from  a 
point  at  its  base  is  observed  to  be  y.  A  path  leads  directly  from 
that  point  to  the  top,  being  for  some  distance  inclined  to  the  hori- 
zon at  an  angle  a  and  for  the  remainder  of  the  distance  at  a 
greater  angle  p.  At  the  point  where  the  path  becomes  steeper, 
the  vertical  altitude  is  found  by  the  barometer  to  be  a.  Show 
that  the  height  of  the  mountain  is 

a(cot  a  — cot)8) 
cot  y  -  cot  P 

15.  A  vertical  stick  casts  a  shadow  of  length  5  from  a  lamp 
upon  a  horizontal  plane.  The  horizontal  and  vertical  distances 
of  the  bottom  of  the  stick  from  its  shadow  are  a  and  o  respectively. 
If  the  stick  subtends  equal  angles  at  the  two  ends  of  its  shadow, 
show  that  the  height  of  the  lamp  is 

ahc 

16.  An  object  is  observed  at  three  points  A,  B,  C  lying  in  a 
horizontal  line  which  passes  directly  underneath  the  object.  The 
angles  of  elevation  at  -4,  B,  C  are  a,  2a,  3a  respectively.  If 
AB  =  a,  BO  =  5,  show  that  the  height  of  the  object  is 

gV{(«  +  6)(36-«)}. 
If  tan  a  =  f,  show  that  13a  =  23& 
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17.  From  a  point  on  a  hill-side  of  constant  inclination,  the 
altitude  of  the  highest  point  of  an  obelisk  at  the  top  of  the  hill  is 
observed  to  be  a :  a  feet  nearer  the  top  of  the  hill  it  is  p.  Show 
that  if  tf  be  the  inclination  of  the  hill,  the  height  of  the  obelisk  is 

a  sin  (a  -  ff)  sin  (p  —  B)      y 
sin  ()8  -  a)  cos  B 

18.  A  and  B  are  50  yards  apart,  G  midway  between  them. 
From  a  point  Z>,  it  is  observed  that  AC  subtends  an  angle  of  60* 
and  GB  an  angle  of  30°.     Find  the  distance  BD, 

19.  A  vertical  tower  c  ft.  in  height  stands  on  the  top  of  a 
hill.  A  and  B  are  two  points  in  the  same  horizontal  plane  at 
the  foot  of  the  hill.  From  A  the  tower  lies  due  north  and 
the  angular  elevation  of  its  base  and  top  are  a  and  )3.  From  B 
the  tower  lies  due  west  and  the  angular  elevation  of  its  top  is 
45".     Show  that 

~  sin  (^  -  a)  * 

20.  A  is  the  top  of  a  tower,  B  and  G  are  points  in  the 
horizontal  plane  on  which  it  stands.  The  elevations  of  A  ^t  B 
and  G  are  ^  and  y  respectively;  and  the  angle  subtended  at  A  by 
BG  is  a.     Show  that 

cot  ABG  =  sin  y  cosec  a  cosec  j8  -  cot  a. 
cot  AGB  =  sin  j8  cosec  a  cosec  y  —  cot  a. 

21.  A  person  walking  along  a  straight  road  observes  that 
the  greatest  angle  which  a  building  subtends  is  a.  From  this 
point  he  walks  a  distance  c,  and  the  front  of  the  building  is  now 
just  along  his  line  of  sight  making  an  angle  ^  with  the  road. 
Show  that  the  length  of  the  building  is 

c  sin  a  sin  )3  sec  J  (j8  +  a)  sec  J  (P  —  a). 

22.  A  man,  standing  at  a  point  close  to  the  side  of  a  base 
of  a  pyramid  whose  base  is  square  sees  the  sun  disappear  over  an 
edge  of  the  pyramid,  half-way  along  it.  Show  that,  if  a  and  b 
are  the  distances  of  the  man  from  the  two  ends  of  the  side  at 
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which  he  is  standing,  and  0  the  altitude  of  the  sun,  the  height  of 
the  pyramid  will  be 

23.  A,  Bf  C  are  three  points  in  a  horizontal  plane  forming 

an  isosceles  triangle  right-angled  at  C,  and  AB  =  c.     At  A,  B,  C 

the  angles  of  elevation  of  an  object  F  are  a,  a,  /S  respectively. 

Find  h  and  show  that  ^  cannot  be  less  than  the  angle  whose 

,  .    tan  a 
tangent  is  — j^  . 

24.  Three  mountain  peaks  A,  By  C  appear  to  the  observer  to 
l)e  in  a  straight  line,  when  he  stands  at  each  of  two  places 
P  and  Q  in  the  same  horizontal  line.  The  angle  subtended  by 
AB  and  BC  at  each  place  is  a;  and  the  angles  AQP,  GPQ  are 
<f>  and  \ff. 

Prove  that  the  heights  of  the  mountains  are  as 
cot  2a  +  cot  \lf :  ^  tan  a  (cot  a  +  cot  j/r)  (cot  a  +  cot  <^)  :  cot  2a  +  cot  <^; 
and  that  if  QB  cut  AC  in  Z>, 

AC  =  GDx  sin  2a  (cot  a  +  cot  ij/), 

25.  A  man  standing  on  a  plane  observes  a  row  of  equal  and 
-equidistant  pillars,  the  10th  and  17th  of  which  subtend  the  same 
angle  as  they  would  if  they  were  in  the  position  of  the  first  and 
were  respectively  ^  and  ^  of  the  height.  Show  that,  neglecti^ig 
the  height  of  the  eye,  the  line  of  the  pillars  is  inclined  to  the  li^ie* 
drawn  to  the  first  at  an  angle  whose  secant  is  nearly  2*6. 


:  • 


CHAPTER  IX. 
THE  GEOMETRY  OF  THE  TRIANGLE. 

182.  In  this  chapter  will  be  given  the  most  fundamental 
propositions  on  the  circles  and  centres  of  a  triangla 

For  the  sake  of  avoiding  repetition,  the  following  mode  of 
lettering  will  be  consistently  adopted.  (Explanation  of  the  terms 
will  be  given  in  the  course  of  the  chapter.) 

The  triangle  considered  ABC.  The  middle  points  of  the  sides 
i>,  E,  F,  The  feet  of  the  perpendiculars  Z,  if,  N,  The  points 
of  contact  with  the  inscribed  circle  X,  F,  Z.  The  centre  of  the 
inscribed  circle,  /.  The  centre  of  the  circumscribed  circle,  S. 
The  centre  of  gravity,  G,  The  orthocentre,  0,  The  centre  of 
•tlje  cosine  circle,  K,  The  centre  of  the  nine-points  circle,  T. 
Xte  centre  of  the  Lemoine  and  Brocard  circles,  V,  The  middle 
points  of  AO^  BO,  CO ;  P,  Q,  R,  The  centres  of  the  escribed 
circles  7^,  /j,  /j.  Their  points  of  contact  with  the  sides  Xi,  Fj, 
^1,  &c. 

Antipa/raMeU. 

183.  Dep.  Two  lines  are  said  to  be  antiparallel  with 
respect  to  any  angle,  when  the  inclination  of  one  to  one  of  the 
lines  containing  the  angle  is  equal  and  opposite  to  the  inclination 
of  the  other  to  the  other  of  the  lines  containing  the  angle. 
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Thus,  in  the  figure,  BC,  BG  are  antiparallel  with  respect  to 
the  angle  A : — ^the  angles  ABCy  ABC  being  equal  and  opposite* 
to  one  another. 

It  follows  that  the  angles  C'BC,  C'BC  are  together  equal  to 
two  right  angles;  and,  therefore,  the  quadrilateral  BCBC  is  in- 
scribable  in  a  circle.    Hence  antiparallels  might  be  thus  defined : — 

Two  opposite  sides  of  a  quadrilateral  inscribahle  in,  a  circle  a/re 
said  to  he  antiparallel  toith  respect  to  the  angle  contained  by  the 
other  1/wo  opposite  sides,  \   • 

The  following  statements  are  obvious : — 

Lines  which  are,  with  respect  to  any  angle,  antiparallel  to  the 
same  line  are  parallel  to  one  another. 

Through  any  point,  one  and  only  one  line  can  be  drawn 
which  is,  with  respect  to  any  angle,  antiparallel  to  another  line. 

These  statements  are  sufficient  to  indicate  the  analogy  be- 
tween  antiparallels  and  parallels. 

*  That  is,  BO  has  revolved  from  BA  in  the  opposite  direction  to  that  in 
which  B'C  has  revolved  from  B'A, 


■  •  *, 
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184.  Another  mode  of  defining  antiparallels  is  the  following: 

Two  lines  are  said  to  be  a/ntipa/ralld  with  respect  to  two  other 
lines  when  the  bisectors  of  the  angles  between  the  first  two  are 
in  the  same  directions  as  the  bisectors  of  the  angles  between  the 
second  two. 

Thus,  in  the  figure,  the  lines  BC,  BC  are  antiparallel  with 
respect  to  the  lines  BG\  BG\  for  the  bisector  of  the  obtuse  angle 
between  BC  and  BC  is  in  the  same  direction  as  the  bisector  of 
the  (UMte  angle  between  BC  and  BG\  and  the  bisector  of  the 
CAMte  angle  between  BC  and  jB'C  is  in  the  same  direction  as  the 
bisector  of  the  ohtuse  angle  between  BC  and  BC 

This  will  become  clear  if  parallels  to  the  four  lines  BCy  BC\ 
BC\  BC  be  drawn  through  any  point  C 

It  is  clear  that  the  relations  between  the  pair  BCy  BC  and 
the  pair  BC\  BC  are  reciprocal. 

It  should  be  observed  that,  if  the  angles  ABC,  ACB  are  equal, 
the  antiparallels  to  BC  with  regard  to  A  become  pa/raUela  to  BC, 

185.  The  following  proposition  is  important: — 

A  line,  drawn  from  the  vertex  of  an  angle,  cuts  any  two 
parallel  intercepts  of  the  angle  in  the  same  ratio. 

This  follows  at  once  from  Euc.  VI.  4. 

I  I  In  particular: — The  line,  drawn  from  the  vertex  of  a  triangle 
*tot  bisect  the  base,  bisects  all  the  parallels  to  the  base. 

When  an  antiparallel  to  a  side  of  a  triangle  is  spoken  of, 
the  antiparallel  must  be  understood  to  be  drawn  ivith  respect  to 
the  a/ngle  opposite  that  side. 

Thus,  in  considering  the  triangle  ABC  of  the  figure  of  Art. 
183,  BC  is  called  an  antiparallel  to  the  side  BC  (without  specify- 
ing the  angle  A), 

Since  the  antiparallels  to  a  side  are  parallel  to  one  another, 
the  line  from  the  opposite  angle  bisecting  one  of  them  will  bisect 
all. 
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Centres  of  Svm.Uityde, 

186.  Dep.  The  point  which  divides  the  distance  between 
the  centres  of  two  circles  internally  (or  externally)  in  the  ratio  of 
the  radii  of  the  circles  is  called  the  internal  (or  external)  centre 
of  similitude  of  the  two  circles. 

Prop.  The  line  joining  the  extremities  of  any  two  parallel 
radii  of  two  circles  cuts  the  line  of  their  centres  in  one  or  other 
of  the  centres  of  similitude. 

For,  let  (?,  0  be  the  centres  of  two  circles,  and  OR,  or  two 
parallel  radii.  Let  Rr  cut  Go  in  S,  Then  the  triangles  ROSy 
roS  are  equiangular ; 

.'.   OS  :  oS=^OR  :  or,       .'.  S  is  a  centre  o/ similitvde. 

If  Rr  is  a  common  tangent  of  the  two  circles,  OR  and  or  are 
both  at  right  angles  to  Rr;  and  are,  therefore,  parallel:  hence, 
a  common  tangent  to  two  circles  cuts  the  line  of  their  centres  in  one 
or  other  of  the  centres  of  similitude. 

Cor.  If  the  circles  do  not  cut,  there  is  a  pair  of  common 
tangents  through  each  centre  of  similitude,  the  angle  between 
which  is  bisected  by  the  line  of  centres. 

Hence  the  two  common  tangents  through  one  centre  of  similitude 
a/re  antiparallel  with  respect  to  the  angle  formed  hy  the  two  common 
tangents  throibgh  the  other  centre  of  sim^iUttide. 


Pole  and  Polar, 

187.  Dep.  The  point  of  intersection  of  the  tangents  to  a 
circle  drawn  from  the  extremities  of  any  chord  is  called  the  pole 
of  the  chord :  and  the  chord  is  called  the  polar  of  the  point  of 
intersection. 
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The  inscribed  circle. 

188.     Prop.  I.     The  intemal  cmgulcur  bisectors  of  a  triangle 
Tneet  in  a  point. 


Let  BI,  CI — bisectors  of  B  and  C — cut  in  /.    AI  shaU  bisect  A. 

For,  draw  IX,  IT,  IZ  perpendiculars  on  the  sides. 

Then,  the  triangles  BXI,  BZI  having  a  common  side  BI  and 
two  angles  of  the  one  equal  to  two  angles  of  the  other,  are  equal 
in  all  respects,  so  that  /X=  IZ, 

Similarly /Z=/r,   :.  IT=IZ. 

Therefore,  the  triangles  AZI,  A  YI  having  each  a  right  angle 
and  two  sides  of  the  one  equal  to  two  sides  of  the  other,  are  equal 
in  all  respects,  .'.  I  A  bisects  A, 

Since  IX,  IT,  IZ  are  equal  and  are  perpendicular  to  the 
sides,  .'.  /  is  the  centre  of  the  circle  of  radius  IX  which  touches 
the  sides  of  ABC  internally.  That  \a,  I  is  the  centre  of  the  in- 
scribed circle  of  ABC. 


The  Escribed  Circles. 

189.     Prop.  II.     The  bisectors  of  two  external  cmgles  cmd  the 
bisector  of  the  remaining  internal  angle  meet  in  a  point 
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Let  5/1,  Oil — bisectors  of  the  external  angles  at  B  and  C — 
cut  in  /j.     All  shall  bisect  A, 

For,  drawing  perpendiculars  /i-X*!,  /iFi,  I^Z^  upon  the  sides, 
we  may  prove  precisely  as  in  the  last  proposition,  that  1^X1=  IjTi 
=  /i^i,  and,  therefore,  IiA  bisects  BAG, 

Since  the  perpendiculars  from  Ij  on  the  sides  are  equal  to  one 
another,  /.  /i  is  the  centre  of  the  circle  touching  AB,  AG  pro- 
duced and  BG  externally.  This  circle  is  called  an  Escribed  Gvrcle 
of  the  triangle. 
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OoR.  I.  The  three  sides  of  the  triangle  are  common  tangents 
of  the  inscribed  and  escribed  circles;  and  the  three  vertices  ar& 
centres  of  similitude  of  pairs  of  these  circles. 

Thus  the  vertex  A  is  the  external  centre  of  similitude  of  the 
inscribed  circle  and  the  ^-escribed  circle,  and  the  mtemal  centre 
of  similitude  of  the  B-  and  (7-escribed  circles. 

Cor.  II.  If  the  internal  bisector  A 11^  of  A  cut  BG  in  JST,  since 
HIXy  HIiXi  are  similar  triangles,  IH  :  I-fl—IX  :  /iX^,  .*.  ZT  is 
the  internal  centre  of  similitude  of  the  inscribed  circle  and  the 
il-escribed  circle. 

[Similarly,  if  the  external  bisector  I^I^  of  A  cuts  BO  in  ffi^ 
Hi  is  the  external  centre  of  similitude  of  the  B-  and  C-escribed 
circles,] 

Cor.  III.  The  fourth  common  tangent  of  the  inscribed  and 
the  ^-escribed  circles  passes  through  H  and  is  antiparallel  to  BC 
(with  respect  to  A), 

[Similarly  the  fourth  common  tangent  of  the  B-  and  C-escribed 
circles  passes  through  Hi  and  is  antiparallel  to  BC] 

Cor.  IV.  The  fourth  common  tangent  of  the  inscribed  and 
the  ^-escribed  circles  cuts  off  from  AB  and  AC  parts,  measured 
from  A,  equal  to  AC  and  AB  respectively. 

[Similarly  the  fourth  common  tangent  of  the  B-  and  (7-escribed 
circles  cuts  off  from  BA  and  CA  produced  parts,  measured  from 
A,  equal  to  ^C  and  AB  respectively.] 

Cor.  V.  Since  BI,  BIi  bisect  two  adjacent  supplementary 
angles  at  B,  IBIi  is  a  right-angle.  Hence  the  circle  on  IIi  as 
diameter  passes  through  B  and  C,  and  .*.  the  perpendiculars 
IX y  IiXi  from  the  extremities  of  this  diameter  cut  off  equal  seg- 
ments from  the  chord  BC ; 

.-.  BX^GXi  and  CX=BXi. 
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The  Circumscribed  Circle, 

190.     Prop.  III.     The  straight  lines  which  bisect  the  sides  of  a 
triangle  at  right^ngles  meet  in  a  point. 


Let  J),  E,  F  be  the  middle  points  of  the  sides  of  ABC, 

Let  FS,  ES — perpendiculars  on  AB,  AC — cut  in  S, 

DS  shall  be  perpendicular  to  BC 

For,  join  AS,  BS,  CS.  Then,  the  triangles  BFS,  AFS  having 
FS  common,  and  BF^AF,  and  the  angle  BFS^^<b  angle  AFS, 
are  equal  in  all  respects;  so  that  BS=AS, 

Similarly  C7aS'=  ^^,   ,'.BS  =  CS, 

,',  the  triangles  BDS,  CDS  having  the  three  sides  of  one 
equal  to  the  three  sides  of  the  other,  are  equal  in  all  respects. 

.'.  DS  is  at  right-angles  to  BC, 

Since  AS,  BS,  CS  are  equal  to  one  another,  .*.  S  is  the  centre 
of  the  circle  circumscribing  ABC, 

If  the  triangle  is  obtuse-angled,  the  circumcentre  falls  out- 
side the  triangle,  on  the  side  remote  from  the  obtuse  angle. 

Cob.  Since  the  tangent  at  J.  to  the  circumcircle  makes  with 
AB  an  angle  equal  to  the  angle  BCA  in  the  opposite  segment, 
.'.  it  is  antiparallel  to  BC,  But  the  radius  SA  is  perpendicular 
to  the  tangent  at  A,  ,\  the  lines  SA,  SB,  SC  a/re  perpendicular 
respectively  to  the  antiparallels  to  the  sides, 

J.  T.  9 
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The  Orthoc&rvl/re, 

191.     Prop.  IV.     The  perpendicula/ra  to  the  sides  from  the 
opposite  cmgles  meet  in  a  point. 

A 


Let  BM,  ON — perpendiculars  on  AG^  AJB — cut  in  0;  and  let 
AO  cut  BC  in  L,     OL  shall  he  perpendicula/r  to  BO. 

For,  join  MN,  Then,  the  angles  ANO,  AMD  being  right- 
angles,  a  circle  goes  round  AMON\  .'.   l  NM0  =  NAO, 

And  the  angles  BNG^  BMC  being  right-angles,  a  circle  goes 
Toxm^BNMC]  :.  i  NMB^NCB-,  :.  l  NA0  =  NGB. 

.*.  the  triangles  BAL^  BON  having  two  angles  of  one  equal 
to  two  angles  of  the  other,  the  third  angles  BLAy  BNG  are  equal. 

But  BNO  is  a  right-angle,  .*.  also  BLA  is  a  right-angle. 

The  point  0  is  called  the  Orthocentre  of  the  triangle  ABO. 

If  the  triangle  is  obtuse-angled,  the  orthocentre  falls  outside 
the  triangle,  and  within  the  space  formed  by  producing  through 
the  obtuse  angle  its  two  containing  sides. 

Cor.  I.  Since  a  circle  goes  round  BNMO^  .'.  the  sides  of  the 
triangle  NML  are  antiparaUels  to  the  sides  of  the  triangle  ABO. 

Cor.  II.     Since  angle  NMO  =  NAG  =  complement  of  jB, 
and  angle  LMO  =  ZOO  =  complement  of  B, 

.'.  0  is  the  centre  of  the  circle  inscribed  in  LMN. 

Cor.  m.  Since  AB^  AG  are  perpendicular  to  ONy  OM 
respectively,  .*.  A^  B,  0  are  the  escribed  centres  of  LMN. 
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The  Centre  of  Gravity, 

192.     Prop.  V.     The  bisectors  of  the  sides  drawn  from  the 
opposite  a/ngles  meet  in  a  point 


Let  i>,  E,  F  be  the  middle  points  of  the  sides  of  ABC,     Let 
BE^  CF  cut  in  G,     AG,  GD  shall  he  in  one  straight  line. 

For,  because  BF=  AF, 

,',  the  triangles  BCF,  AC F  are  equal;  and  also  the  triangles 
BGF,  AGF  are  equal,  .*.  the  remainders  BGC,  AGC  are  equal. 

Similarly,  BGC,  AGB  are  equal,  .'.  AGB  =  AGO, 

And  because  BD  =  CD,  ,',  BGD  =  CGD. 

:.  AGB,  BGD  are  together  equal  to  AGC,  CGD. 

That  is,  the  lines  AG,  GD  bisect  the  triangle  ABC, 
But  the  straight  line  AD  bisects  the  triangle  ABC, 
.'.  the  lines  AG,  GD  coincide  with  the  straight  line  AD, 
The  point  G  is  the  Centre  of  Gravity  of  the  triangle  ABC, 

CoR.  1,     Joining  DE,    \'   AE  :  EC  =  BD  :  DC,   :,    DE  is 
parallel  \xi  AB.      .'.  the  triangles  ABC,  EDC  are  similar, 
.-.  AB  :  DE  =  BC  :  DC,     But  BC  =  twice  DC. 

,',  the  sides  of  the  triangle  DEF  are  half  those  of  ABC,  and  its 
a/ngles  are  equal  to  those  of  ABC. 

CoK,  II.     Also  the  triangles  AGB,  GDE  are  similar, 

.-.  AG  :  GD=^AB  :  DE, 
.',  AG  =^  twice  GD:  or,  G  trisects  the  distances  AD,  BE,  CF, 

9—2 
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The  Cosine  Circle, 

193.     Prop.  VI.     The  bisectors  of  the  antipa/raUeh  to  the  sides 
drawn  from  the  opposite  angles  meet  in  a  point. 


Let  BK,  CK — bisectors  of  the  antiparallels  to  -4C  and  AB — 
cut  in  K,     AK  shall  bisect  the  antiparallels  to  BC. 

Through  K  draw  pKy\  yKa\  oK^  antiparallel  to  BC,  GAy 
AB  respectively ;  so  that  the  angles  at  a  and  at  a'  equal  A ;  those 
at  ^  and  at  )8'  equal  B  \  and  those  at  y  and  at  y'  equal  (7. 

.-.  Ka=:Ka!',  Kp  =  Kp';  and  Ky^Ky', 

But  •/  BK bisects  the  antiparallels  to  CA,  .*.  Ky  =  JTa. 

And  •/  OJT  bisects  the  antiparallels  to  AB,  :.  Ka  —  K^', 

.-.  by  above,  Ky  =  K^  and  Kp  =  Ky\ 

/.  AK  bisects  the  antipa/raUels  to  BG, 
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Since  Zix  =  Za' =  Z/?  =  Z/3' =  Zy  =  Zy',  .\  the  circle  with 
centre  K  and  radius  Ka  passes  through  a,  a,  fi,  P,  y,  y'.  This  is 
known  as  the  Cosine  Circle,  It  is  a  unique  circle,  as  regards  the 
triangle,  in  possessing  the  property  of  cutting  the  sides  (U  the 
extremities  of  three  dia/meters. 

The  construction  shows  that  the  quadrilaterals  oa'yS'y,  P/^ya, 
yy'oLp  are  rectcmgles. 

Also  the  triangles  ^ya  and  yW/y  having  their  sides  perpen- 
dicular to  those  of  ABG  are  equiangular  to  ABC. 

CoR.  The  perpendicrdars  /rom  K  upon  the  sides  a/re  propor- 
tional to  those  sides. 

For  if  Kj/y  Kz  are  the  perpendiculars  upon  AC^  AB  respect- 
ively, since  the  angles  at  p  and  y  are  equal  to  B  and  C  respectively, 

/,  the  triangles  Kfiy,  Kyz  are  similar  to  the  triangles  ABL^ 
ACL  (of  Prop.  IV.),  respectively. 

.-.  Ky  I  AL  =  Kp  :  AB  and  Kz  :  AL  =  Ky  :  AC, 
.-.  Ky .  AB  =  AL  .  Kp  =  AL  ,  Ky  =  Kz.AC, 
:,  Kx  :  Ky  :  Kz^  BC  :  CA  :  AB, 

The  Ex-Cosine  Circles, 

194.  Let  K^K^Kz  ^^  *^®  poles  of  the  sides  of  ABC  with 
respect  to  the  circumcircle.  Then,  by  Prop.  III.  Cor.,  the  tan- 
gents BK^y  CK-^  are  antiparallels  to  AC,  AB  respectively. 

Through  K^  draw  PiK^y^  antiparallel  to  BC, 

Then  we  may  prove  precisely  as  in  the  last  proposition  that 
Kipi  =  KiB '=' KjC  —  Kiyii  .'.  the  circle  tuith  cerUre  K^  and  radius 
K-yB  or  K-ip  passes  through  A,  yi. 

This  circle  may  be  called  an  Ex-Cosme  Circle, 
Moreover  K^,  being  the  middle  point  of  )8iyi,  lies  on  AK, 
Hence  K  is  the  intersection  of  the  lines  joining  the  vertices  of 

the  triangle  to  the  poles  of  the  opposite  sides  with  respect  to  the  ci/r- 

cu/mdrcle. 

CoR.  The  perpendiculars  from  Ki,  from  X^,  and  from  K^  upon 
the  sides  are  proportional  to  the  sides. 
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Relations  between  S,  0,  G,  K, 

195.  Prop.  VII.  Tlie  bisector  of  the  angle  A  is  also  the  bisec- 
tor of  each  of  tlie  angles  SAO  and  GAK. 

For,  in  Prop.  III.,  BSA  at  the  centre  is  twice  C  at  the  circum- 
ference opposite  AB,  .*.  FSA  =  C.  .',  FAS  is  the  complement 
of  C  =  GAL,  in  Prop.  IV. 

Le.  the  angle  that  AS  makes  with  AB  is  equal  to  the  angle 
that  AG  makes  with  AG. 

.'.  the  bisector  of  BAG  is  also  the  bisector  of  SAO, 

Again,  in  Prop.  VI.,  A^y  is  similar  to  ABG ;  and  since  fiK  is 
half  Py\  and  BD,  in  Prop.  V.,  is  half  BG,  :,  the  triangles  AfiK, 
ABD  are  similar.      .'.  the  angle  BAD  =  the  angle  GAK, 

Le.  the  angle  that  AG  makes  with  ^^  is  equal  to  the  angle 
that  AK  makes  with  AG. 

,',  the  bisector  of  BAG  is  also  the  bisector  of  GAK, 

The  results  of  Props.  I. — VII.  may  be  thus  summarised : — 
Consider  the  lines  from  the  vertex  A  to  the  several  centres. 

A  III  bisects  the  internaJ^  angle  at  A^ 

I^Is  bisects  the  external  angle  at  A  \ 

and  hence  AII^  and  72^1/3  are  perpendicular  to  one  another. 

AS  is  perpendicular  to  the  antiparallels  to  BG, 

AG  18  perpendicular  to  the  parallels  to  BG ; 

and  hence  AS  and  AG  are  antiparallel*  with  respect  to  A. 

AG  bisects  the  pa/raUels  to  BG^ 

AK  bisects  the  a/ntipa/raUels  to  BG ; 

and  hence  AG  and  AK  are  antiparallel^  with  respect  to  A, 

It  may  be  shown  generally  that  if  any  three  lines  through 

the   vertices   of  a   triangle  are  concurrent,  their   antiparallels 

through  the  vertices  are  concurrent.    [See  Prop.  XVI.] 

The  two  points  of   concurrence   may  be  called  anticerUres, 

Thus  /  is  its  own  anticentre :  0  is  the  anticentre  to  S ;  and  K  is 

the  anticentre  to  G, 

*  Antiparallels,  with  respeot  to  an  angle,  when  drawn  through  the  angle, 
are  called  Isogonal  Covjvgates,  The  definition  by  means  of  the  quadrilateral 
inscribable  in  a  cirde  here  fails. 
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MelaHons  between  the  Incircle  and  the  Ci/rcwmcvrcle. 

196.  Prop.  VIII.  If  AT  he  produced  to  cut  BC  m  H  cmd 
the  drcumcircle  in  U,  then  VI  =  UC  =  TJB  =  the  mean  proportional 
between  UH  and  UA. 


For  the  chords  BUy  CU  of  the  circumcircle,  subtending  equal 
angles  BA  U,  OA  U  at  the  circumference  are  equal 

And,  angles  in  the  same  segment  being  equal,  BCU  =  BAU 
^CAU. 

And,  the  angle  at  U  being  common,  the  triangles  HCU^  GAU 
are  similar,  .-.  JJH  .  JIG  ^TJC  \  UA, 
Again,  join  GL 

Then  UIG  =  IAG^  IGA  =  HGU-¥  IGH  =  UGI. 
.',  UG  =  UI  =  the  mean  proportional  between  UH  and  UA. 

Cor.  Let  CTZ),  IX j  AL  be  drawn  perpendicular  to  BG,  Then 
D  is  the  middle  point  of  BG,  X  its  point  of  contact  with  the  in- 
circle, and  L  the  foot  of  the  perpendicular  on  it  from  A, 

Now  the  triangles  DUH^  XI H^  LAH  are  similar;  .*.  from  the 
proposition  that  UI  is  the  mean  proportional  between  UH  and 
UAy  it  clearly  follows  that  DX  is  the  mea/n  proportional  beticeen 
DH  and  DL. 
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197.  Prop.  IX.  The  rectangle  of  the  segments  of  cmy  chord 
of  the  circumcircle  drawn  through  the  centre  of  the  incircle  =  twice 
the  recta/ngle  of  their  radii. 


For  draw  the  diameter  ^777'  of  the  circumcircle  perpendicular 
to  BC:  and  the  radius  lY  of  the  incircle  perpendicular  to  AC, 
Join  CU', 

Then,  by  Prop.  VIII.,  U,  /,  A  are  in  a  straight  line,  and 
UI=  UO. 

Also,  UCU'  in  a  semicircle  =  the  right-angle  ITA,  and  UU'G, 
UAG  in  the  same  segment  are  equaL 

.*.  the  triangles  TJCU\  lYA  are  similar. 

.-.  VO  :  UU',  i.e.  UI  :   UU'  =  IT  :  lA, 

.'.  rectangle  UI,  I  A  =  rectangle  UU\  11. 

i.e.  the  rectangle  of  the  segments  Uly  I  A  =  tioice  the  rectangle  of 
the  radii  of  the  tnvo  circles, 

.'.  the  rectangle  of  the  segments  of&nj  chord  of  the  circumcircle 
dratvn  through  I  is  eqvxil  to  twice  the  rectangle  of  the  radii. 
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The  Nvne-Pomts  Circle, 
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198.  Prop.  X.  The  middle  points  of  the  sides,  the  feet  of  the 
perpendicuUvrs  from  the  opposite  cmgles,  and  the  points  midvoay 
between  the  cmgles  and  the  orthocentre  lie  on  a  circle. 


Let  Dj  E,  F  hQ  the  middle  points  of  the  sides  of  ABC;  AL, 
BM,  CN  the  perpendiculars  from  A,  B,  C  cutting  in  0;  F,  Q,  E 
the  middle  points  of  AO,  BO,  CO.  The  nine  points  D,  E,  F; 
L,  M,  N\  P,  Q,  R  will  lie  on  a  circle. 

Draw  the  lines  AL,CN\  PE,  BE, 

\'  BE  bisects  BO  and  AC,  ,\  BE  is  parallel  to  AB.     And 

•/  PE  bisects  AO  and  AC,  .',  PE  is  parallel  to  00, 

But  AB  and  00  are  at  right-angles  to  one  another ; 

.*.  also  BE  and  PE  are  at  right-angles  to  one  another. 

.'.  the  circle  on  BP  as  diameter  passes  through  E, 

For  the  same  reason  this  circle  passes  through  F, 

And  it  passes  through  L,  because  BLP  is  a  right-angle. 

.*.  the  circle  circumscribing  BEF  passes  through  P  and  L, 

Similarly  it  passes  through  Q,  M;  R,  and  N, 

Hence  the  nine-points  BEF,  PQR,  LMN  lis  on  a  circle. 
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199.  Prop.  XI.  The  gravity  centre  trisects  cmd  the  nvne- 
points  centre  bisects  the  line  joining  the  drcumcentre  cmd  ortho- 
centre. 


Let  T  the  middle  point  of  DP  be  the  nine-points  centre. 

(1)  Produce  OT  to  S,  Let  TS  =  TO.  S  shall  he  the  circwmr 
cevb(/re. 

Join  SD.  Then  the  triangles  STD^  OTP  having  two  sides 
and  an  included  angle  at  T  equal,  are  equal  in  all  respects. 

.*.  SD  is  parallel  to  OP  and  .*.  at  right-angles  to  BC. 

Similarly  SEySF  bxq  at  right-angles  to  -4(7,  AB. 

.*.  S  is  the  circu/mcentre, 

(2)  Join  AD  cutting  ST  in  G,     G  shall  he  the  gravity  centre. 
For  the  triangles  SGD,  OGA  are  similar,  and 

AO=^2,PO  =  2.SD,   .\AG=^2.GD. 
.'.  G  is  the  gravity  centre. 
Also  GO  =  2 .  GS,   .\  G  trisects  the  distance  SO, 

Cor.  I.     The  radius  of  n.p.c.  =  ^  that  of  the  circumcircle. 

CoR.  II.  The  angle  DPL,  which  is  the  angle  in  the  segment 
of  the  nine-points  circle  opposite  DL^  is  equal  to  SAL;  and  is 
therefore,  by  Prop.  VII.,  double  of  the  angle  between  the  bisector 
of  A  and  the  perpendicular  to  BO. 
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200.     Prop.  XII.     The  nine-points  circle  touches  the  inscribed 
cvrcle. 


Let  D  bisect  BC^  AIH  bisect*  -4,  and  let  IX  and  AL  be  per- 
pendiculars upon  BG, 

Draw  HX'  to  touch  the  incircle  at  X',  Through  D  draw 
DX'  W  to  cut  the  incircle  in  W.     Join  WL. 

Then  (by  Prop.  VIII.,  Cor.),  DH.DL  =  DX\ 
:.  DR.DL  =  DX\jDW  or  DE  :  DX'=DW  :  DL. 
.*.  the  triangles  DWLy  DHX'  are  similar. 
.-.  the  angle  DWL  =  DHX '  =  XIX'  =  2  .  HIX  =  (by  Prop.  XI., 
Cor.  II.)  angle  in  the  segment  of  nine-points  circle  opposite  DL. 
.*.  (1)  W  is  on  t?ie  nine-points  circle. 

Also  the  tangent  at  PT  to  the  nine-points  circle  makes  with 
WX'  an  angle  equal  to  BLW  =  DX'II  =  &i^le  in  the  segment  of 
the  incircle  opposite  X'  W. 

.'.  (2)  the  tangents  at  TT  to  the  incircle  and  to  the  nine-point& 
circle  coincide. 

.'.  the  incircle  cmd  the  nine-points  circle  touch  at  W, 
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201.  In  the  same  way  it  may  be  shown  that  the  nine-points 
circle  touches  each  of  the  escribed  circles. 

For  since  BX^  =  CX,  and  BD  =  CD,  .'.  the  remainder 

BXj^  =  DX.     .'.  DX^^  =  DH.DL. 

Moreover  the  escribed  centre  /j  is  on  AH, 

Hence  if  the  tangent  through  ff  is  drawn  to  the  escribed 
circle  touching  it  at  JT^',  and  a  chord  is  drawn  through  DXi\  the 
other  end  of  the  chord  will  be  the  point  of  contact  with  the  nine- 
points  circle. 

Now  H  being  the  centre  of  similitude  of  the  inscribed  and 
escribed  circles,  the  tangent  through  H  to  either  circle  is  a 
common  tangent.     Hence  we  see  that 

If  the  fourth  common  tangent  to  the  inscribed  and  an  escribed 
circle  be  drawn,  and  through  the  points  of  contact  chords  of  these 
circles  be  drawn  to  pass  through  the  middle  point  of  the  side, 
the  other  extremities  of  the  chords  will  be  the  points  of  contact 
with  the  nine-points  circle. 

The  Lemome  Circle, 

202.  Prop.  XIII.  The  pa/ralleU  to  the  aides  d/ra/um  through 
the  centre  of  the  cosine  circle  cut  the  sides  in  six  points  which  lie  on 
a  circle, 

Constrtiction,  Let  V  be  the  middle  point  of  XS ;  and  a  the 
middle  point  of  AK,  Through  a  draw  A1A2  antiparallel  to  BC, 
Join  Fa,  VA^, 

Then  •/   V  and  a  are  the  middle  points  of  SX  and  AX, 

.*.   Va  is  parallel  to  SA  and  is  half  JSA, 

But  SA  is  perpendicular  to  the  antiparallels  to  BC  and  is 
«qual  to  the  circumradius. 

.'.  Va  is  perpendicular  to  AiA^  and  equal  to  half  the  circum- 
radius. 

Again,  drawing  the  antiparallel  to  BC  from  X  to  AB,  we      ^ 
have  a  line  parallel  to  Affl,  and  equal  to  the  cosine-radius. 
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.".  Afi  is  half  the  cosine- radius. 

.'.  VAt  -  (half  circumradius)'  +  (half  cosioe-radius)'. 

.'.  if  -Bi-Bat  C^Ci  are  Bimilarly  drawn,  then 

.'.  the  circle  with  centre  F  and  radius  VA^  passes  through 
A^A^^B^C^C^. 

Also,  since  AK,  A-iA^  bisect  one  another,  A^AA^  is  a  paral- 
lelogram. 

.'.  B^d,  C1A3,  AjBi  are  parallels  through  Eto  the  sides. 

This  circle  is  unique,  as  regards  the  triangle,  in  possessing  the 
property  of  cutting  the  aides  in  three  concurrent  chords  parallel  lo 
the  aides.     It  is  called  the  Lemoine  circle. 

203.  If,  instead  of  bisecting  SK  and  AK,  we  divide  SK  and 
AK  in  any  the  same  ratio  at  two  new  points  V  and  a,  and  if  the 
construction  of  the  last  article  be  made,  then,  by  the  game  reason- 
ing, the  six  new  points  AiA^BjB^CjCi  will  lie  on  a  circle. 
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If,  further,  Z^,  Kj,,  K^  are  taken  on  AK,  BK,  CK  at  distances 
from  Ay  B,  C  equal  to  twice  Aa,  Bfi,  Cy  respectively,  then  the 
iigures  A^AA^^^y  B^BB^Kj,,  CiCG^K^  will  be  parallelograms.  And 
because  K^  Kj^  K^  divide  KA^  KB,  KC  in  the  same  ratio,  there- 
fore the  lines  K^^  ^e^oj  -^o-^bj  are  parallel  respectively  to 
BG,  CA,  AB. 

Hence  we  have  the  proposition : 

Th^ee  parallels  to  the  sides,  dra/um  so  as  to  cut  one  another  in 
three  points  K^,  K^^,  K^  on  the  lines  KA,  KB,  KC,  vnU  cut  the 
sides  in  six  points  lying  on  a  circle. 

The  circles  so  described  are  called  Tv^cker^s  Circles.  They  are 
unique  in  cutting  the  sides  in  six  points,  which,  being  joined  in 
pairs,  form  three  chords  pa/raMel  to  the  sides. 

Observe  that  the  triangles  A^B^C^,  A^B^G^  are  similar  to 
ABG,     For  tBf^A^G^-  lB^tP^—A\  and  so  on. 

All  Tucker's  circles  have  their  centres  in  SK, 

In  particular ; 

Taking  the  centre  at  K,  we  have  the  cosine  ci/rcle. 
Taking  the  centre  at  S,  we  have  the  circumdrcle. 
Taking  the  centre  at  the  middle  point  of  SK,  we  have  Lemoine's 
circle. 

The  Brocard  Points  ami  the  Broca/rd  Angle, 

204.  Prop.  XIV.  To  draw  from  the  vertices  of  a  triangle 
three  lines  intersecting  in  a  poi/nt,  which  shall  subtend  equal  angles 
at  the  other  vertices. 

On  AB,  BGj  CA  describe  segments  of  circles  containing  angles 
equal  to  A\  B\  G'  (the  supplements  of  A,  B,  0)  respectively. 
(Fig.  1.) 

These  segments  will  cut  in  one  point,  O  say,  because  the  angles 
A',  B,  C'  are  together  equal  to  four  right  angles. 

Then  •/  the  exterior  angle  at  O  of  the  triangle  BQG==B, 
.',  the  two  interior  angles  CBil  and  BGQ  are  together  equal  to  B. 
.'.  the  angles  BGQ,  ABQ  are  equal. 
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Thus,  the  three  angles  ABQy  BCQ,  CAQ  are  equal (1). 

Again  on  CAy  ABy  BG  describe  segments  of  circles  containing 
angles  equal  to  A\  B\  C  respectively,  cutting  in  O'.  (Fig.  2.) 
Then,  as  before, 

the  three  cmgUa  ACQ'y  BA^\  GBQ!  are  equal (2). 

If  possible,  let  the  angles  of  (1)  and  of  (2)  be  unequaL 
Suppose  those  of  (1)  are  the  greater. 

Then  from  the  triangles  AQBy  AQIG,  containing  the  angle  A', 

Atl  :  BQ7>An'  :  GQ\ 

Similarly  ^«  :  CO  >  BQ'  :  AQ\  and  CO  :  ^O  >  Gil'  :  BQ'. 

But  compounding  the  last  two  disproportions,  we  have 
^O  :  ^O  >  GQ'  :  AQ\  which  contradicts  the  first  disproportion. 

.-.  the  six  angles  of  (1)  and  (2)  are  equal 

The  value,  cd  say,  of  each  of  these  angles  is  called  the  Broca/rd 
Angle :  and  the  points  O,  O',  the  Brocard  Points,  These  points 
are  obviously  anticentres. 

Cor.  Turning  the  above  disproportions  into  proportions,  we 
see  that  the  following  pairs  of  triangles  are  similar,  viz. : — 

AQB  and  AQ^G ;  BQG  and  BQ'A  ;  CQA  and  CO'^. 

Also  since  AB  :  AQ  =  AG  :  AQ',  .*.  the  sides  about  the  equal 
angles  BAQ'y  GAQ  of  the  triangles  AQ'B,  AtlG  are  reciprocally 
proportional : 

Thus  the  following  pairs  of  triangles  are  equdly  viz.: — 

AVh'B  and  AilG ;  BQ'C  and  BilA  ;  CO! A  and  COA 
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The  Broca/rd  Circle, 


205.  Prop.  XV.  The  Broctvrd  Points^  and  three  intersection 
of  the  Brocard  Li/nee  lie  on  the  circle  whose  diameter  is  the  line 
joining  the  centres  of  the  Circwmoircle  and  the  Cosine  Cirde. 


Let  BQ\  CO  cut  in  JT;  CQ',  AQ  cut  in  ^;  AQ\  BQ  cut  in  F'. 

Then  AQB,  AQ'C  being  each  the  supplement  of  A,  the  angle 
EQIF^A  and  WClF'  is  its  supplement,  .'.  a  circle  goes  round 
FQF'Q! :  similarly  a  circle  goes  round  D'QIE'Q. 

.'.  the  circumcircle  of  UEF'  passes  through  O,  O'. (1). 
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Again,  •/  the  angles  BCQ,  GB€l'  are  equal, 
.'.  the  perpendicular  from  i>'  on  BG  bisects  BC  (in  i),  say). 
.'.  the  perpendiculars  from  D\  E'^  F'  on  the  sides  cut  in  S 
the  circumcentre  of  ABG, 

And  since  the  angle  D'SE'  (between  the  perpendiculars  on 
BG,  GA)  =  G,  and  that  D'a'B' =  the  supplement  of  C, 
.'.  S  lies  on  the  circle (2). 

Lastly  let  the  diameter  through  S  of  this  circle  cut  it  in  K, 
Then  SJD'K,  SE'K,  SF'K  are  right^angles. 

.-.  D'K,  E'K,  F'KsLTe  parallels  to  BG,  GA,  AB. 

:,  D'D,  EE,  F^F  are  equal  to  the  perpendiculars  from  K  on 
the  sides. 

But  •.•  the  angles  DBD\  EGE\  FAF'  are  equal, 

/.  the  triangles  BBU,  GEE\  AFF'  are  similar; 

/.  DD'  :  EE'  :  FF'  =  BD  :  GE  :  AF=BG  :  GA  :  AB, 

.',  (Prop.  VI.  Cor.)  E  is  the  centre  of  the  cosine  circle  ...  (3). 

Cor.  I.  Since  SK  is  a  diameter  of  the  Brocard  Circle,  the 
Lemoine  and  Brocard  Circles  are  concentric. 

CoR.  II.  Since  KD\  KE\  KF'  are  paraUels  to  the  sides, 
these  meet  the  sides  on  the  Lemoine  Circle. 

CoR.  III.  Since  KB'  is  paraUel  to  BG,  .'.  ^KUQ.'=^  iGBQ.'  = 
the  Brocard  angle.  Similarly  -0''I2  =  the  Brocard  angle  .*. 
K€l,  KQ,'  subtend  equal  angles  in  the  Brocard  circle,  and  Q,Q!  is 
bisected  at  right-cmgles  by  SK. 

Cor.  IV.     The  triangle  D'EF'  is  similar  to  ABG. 

General  Property  of  Anticentres, 

206.  Prop.  XVI.  tf  three  lines  frora  the  vertices  of  a  triomgle 
meet  in  a  point,  their  cmtiparallels  from  the  vertices  with  respect  to 
the  vertical  amgles  will  meet  in  a  point;  and  the  feet  of  the  perpendi- 
cula/rs  from  the  ttvo  points  of  concurrence  on  the  sides  will  lie  on  a 
circle  whose  centre  is  the  point  mid/way  bettveen  the  ttuo  points  of 
concurrence, 

J.  T.  10 
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Let  AOy  AO'  be  two  antiparallels  with  respect  to  -4,  so  that 
iBAO=  lCAO\  On  AB  drop  the  perpendiculars  OZ,  O'Z'', 
and  on  AC,  the  perpendiculars  OF,  0'Y\ 

Then,  since  a  circle  goes  round  both  AZOY  h>tl&  AZ'O'Y', 
:,   L  ZYO  =lZAO=i  TA(y  =  L  TZ'a, 

And  the  angles  at  0,  O  are  both  equal  to  the  supplement  of  A, 
:,  the  a's  OZY,  O'Y'Z'  are  similar. 

/.  OZ.O'Z'^OY.O'T. 

Similarly  if  BO,  BCf  are  antiparallels  with  respect  to  B,  and 
OX,  aX'  perpendiculars  on  BC,  OX.  0'X'  =  OZ.  0'Z\ 

/.  OX,0'T  =  OY.O'Y\ 

:.  the  A 's  OXY,  O'TX'  are  similar. 

/.  L  XCO=  I XYO  =  L  TX'O'  =  L  TCO\ 

.*.  OG,  O'C  a/re  omtipa/ralleh  with  respect  to  C, 

Also,  if  ^  is  the  middle  point  of  00' ,  because  OXy  OX'  are 
perpendiculars  on  BC, 

.\  Tx^ =o!n+ox.  ax\ 

/.  TX=TX'  =  TY=TT  =  TZ=TZ\ 

.*.  the  points  XX'YY'ZZ  lie  on  a  circle  whose  centre  is  T, 

In  particular  taking  0  and  0'  to  be  the  orthocentre  and  cir- 
cumcentre,  we  have  the  nine-points  circle.  Similar  propositions 
hold  for  the  gravity  centre  and  cosine  centre,  and  for  the  two 
Brocard  Points. 
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Examples  IX. 

[The  following  are  easy  examples,  which  may  be  regarded  as  of  the 
nature  of  book- work.] 

1.  If  BC^  B'C  be  antiparallel  with  respect  to  the  angle  at  -4, 
ABC  and  A  B'C  are  similar  triangles. 

2.  If  A^  B,  C,  D  be  four  points  in  cmy  order  on  the  circum- 
ference of  a  circle,  AB,  CD  shall  be  antiparallel  with  respect  to 
the  angle  between  AC  and  BD, 

3.  If  the  bisector  of  A  cuts  BG  in  H^  the  antiparallel  of  BO 
(with  respect  to  ^)  through  H  will  cut  off  from  AB  and  AC  parts 
equal  to  AG  and  AB  respectively. 

4.  The  tangent  to  the  inscribed  circle  from  either  vertex  of 
the  triangle  is  equal  to  half  the  excess  of  the  sum  of  the  sides 
through  the  vertex  over  the  base. 

5.  The  tangent  to  the  escribed  circle  from  the  opposite  vertex 
is  equal  to  half  the  sum  of  the  sides  of  the  triangle. 

6.  The  external  common  tangent  of  the  inscribed  and  escribed 
circles  is  equal  to  the  side  of  the  triangle,  to  which  the  escribed 
circle  is  exterior. 

7.  The  internal  common  tangent  of  the  inscribed  and  escribed 
circles  is  equal  to  the  difference  between  the  two  sides  to  which 
the  escribed  circle  is  interior. 

8.  The  fourth  common  tangent  to  the  inscribed  and  escribed 
•circles  forms  with  the  two  sides  a  triangle  equal  in  all  respects  to 
the  primitive  triangle. 

9.  The  distance  between  the  middle  point  of  a  side  and  its 
point  of  contact  with  the  inscribed  circle  is  equal  to  half  the 
difference  between  the  two  other  sides. 

10.  If  the  sum  of  two  opposite  sides  of  a  quadrilateral  is 
equal  to  the  sum  of  the  two  other  opposite  sides,  a  circle  may  be 
inscribed  in  the  quadrilateral. 

10—2 
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11.  The  angle  which  each  side  subtends  at  the  incentre  ex- 
ceeds half  the  opposite  vertical  angle  by  a  right-angle ;  and  that 
which  each  side  subtends  at  an  ecentre  is  the  complement  of  half 
the  opposite  angle. 

12.  The  incentre  is  the  orthocentre  of  the  triangle  formed 
by  the  ecentres. 

13.  The  lines  joining  the  angle  of  a  triangle  to  the  extremi- 
ties of  that  diameter  of  the  circumcircle  which  bisects  the  base 
are  the  internal  and  external  bisectors  of  the  angle. 

14.  The  distance  between  the  centres  of  the  inscribed  and 
either  escribed  circle  is  bisected  by  the  circumcircle. 

15.  The  rectangle  of  the  segments  of  any  chord  of  the  circum- 
circle drawn  through  the  centre  of  an  escribed  circle  is  equal  to 
twice  the  rectangle  of  their  radii. 

16.  The  feet  of  the  perpendiculars  on  the  sides  from  any 
point  on  the  circumcircle  lie  on  a  straight  line. 

17.  The  lines  joining  the  vertex  to  the  circumcentre  and 
orthocentre  are  inclined  at  an  angle  equal  to  the  difference  be- 
tween the  base  angles. 

18.  If  OZ,  the  perpendicular  from  the  orthocentre  on  the 
side  BGy  is  produced  to  meet  the  circumcircle  in  0\  OL  =  O'L. 

19.  The  angles  of  the  Pedal  triangle  (i.e.  the  triangle  formed 
by  joining  the  feet  of  the  perpendiculars  from  the  opposite  angles) 
are  supplementary  respectively  to  the  doubles  of  those  of  the 
primitive  triangle. 

20.  If  a  triangle  is  formed  whose  sides  are,  with  respect  to 
the  angles  of  ABC,  antiparallels  to  the  sides;  and  another  formed 
from  this  in  the  same  way,  and  so  on,  the  angles  of  the  w'^  triangle 
so  formed  will  be  60°  +  (- 2)«  (.1  -  60°),  60°  +  (-2)~(^~60°), 
60°  +  (-  2)«  (C  -  60°). 

21.  The  angle  which  each  side  subtends  at  the  orthocentre 
is  the  supplement  of  the  opposite  vertical  angle. 

22.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  parallel  respectively  to  those  of  the 
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given  triangle,  then  the  vertices  of  the  inscribed  triangle  must  be 
the  middle  points  of  the  sides  of  the  given  triangle. 

23.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  antiparallel  respectively  to  those  of 
the  given  triangle,  then  the  vertices  of  the  inscribed  triangle 
must  be  the  feet  of  the  perpendiculars  on  the  sides  of  the  given 
triangle. 

24.  The  centre  of  gravity  of  the  triangle  DEF  is  the  same 
as  that  of  ABG^  and  its  orthocentre  is  the  circumcentre  of  ABC. 

25.  If  the  middle  points  of  the  sides  of  a  triangle  be  joined, 
and  the  middle  points  of  the  sides  of  the  triangle  so  formed  be 
joined,  and  so  on;  then  all  the  triangles  so  formed  will  have  the 
same  centre  of  gravity,  and  the  circumcentre  of  each  will  be  the 
orthocentre  of  the  next. 

26.  The  three  triangles  into  which  the  centre  of  gravity 
divides  a  triangle  are  each  one-third  of  the  triangle. 

27.  The  triangles  cut  off  by  joining  the  middle  points  of  the 
sides  are  each  one  quarter  of  the  primitive  triangle. 

28.  The  lines  joining  the  middle  points  of  the  sides  with  the 
middle  points  of  the  perpendiculars  from  the  opposite  angles 
intersect  at  the  cosine-centre. 

29.  The  lines  joining  the  vertices  of  a  triangle  to  its  points 
of  contact  with  the  inscribed  circle  intersect  at  the  cosine-centre 
of  the  triangle  formed  by  those  points  of  contact. 

30.  The  triangles  into  which  the  cosine-centre  divides  a 
triangle  are  to  one  another  as  the  squares  on  the  sides. 

31.  The  line  joining  the  vertex  of  the  triangle  to  the  cosine- 
centre  divides  the  base  into  segments  which  are  to  one  another 

as  the  squares  on  the  other  sides. 

• 

32.  The  radius  of  the  cosine-circle  is  to  that  of  the  circum- 
circle  as  the  perpendicular  from  the  cosine-centre  on  either  side 
is  to  half  that  side. 
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33.  The  distance  of  a  vertex  from  the  cosine-centre  is  to  its 
distance  from  the  middle  point  of  the  opposite  side  as  the  cosine- 
diameter  is  to  the  opposite  side. 

34.  The  cosine-centre  is  the  centre  of  gravity  of  the  triangle 
formed  by  the  feet  of  the  perpendiculars  from  it  upon  the  sides. 

35.  The  line  joining  the  circumcentre  of  the  three  ecentres 
to  the  incentre  of  a  triangle  is  bisected  by  the  circumcentre. 

36.  If  C  be  taken  on  AB  so  that  AC  =  AC,  and  if  the 
bisector  of  A  cut  CC  in  D'  and  BC  in  ZT,  then  DD'  is  the  mean 
proportional  between  DH  and  DL, 

Show  how,  from  the  last  example,  it  follows  that  the  nine- 
points  circle  and  inscribed  circle  touch. 

37.  If  B1G2,  C1A2,  A1B2  be  any  three  diameters  of  a  circle 
and  a  triangle  be  formed  by  joining  the  extremities  AiA^,  B^B^y 
C1C2,  then  the  circle  is  the  cosine-circle  of  the  triangle  so  formed. 

38.  Show  that,  by  the  method  of  the  last  example,  eight  dif- 
ferent triangles  may  be  described  with  the  same  three  diameters : 
and  that,  taking  any  two  of  these  triangles,  either  all  the  sides  of 
the  one  are  parallel  or  one  is  parallel  and  the  other  two  perpen- 
dicular to  the  sides  of  the  other. 

39.  In  Lemoine's  circle  the  three  chords  of  intersection 
opposite  to  the  three  parallels  to  the  sides  are  antiparallels  to  the 
sides  and  each  is  equal  to  the  cosine-radius. 

40.  Each  of  the  six  triangles  into  which  the  Lemoine  Hexa- 
gon is  divided  by  joining  its  vertices  to  the  cosine-centre  is  similar 
to  the  primitive  triangle. 

41.  The  three  segments  into  which  the  Lemoine  circle  cuts 
each  side  are  to  one  another  as  the  squares  on  the  three  sides. 

42.  The  circles,  whose  intersection  gives  one  of  the  Brocard 
Points,  may  be  defined  as  passing  through  one  vertex  and  touch- 
ing the  opposite  side  at  one  of  its  extremities, 

43.  If  any  points  a,  /S,  y  be  taken  on  the  sides  BO,  GA,  AB 
of  a  triangle,  the  circumcircles  of  A^y,  Bya,  Gafi  will  cut  in  a 
single  point. 
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44.  Let  O  be  the  Brocard  Point  at  which  AC  subtends  the 
supplement  of  A;  and  let  a,  )8,  y  be  such  points  taken  in  BC, 
CA^  AB  that  the  circumcircles  of  A^y,  Bya,  Cafi  cut  in  12*. 
Then  (1)  a/Sy  is  similar  to  BCA,  (2)  O  is  one  of  the  Brocard 
Points  of  a)8y.  (3)  The  Brocard  angle  of  a)8y  is  equal  to  that  of 
BOA,  (4)  The  angles  BHa,  CQp,  AQya.re  equal  (being  the  angles 
by  which  the  figure  BCA  would  have  to  rotate  round  Q  in  order 
to  take  up  the  position  of  the  similar  figure  a)Sy). 

45.  The  cosine-centre  is  a  Brocard  Point  of  each  of  the 
triangles,  similar  to  the  primitive  triangle,  in  which  the  Lemoine 
Circle  cuts  the  sides : — the  other  Brocard  Points  of  these 
triangles  being  the  Brocard  Points  of  the  primitive  triangle. 

46.  If  X,  Y  are  the  feet  of  the  perpendiculars  from  0  on 
AB,  AC;  then  XY  is  perpendicular  to  the  antiparallel  of  -40 
with  respect  to  BAC, 

47.  The  centre  of  the  circle  which  passes  through  the  feet  of 
the  perpendiculars  from  the  Brocard  Points  on  the  sides  is  the 
point  of  intersection  of  the  line  joining  the  Brocard  Points  with 
the  line  joining  the  circumcentre  and  cosine-centre. 

48.  The  Brocard  Circle  passes  through  the  middle  points  of 
the  three  chords  of  the  circumcircle  which  join  the  cosine-centre 
to  the  vertices. 

*  Thus:  take  a  anywhere  in  BCt  and  let  the  circles  QBa,  UCa  cut  AB, 
AC  respectively  in  7,  j8. 


CHAPTER  X. 

TRIGONOMETRICAL  FORMULA  FOR  CIRCLES  AND 

RECTILINEAL  FIGURES. 

§  1.     CiRCLBS  Aim  Triangles. 

207.  Expressions  for  the  area  {S)  of  a  triangle. 

By  Art.  117  the  area  of  a  triangle  =  Aa^  the  product  of  two 
sides  cmd  the  sine  of  the  non-ohtuse  angle  included  by  them. 

Now  since  the  sine  of  an  angle  is  equal  to  the  sine  of  its  sup- 
plement (Art.  137),  the  sine  of  the  internal  angle  may  be  always 
used  in  this  expression. 

Thus :  given  two  sides  (a,  b)  and  the  included  angle  (0), 

xS'Earea  of  triangle  =  Ja6 sin (7 (1). 

__  csin-4        -  -      csin^ 

Now  a  =  — — TT  and  6  =  — = — 7=-  , 

sm  C  sin  C/ 

.*.  substituting  in  (1), 

cr_  £4,'       1       (r*sinilsini5 

S^  area  of  tnangle  =  — ^r—, — 7= — (2). 

^  2  sin  (7  .       ^ 

This  form  gives  the  area  in  terms  of  the  angles  and  one  side. 

Again,  by  Arts.  150,  152,  (1)  becomes 

S  =  area  of  triangle  =  J{s  (s  -  a)  (s  -  b)  (s  -  c)} (3). 

This  form  gives  the  area  in  terms  of  three  sides. 

208.  Expressions  for  the  radius  (r)  of  the  inscribed  circle. 
Bisect  the  angles  at  B  and  C  by  BI  and  CI, 

Draw  perpendiculars  /X,  /Z,  IZ  on  the  sides. 

Then  IX=IY=^ IZ=^r.     Now 

area  of  a  BIC  =  \BC , IX=\a  .r^ 
area  of  a  CIA  =  \CA  .  IY=  J5 .  r, 
area  of  a  AIB  =  \AB .  IZ=  \c  .  r, 
.*.  (adding)     area  of  a  ABC  —  \{a'\-b-\-c)r=s,ry 
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B  X  C 

.•.r  =  - (1). 

Now  AY=AZ\  BZ=BX\  CX=GT. 

:,  ^F  +  ^X+CZ  =  i(a  +  6  +  c)  =  «. 
/.  AY  or  AZ^s-a,  BZor£X  =  8"b;  CXotG7=8-c. 
,\  r  =  /r=^Ftan/iir=(5-a)tan^i4 (2). 

Or  again : 

sm  BIG 

__asin^jBsin^C  _asin^^sin^  (7  .^v 

"    sin^(jB  +  (7)     "         ^c^sjA        ^  ^' 

209.     Expressions /or  the  radius  (rj)  of  the  escribed  circle. 
Bisect  the  exterior  angles  at  B  and  G  by  Bin  GIi, 
Draw  the  perpendiculars  /i-^i,  IiTi,  IiZ^  on  the  sides. 

Then  I^X^  =  IiYi  =  /i^i  =  n-     Then 

area  of  a  BIiG  =  ^BG .  IiXi  =  ^a .  ri , 

area  of  a  GIiA  =  ^ C-4  .  /j Fi  =  ^5  .  rj, 

area  of  a  AIiB  =  ^-4 jB .  IiZi  =  ^cri, 

:.  (subtracting  BI^G  from  GIiA  +  ^l/i^B), 

area  of  Ai4-BC  =  ^(6 +  c-a)ri  =  («-a)ri, 

/.  n  =  -^ (1). 

s-a 
Now  ilFi  =  il^i ;  BZ^  =  BX^ ;  C-Ti  =  CF^. 

.-.  ^^i  =  ^jB  +  5Zi  and  AY^  =  AG-^GX^. 
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/.  ilZi  or  AZ^  =  \{a  +  h-\-c)  =  8, 

and  BX^  or  BZ^^s-Cy  GX^  or  CY^^s-h, 

.',  ri  »= -4  Zi  tan /jil  Ti  =  « tan  J  A 

=  BXi  cot  BIiXi  =  (8-c)  cot  ^  i5. 

Or  again : 

BC  sin  BGI^ 


_acos  JCcos^^_  acos^^cos^C 
""    sin  ^{^  +  (7)    ~         cosJ-4 


.  cos  BIiXi 


(2) 


(3). 
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210.     Expressions  for  the  Radius  {R)  of  the  circumscribing 
circle. 


Through  B  draw  the  diameter  BA'  of  the  circumscribing  circle. 
Join  A'C. 

Then  the  angle  BCA'  in  a  semicircle  is  a  right-angle.  And 
the  angle  BA'C,  which  is  in  the  same  or  the  opposite  segment  to 
BAC  is  either  equal  or  supplementary  to  A, 

.*.  sin  BA'G  =  sin  A. 


Now 


sin  BA'G  =  I?, , 


a 


2R  = 


BA' 
a 


BmA  =  ^. 


■(!)• 


sin  A      sin  B     sin  0 

.*.   d,  which  was  used  in  Art.  145  for  the  value  of  each  of 
these  fractions,  is  the  diameter  of  the  circumscribing  circle. 

ahc 


Now 


.     ,     2S 

sm  A  =  ^r-  9 
be 


B  = 


4^" 


(2). 


The  formulae  (1)  may  be  also  derived  by  using  the  figure  of 
the  circumscribing  circle  in  the  last  chapter. 

CoR.  The  distances  of  S  from  the  sides  of  ABC  are  E  cos  A, 
McoaB,  McoaC.  If  A  is  obtuse,  cos  A  is  negative,  and  the 
arithmetic  value  of  the  distance  of  S  from  BC  is  —  i^cos-i, 
S  being  on  the  side  of  BC  remote  from  A, 

It  will  be  found  convenient  to  express  distances  in  terms  of 
M  and  ratios  of  the  angles. 
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211.  To  express  r  and  rj  in  terms  of  £. 

aainiBsmiC       2a       .    ,  .    .    ,  »  .    i  ^v 

r  = ^  A     —  =  - — 7  .  sin  i^  sin  *  -5  sm  it/ 

coa^A  smA         ^  ^  ^ 

=  4:E  sin  ^A  sin  ^Bem^Oy 

acoaiBcosiC        2a     .    ,  .        ,  ^       ,^ 

r  = ^  A     —  =  -: — I  sin  \A  cos  \B cos  *C7 

^  cos^^  sin -4        2  ^  ^ 

=  4/?  sin  J-4  cos  \B  cos  J (7. 

212.  The  distances  of  the  orthocentre  from  the  sides  and 
vertices  of  the  triangle. 

See  fig.,  Art.  191. 

A0  =  AMaec  0AM  =  AB  cos  A  cosec  0 = — — tv  cos  A  =  2R  cos  ^. 

sin  6 

If  ^  is  obtuse,  -40  is  arithmetically  —2B  cos  A,  a  being  on 
the  side  of  A  remote  from  BO.  '    - 

OL  =  BL  tan  Z50  =  ^i^  cos  ^  cot  C  =  2R  cos  ^  cos  C.     If  B  or 
(7  is  obtuse,  OL  is  arithmetically  —  2R  cos  J5  cos  C. 

Cob.     The  distances  of  O  from  the  sides  are  inversely  as  those 

of  A^. 

« 

213.  The  distances  of  the  centre  of  gravity  ^om  the  sides  and 
vertices  of  the  triangle. 

See  fig..  Art.  192. 

Since  GD  =  \ADy  ,\  the  distance  of  Gfrom  BG 

=  ^AL  =  ^h sin (7=  %.-  =  ^R sin jB sin  G (1). 

Of 

« 

Also,  producing  AD  to  il',  so  that  A'D^AD,  ABA'G  is  a 
parallelogram,  and  the  angle  ABA'  is  the  supplement  of  A  \ 

:,  4i2>2  =  ^^'2^6«  +  c^  +  26ccos.l (2), 

=  2ft»+2c2-a^ (3). 

/.  6?^  =  I  ^2>  =  J V(26«  +  2c*  -  a«) (4). 

Cob.     The  distances  of  G  from  the  sides  are  inversely  as  the 
sides. 
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214.  Eocpressiona  for  the  radius  (p)  of  tJie  Cosine-Circle ; /or 
the  distances  of  its  centre  from  the  sides,  and  for  its  intercepts  on  the 
sides. 

See  ^g.,  Art.  193. 

Draw  KX,  KY,  KZ  perpendiculars  on  the  sides. 

Then  '/  the  antiparallels  through  if,  which  are  diameters  of 
the  cosine-circle,  cut  BC  at  an  inclination  A, 

.'.  the  intercepts  on  the  sides  are,  respectively, 

2p  cos  il,  2p  cos  By  2p  cos  C, 

and  are  .'.  proportional  to  the  cosines  of  the  angles. 

[Hence  the  name  of  the  circle.] 

And  the  perpendiculars  on  the  sides  are,  respectively, 

p  sin  A,  p  sin  B,  p  sin  (7, 
.-.  KX  :  XY  :  XZ=smA  :  sinJ5  :  sinC 

=  a  :  b  :  c ....(1). 

If  now  jc,  y,  «  be  the  perpendiculars  on  the  sides  from  any 
point  within  the  triangle,  it  follows,  as  in  Art.  208,  that 

aia-hyb  +  zc=2  .  (area  of  triangle)  =  2aS'. 

.   XXXYXZ          2S 
"    a   "    b    ~    c    ~a^  +  b^  +  (^  (^^ 

This  gives  the  distances  of  X  from  the  sides. 

••^"sin.l~sin.l'a2  +  6Vc2"a«  +  6«  +  c2 ^^ 

a^  +  ft^  +  c^ W- 

__          a^-i-b^  +  c^     2bc  cos  A  +  2ca  cos  B  +  2ab  cos  C 
^°^     —TS-= 45 ■ 

=  cot  A  +  cot  B  -I-  cot  (7. 
.'.  yt=  KY~  K7'^~  =cot  il  +  cot  5  +  cotC (5). 
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215.     To  find  trigonometrically  the  IBrocsLrd  properties. 


Let  CO,  AQ,  BQ  subtend  equal  angles  a}  a,t  A,  B,  G  respec- 
tively. Then  clearly  the  angles  AQB,  BQC,  CQA  must  be  the 
supplements  oi  A,  B,  C. 

AQ  c  ,        Aa  b 


Thus 


and 


sin  0)     sin  A  '        sin  (G  —  o))     sin  G ' 

sin  (C  —  0))  _  c     sin  C  _      sin*  G      _  sin  G  sin  (-4  +  B) 
sin  0)  b  '  sin  A      sin  A  sin  B  sin  ii  sin  B      ' 

.*.  cot  a)  =  cotil  +cot  ^  +  cot  (7 (1). 

If  again  BQ',  GQ',  A€l'  subtend  equal  angles  w  at  -4,  B^  G 
respectively,  the  same  equation  (1)  wUl  give  w. 

.*.   O)  —  0)' (2). 

If  Q,X,  or,  O^  be  perpendiculars  on  the  sides,  since  circles 
go  round  A  YZQ,,  BZXQ.,  GXYQ,  it  follows  that  X7Z  is  similar 
to  GABy  and  has  O  and  co  for  Brocard  point  and  Brocard  angle 
respectively.  And  since  QX  :  QG  =  sin  w,  /.  sin  cu  is  the  ratio 
of  similitude  of  X7Z  to  GAB. 

■^T  ^  -o-     ^  ^    .  ^  sin*  0) 

Now  liX=  OC/  sin  0)  =  — ; — 7=- . 

sin  G 

If  O'Z'  be  perpendicular  to  BG,  QX'  =  t^^ , 

.-.  QX .  O'Z'  =  QT.Qfr  =  QZ.  Q'Z  =  422*  sin*  o). 
/.  (iO'0)*=  (radius  of  circle  XX  YT  ZZJ  -  4i2*  sin*  « 

=  72*  sin*  (0  (1  -  4  sin*  w)  =  i2*  sin*  cd  (cos*  cd  —  3  sin*  w), 
/.  0'0  =  i2sin2a)  7(1-3  tan*  cu) (3). 
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216.  Since  BQ!  and  CO  are  inclined  to  BC  at  equal  angles 
<u,  therefore  if  their  point  of  intersection  D'  is  joined  to  D 
(the  middle  point  of  BC\  we  have 

Ja  _    \h        ^ ^ 

Diy~  EE~  FF~        ^' 

Comparing  this  with  Art.  215  (1),  and  Ait.  214  (5),  we  have 

KX  =  DD\  KY  =  EE',  KZ  =  FF\ 

and  KX     KY     KZ      o     ^ 

\a       \b       \c       K 

Thus  p  =  7?  tan  o). 

CoR.    (Lemoine-Radius)^= (^  circumradius)^ + (^  cosine-radius)^ 

.'.  Lemoine-Radius  =  \R  sec  (o. 

.*.  the  sides  of  A^B^P^  and  of  A^jO^  (where  the  Lemoine 
circle  cuts  ABC)  are  to  those  of  ABC  in  the  ratio  ^  sec  w  to  1. 

217.  The  distance  between  the  Circumcentre  and  Incentre, 

By  Prop.  IX.  in  the  last  chapter,  the  rectangle  of  the 
segments  of  a/ny  chord  of  the  circumcvrcle  d/ravm  through  the 
incentre  =  2/?r. 

Draw   through  /  the  diameter  DSIE  of  the   circumcircle. 

Then  DI,IE  +  SP  =  DS', 

SP  =  DS''-DI.IE  =  R'''2Rr. 

Similarly  SI^  ^JB^  +  2Rr^. 

218.  The  distance  between  the  Cireumcentre  and  Orthocentre. 

SO^  =  SA^  +  OA^  -  2^ii .  OA  cos  SAO, 

=  1^  +  4:1^  cos^A- 4:E^ COS  A  cos  {0 -  B) 
=  i?»  -  4i?^  cos  il  {cos  (C  +  ^)  +  cos  {0  -  B)} 
=  -ff*  (1  —  8  cos  A  cos  B  cos  C). 

Cob.     Since  the  Nine-Points  Centre  T  bisects  SO, 
.-.  ST^^r'il-ScosA  cos  5  cos  (7), 
where  t  =  nine-points  radius  =  ^E, 
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219.     The  distance  between  the  nine-pomts  centre  and  incentre. 

Drop  perpendiculars  from  T  on   BC,  and  from  /  on  this 
perpendicular.     Let  AI  cut  the  circumcircle  in  U, 


Then,  by  Prop.  IX.  of  last  Chapter,  UI.IA  =  2Rr  =  ^rr ; 

and  by  Prop.  XI,  Cor.  II,   i  DPL  =  2 .  z  UIX  =  2$  say. 

.-.  TP  =  (t  cos  20  -  rf  +  (t  sin  26  -  DXy 

=  T2  +  r2-2Tr  cos  2d-2>Z(2T  sin  2tf-Z)Z) 
=  T8  +  r»-2Trcos2d-2>X.XZ 
=:T«  +  r2«2Trcos2tf-?7/./-4  sin^^ 
=  T«  +  r»-2Tr; 

.-.  Tl^r^r. 


J 
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Cob.    1.     This  is  another  proof  that   the  nine-points  circle 
touches  the  incircle. 

Cor.  2.     If  we  write  /j  for  /,  r^  for  r,  and  +  for  —  in  the 
above  we  have  the  similar  proposition  for  the  escribed  circle. 

220.     The  di^kmce  between  the  CvrcuflncerUre  and  the  Cosine- 
centre. 


Join  AK,     Through  K  draw   fiy  antiparallel  to  BC.     Join 
SA  cutting  Py  at  right-angles  in  X. 

Then  the  triangle  Afiy  is  similar  to  ABC ;  so  that 
AL~  AD"  BC^  a  ' 


Thus 


SE^  =  SA^  +  XA^-2SA.\A 

=^B^  +  ^.AD^^2E.^.LA 


a' 


a 


=  i22 ^  ^(262  +  2c»-a2-  2a2-  26»-  2c2), 


a 


[for  iAD^  =  2ft»  +  2c»  -  a«, 
a.LA=2S, 

.-.  aS'Z' =  i?»  _  3p2  =  ^  ^1  _  3  tan^  (o). 


J.  T. 


11 


]62 


TRIGONOMETRICAL   FORMUUE. 


Cor.  1.     Square  on  diameter  of  Brocard  Circle  =  R^  -  3p'. 

Cor.  2.     Since  QK  and  0!K  subtend  angles  equal  to  (o  in  the 
Brocard  Circle, 

.-.  ilK  =  il'K  =  SK  sin  0)  =  iR  sin  w  ^(1  -  3  tan»  w), 
and  as  =  Q'S  =  SK  cos  to  =  R  ^(cos»  w  -  3  sin*  co), 
and  OO'  =  SK  sin  2o)  =  JK  sin  2a)  ^(1  -  3  tan''  o)). 

This  last  result  was  reached  in  Art.  215. 


§  2.     Areas  of  Quadrilaterals. 


221.     Area  of  a  pa/ralUlogrcmi, 

Let   ABGD  be   a    parallelogram. 
Draw  AF^  BE  perpendicular  to  CD. 

Then  ABCD  =  ABEF  ^AB.BE 
^AB.BG  sin  BGE,  .'.  the  pa/rdtlelo- 
gra/m  is  measured  by  the  product  of 
tvDO  adjacent  aides  amd  the  sine  of  their 
inclination. 


222.     Area  of  a  trapezium,  (i.e.  a  quadrilateral  with  one  pair 
of  opposite  sides  parallel). 

Let  ABGD  be  a  quadrilateral  in  which  AB^  CD  are  parallel. 
Then 

ABOD=  aABD-^  a  BCD 

=  ^  {AB  +  DC)  (perpendicular 
distance  between  AB  and  C2>), 
=  ^  (sum  of  parallel  sides)  x  al- 
titude.' 

This  may  be  written 
I  (AB  +  CD)  AD  sin  ADC  or  i  (AB  +  CD)  BC  sin  BCD. 
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223.     Area  of  a  quadrila/tercd  inscribable  in  a  circle. 


Let  ABGD  be  a  quadrilatera] 
inscribable  in  a  circle;  so  that  ihe 
c/ngles  at  A  amd  C  a/re  sv/pplementa/ry, 

/.  sin  A  =  sin  C 

and  cos  A  =  —  cos  0, 

Let    AB  =  a\     BC  =  h;    GD  =  c; 

DA  =  d ;  and  a  +  6  +  c  +  6?=2«.  A 

Then  ABCD  =  £^ABD  +  £^BCD 

=^^AB.AD^]iiA+^BG,CDB.mG 

=  ^  {ad  +  he)  sin  ii 


(1). 


ITowfrom  aABD,  Biy^  =  a''  +  (P^2ad  cos  A, 

Andfrom  aBCD,  BD^  =  b^ -h  c^  +  2bc  co&  A  ; 

:.  b^  +  c^  +  2bc  cos  A  =  a^  +  <P-2ad  cos  A^ 
le.  2{ad-hbc)  cos  A  =  a^ -\- (P - b^ - c^, 

And  2  (<w/  +  6c)  1  =  2ae;?  +  26c. 

J,  adding  and  subtracting 

2  (ae^  +  6c)  (1 +cosil)  =  (a  +  c;)2-(6 -c)^ 
2  (ew^+ 6c)  (1  -  cos  J)  =  (6  +  c)^  -  (a  -  c/)^ 

^\  multiplying 

4  (<w?+6c)^  sin*  il 

=  (a  +  dJ  +  6  -  c)  (a  +  6?  -  6  +  c)  (6  +  c  +  a  -  6?)  (6  +  c  ~  a  +  c?), 

.'.  dividing  by  16  and  taking  the  square  root 

Quadrilateral  il^(7Z)  =  V{(«-«)(«-^)(«-c)(«-(Z)} (2). 


11—2 
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224.     The  a/rea  of  amy  qtwdrUateral  (in  terms  of  its  sides  and 
diagonals). 


Let  C  =  areaof  il^C2>. 

AB  =  a,BC  =  h,  GD^c,  DA  =  d,AG  =  e,  BD  =/ 

Let  AG,  BD  cut  in  0.     Then 

Q  =  AOB-^BOG  +  GOD^DOA 
=  ^(AO.OB  sin  AOB  +  BO .  OG  sin  BOG 

^GO.OD  sin  GOD  ^DO.OA  sin  DO  A) 
=  i  AG .  BD  sm  AOB  =  ^  e/sin  AOB  (1). 

Now  a'  =  A0^'¥Ba'-2A0.  BO  cos  A  OB, 

l^^B€^-¥  GO^  -  2B0 .  GO  cos  BOG, 
c'^GO'  +  DO^-  2G0 .  DO  cos  GOD, 
d^^DO'  +  AO^-  2D0 .  AO  cos DOA, 

:.  b^^a^  +  d^-<^  =  2{A0.0B  +  B0.0G 

•^GO.OD-hDO.  OA)  cos  AOB 
=  2efcoaA0B. 
.-.  2e/{l  +  cos  AOB)  =^2e/+Iy'-^(P^  a" -c', 
2e/(l  -  cos  AOB)  =  2§/*+  a^  +  c^  -  6»  -  c^^, 
/.  16e2  =  (2i2/-+62  +  c^-aa-c»)(26/+a2  +  c2-6«-e^^)...(2). 

Cor.  1.     Since  in  a  circle  ef=ac'¥hd,  (Euc.  VI.  D)  therefore 
his  equation  reduces  to  the  formula  (2)  of  the  preceding  article. 

Cor.  2.     If  a  circle  is  inscribable  in  the  Quadrilateral, 

a  +  c  =  6  4-  rf, 
•'•  Q  =  \  \/{^+  ^  -  ac)  {ef-  hd  +  ac)Y 
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225.     The  area  of  any  qiMtdrilateral :  (in  terms  of  its  sides 
and  the  sum  of  its  opposite  angles.) 


Let  il  +(7=2d,  so  that  ^  +  i>  =  2(ir- tf).     Then 

Q  =  A  ABD  +  A  BCD  =  \ad^mA  +  ^hc  sin  C. (1). 

Now      jB2>»=a*  +  (i'-2arfcos.l  =  6*  +  c*-26ccos(7. 
/.  a*-6^  +  c^-c2  =  2a(icoSil-26ccos(7. 
S,  (a^^b^+cP-  c'Y  =  4a^cP  cos*  A  -  Sabcd  cos  il  cos  C  +  46V  cos'  (7, 
and  16^2  =  4M^d^^n^A^ Sabcdsia il  sin  C  +  46Vsin»  (7. 

.-.  16^2  +  («» _  62  +  eP  -  c^'»  =  ici'cf  -  Saftct^  cos  (il  +  C)  +  46V. 

/.  ieQ^=4.{ad'^hcy-{a^-Iy''^(P'-c»f--l6abcdco8^e 

=  (2ac?+26c  +  a*-62  +  cP-c')(2flk3?+26c-a'  +  6*-<^2  +  c») 

-16a6cc?co8*d. 

/.  ©2  =  («-»)(« -6) («-c)(«-c?)-a6cc?cos»tf (2). 

Cob.  1.     If  Q  is  inscribable  in  a  circle,  20  =  ir,  6  =  ^ir  and 
<50s  e  =  0.     Hence  ©  =  ^{(«  -«)(«-  6)  («  -  c)  («  -  c?)}. 

Cob.  2.     If  a  circle  is  inscribable  in  Q, 

«  —  a  =  c,  s  —  b  =  df  «  —  c  =  a,  8-^  d»b. 
/.  Q=  J(abcd).«m6. 

CoEL  3.     A  quadrilateral  of  given  sides  has  its  maximum  area 
^^hen  it  is  inscribable  in  a  circle. 


1 
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TRIGONOMETRICAL  FOBMULiB. 


§  3.     Heoular  Polygons. 
226.     FornmUjefor  amy  polygon  circumscribing  a  circle. 


Let  il^  be  a  side  of  a  polygon  circumscribing  a  circle  whose 
centre  is  0. 

Let  8=^ sum  of  sides  of  polygon. 

r  =  radius  of  inscribed  circle. 
S  =  area  of  polygon. 

Draw  OX  =  r  perpendicular  to  AB, 

Then  aAOB^^OX.AB. 

.'.  area  of  polygon  =  J  (radius  x  perimeter) 

S 


le.S  =  8.r  and  r  =  - 

8 


Also 


2  sin  J  (-4  +  if) 


.(1). 

.(2). 


Thus  the  radius  is  determined  by  one  side  cmd  the  adjacent 
angles. 

227.     The  perimeter  amd  a/rea  of  a  regula/r  polygon  in  terms  of 
the  radms  of  the  inscribed  cvrcle. 

Take  the  figure  of  last  article. 


REGULAR  POLYGONS. 


167 


Then  the  polygon  being  regular,  and  containing  n  sides,  (say) 
n  L  AOB  =  4  right-angles,   /.   L  AOB  =  ^irjn. 


,\  «  =  J  w .  AB  =  n .  AX=  nr  tan 


IT 


n 


S=r .  «  =  wr"tan-. 

n 


(1). 

(2). 


228.     The  perimeter  avd  a/rea  of  a  regula/r  polygon  in  terms  of 
the  rctdius  of  the  circumscribing  circle. 


Let  AB  he  a,  side  of  a  regular  polygon  of  n  sides.  Let  the 
centre  of  the  circumscribing  circle  be  0.  Draw  OX  perpendicu- 
lar to  AB, 


Then,  as  in  last  article,  j:  AOB  »  2ir/n. 
.'.  8  —  ^n.AB  =  n,AX=nEan 


(!)• 


S=n,  AAOB=:n.AX,  OX^nB^sin-  cos- (2). 

n       n         ^  ' 
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Examples  X. 

[The  following  notation  is  employed: — ^area  of  ABO=A;  inradius 
=r;  circuinradius=i2 ;  cosine-radius =p  ;  eradii=ri,  rg,  rg;  ex-cosine 
radii =pi,  p2iPs'y  lialf-sum  of  sides =«;  and  points  are  lettered  as  in  the 
last  chapter.] 

Prove  the  following  statements. 

1 .  As  =  ahc  cos  ^-4  cos  ^B  cos  J C. 

2.  A  (5  -  a)  =  (ibc  cos  J -4  sin  ^B  sin  |C. 

3.  A  (a  +  6)  =  ahc  cos  J C  cos  ^{A  —  B). 

4.  A  (a  — 6)  =  a^sin^Csin  J(il  — ^). 

5.  4A  =  a^  sin  2^  +  6*  sin  2il. 

6.  2Asin {A ~^)  =  (««-. 6«) sin ii  sin5. 

7.  16A2=  (a^  +  6^ ^. ^2)2_  2  (a*  +  6*  +  c*). 

8.  oftc  =  4iRA  =  4^7?  =  p  (a^  +  fea  +  c2). 

9.  ^-Rr  (sin  il  +  sin  ^  +  sin  C). 

10.  r2  =  AtanJiitan^^tanJ(7. 

11.  s  =  4jR  cos  \A  cos  J^  cos  J G, 

12.  a6c r  =  4/2 («-a)  (5-6)  («-c). 

13.  2r  +  2jR  =  a  cot  ii  +  6  cot  -ff  +  c  cot  C 

14.  4^  sin  i4  sin  ^  sin  C  =  a  cos  -4  +  6  cos  -5  +  c  cos  (7. 

15.  A=  2i?^ sin  A  sin5 sin  C. 

16.  2A  =  p  (a  sin  i4  +  6  sin  ^  +  c  sin  C). 

^       p  sin  i4  sin  ^  sin  (7         . 

17.  "5=^; 5 5 7^  =  tano). 

it      1  +  cos  -4  cos  B  cos  (7 

18.  cot  CI)  =  cosec  -4  cosec  B  cosec  C  +  cot  A  cot  jB  cot  C, 

1 9.  cosec*  0)  =  cosec'  A  +  cosec*  B  4-  cosec*  (7. 

oA      1      2     2      2       A        ^ 

20.  -  +  -+7-+-  = 


p      a     6      c     ^r*     i?A  * 


^-114.. 
21.     —+^=  — +-«+-« 
P 


^     B^     a^     b^^<^' 


EXAMPLES  X.  169 

23.      «+A+-i  =  i. 
oc     ca     oo      p 

26.  -  +  —+-  =  -, 

n        »'2        ^8        ^ 

27.  ri  +  ra  +  r,  -  r  =  4i?. 

28.  £  +  ^  +  !l=i-i. 
oc     ca     oo     r      2E 

29.  ^  =  tan2^. 
Vs  2 

oi       1       1       1      1 

31.  -  +  -+_=-. 

Pi      Pa      P8      P 

32.  -L.-L.J_      1. 

PaPs      PaPi      PiPa      -«^ 

33.  Pj^  +  psPi  +  Pipa 

=  3iS|2  +  i2»  (cos*  ^  +  cos*  jB  +  cos*  C)  sec  ^1  sec  -ff  sec  C. 

«.        1         1         1        1      bc-^ca  +  ah 

34.  —  +  —  +  —  +3  = — . 

35.  4r  (ri  +  ra  +  rj)  =  2ftc  +  2ca  +  2a6  -  a*  -  6*  -  c*. 

37.  J{art^)^J{hr,)^J{cr,)-J{ahclT) 

=  8  ^  (/?«)  sin (45'*  -  J^ ) sin  (45**  ^{B)  sin  (45**  -  JC). 

38.  2rp  (ri  +  rg  +  r,)  =  2/w*  —  dbc, 

39.  A.(i-l)(l     l)(i     1) 

VPa      P»/  \P»      Pi/  \Pi      Pi/ 
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40.  Vi  cot  ^A  =  rj cot  J^  =  rj cot  J(7  =  r  cot  ^A  cot  J5 cot  J(7- 

41.  /3i  cot -4  = /jj  cot  ^  =  pj  cot  C7  =  p  cot  CI). 

42.  p2  +  p2  =  i^  sec  -5  sec  C, 

43.  ra4-r8  =  acot  Jii. 


44. 


^■'^■'^»=l-2i?p/A- 


.^r  2cos^  2cos^  2  cos  (7 

45.     -  = 


p     cot  J^  +  cot  i  (7     cot  JC  +  cot  ^A     cot  Jil  +  cot  ^B 
_  asm  A  +  b  an  B  ■\-  c  sin  C 
a  +  6  +  c 

R 

46.  In  no  triangle  is  r  greater  than  -5- ,  nor  p  greater  than 

B 

47.  Given  the  inradius  r,  the  circumradius  -ft,  and  the  area 
A  of  a  triangle,  show  that  its  sides  are  the  roots  of  the  equation 

48.  Given  the  half-sum  of  sides  «,  the  half-sum  of  squares  on 
sides  o^,  and  the  area  A  of  a  triangle,  show  that  the  radii  of  its 
escribed  circles  are  the  roots  of  the  equation 

{»»/«  +  a»  =  a^  («» -  o^)/A -I- A. 

49.  If  the  sides  of  a  triangle  are  the  roots  of  the  equation 
as*  +  /W5  =  qa^  -*- 1?,  its  cosine-radius  is  t7/(g*  -  2p)  and  the  rectangle 
contained  by  its  inradius  and  circumradius  is  vl2q, 

50.  If  the  squares  on  the  sides  of  a  triangle  are  the  roots  of 
the  equation  a^-^px  =  qa^  +  f^,  its  cosine-radius  is  v/q  and  its  cir- 

cumradius  is  —tj-. ^ . 

51.  In  an  equilateral  triangle,  the  incircle  coincides  with  the 
nine-points  circle,  the  cosine-circle  with  the  Lemoine  circle,  and 
the  centres  of  the  escribed  circles  with  those  of  the  ex-cosine 

circles.     Alsoi2  =  -^,  p  =  g,  ^=2^'^^"   2   ^'  ^^^'  <«)=30^ 
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52.  In  a  right-angled  triangle,  the  diameter  of  the  circum- 
circle  is  the  hypothenuse  and  that  of  the  cosine-circle  is  the  per- 
pendicular from  the  right-angle  upon  the  hypothenuse.  Also,  if 
G  is  the  right-angle, 

2r-f  2^  =  2rj-2^  =  a  +  6, 

rj  +  rj  =  7*3  —  r  =  c, 

Pifh  =  ^9         Pa  =  00  , 

2  tan  0)  =  sin  2A, 

53.  In  the  ambiguous  case,  given  6,  c,  B;  show  that  the  cir- 
cumradii  of  the  two  triangles  are  equal;  the  ratio  of  their  areas- 
is  1  :  m  where 

4c2m  cos^  ^  =  (c»  -  6')  (1  +  w)^ 

and  the  distance  between  their  orthocentres  is 

2J{h^cot^B''<^co8^B). 

cos  A     cos  B     cos  C  _l 

..        1         1        J_^l 
^^'     AL'^BM'^CN't' 

^^     MN^     NV     Lm    ^MN.NL.LM    , 
^^-     -^^-6^  ^^-^2 Wc =  ^- 

57.  a:lA^->^h.IB^-\'C.I(P=^  abc, 

58.  //i  :  //a  :  //s  =  sinjii  :  sinj^  :  sinJC. 

59.  II^.II^.II^=l^B^r. 

60.  If  AI,  BI,  CI  cut  the  sides  in  ZTj,  H^,  H^, 

cos^il      cosj-ff     cos|C_l      1      1 

61.  ;S'0«=i(5  +  9cot«^)a2-(6»-hc2). 

62.  //i»  +  V,»  =  //a>  -H  /a/i»  =  //,» -H  /i/^'. 

63.  AX^  =  {8-ay  +  ^hc, 

64.  lA.IB.  IC^ahc  tan  J^  tan  J^tan  JC. 
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65.  lO^  =  2r*  -  4i2*  cos  A  cos  B  cos  C',  hence,  from  the  known 
values  of  SO^  and  Sl\  find  IT. 

66.  Of  the  triangle  LMNy  the  side  opposite  A  is  acosui,  the 
half  sum  of  sides  is  2R  sin  A  sin  B  sin  (7,  the  area  is  2d  cos  il  cos  B 
•cos  (7,  the  inradius  is  %R  cos  ^1  cos  B  cos  (7,  the  eradius  is  2  J?  cos  il 
sin  B  sin  C 

67.  Of  the  triangle  IJiJ^^  the  angle  is  90*^  -  \Ay  the  side  is 
a  cosec  ^^1,  the  area  is  27^8,  the  circumradius  is  ^Ry  the  inradius  is 

^R  cos  ^il  cos  \B  cos  ^C 
cos  ^-4  +  cos \B  +  cos  JC7 ' 

68.  Of  the  triangle  XYZ^  the  side  is  2rcos^il,  the  area  is 
A  sin  ^  J.  sin  ^  ^  sin  ^  (7. 

69.  Of  the  triangle  KJ^^^,  the  angle  is  180<»-2ii,  the  side 
is  ^  a  sec  B  sec  (7,  the  half -sum  of  sides  is  R  tan  A  tan  ^  tan  (7,  the 
area  is  J  A  sec  A  sec  ^  sec  C,  the  circumradius  is  J  i?  sec  -4  sec  B 
sec  C. 

70.  If  Aly  BIy  CI  cut  the  opposite  sides  in  EJIfi^^ 
^H^H^H^  :  ^AB0  =  2abc  :  {b  +  c){c  +  a){a-h  b) 

HJI^  :  aS'/i  =  4Aii5(7  :  {c^a)(a^  b). 

71.  If  AE,  BE,  CE  cut  the  opposite  sides  in  2>',  .E^',  F\ 

(1)  AD'JS'r  :  AABC  =  2a'^6V  :  (6^  +  c')  (c^  +  a')  (a*  +  b% 

(2)  ^/>'  :  AD=^2bc  :  6»4-c^ 

(3)  ilZ  :  AD  =  2bc  :  a^  +  ft^  +  c^, 

42)  BE  CF       _2Jg 

W     ^Z)'sin^"^^J^'sin^"^(7i^'sin(7       p         ^^ 


o>. 


(5) 


ulZsinil     BE  sin  B     CEsmC     p     ^ 

=  ~  =  tan  0). 


2t2>      "BE  OF         R 

72.     If  -4,  -5,  (7  are  the  angles  of  any  triangle,  find  the  angles 
of  the  triangle  whose  sides  are  proportional  to 

(1)     cos  \Ay  cos \B,  cos  \0.       (2)     cos  ^A,  sin  J^,  sin  J(7. 
(3)     sin  2A,  sin  25,  sin  2(7. 
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73.  K  «',  /,  E  be  the  lengths  in  the  Pedal  Triangle  corre- 
sponding to  «,  r,  ^  in  the  primitive  triangle,  then 

74.  The  radius  of  that  Tucker's  circle  whose  centre  is  mid- 
way between  the  Brocard  points  is  R  sin  w. 

75.  If  the  sides  of  a  triangle  are  in  h.p.,  so  also  are  the  areas^ 
of  its  escribed  circles. 

76.  If  AL,  BM,  ON  meet  the  circumcircle  in  A\  B\  C  then 

cos  (B-C)^  cos  {C-A)_  cos  (A-B)  _  2ABC 
AA'       "        BB       "        GC        "    abc    ' 

77.  If  tangents  to  the  incircle  be  drawn  so  as  to  cut  off  from 
the  comers  triangles  similar  to  ABOy  the  circumradii  of  these 
triangles  are  inversely  as  the  eradii  of  ABC. 

78.  If  20  be  the  angle  at  which  the  circumcircle  cuts  the^ 
ecircle,  cos  0  =  ^    /  "^  • 

79.  The  area  of  the  triangle  formed  by  the  points  of  contact- 
of  either  of  the  four  circles  which  touch  the  three  sides  of  a 
triangle  is  to  the  area  of  the  given  triangle  as  the  circumradius 
of  the  former  is  to  the  circumdiameter  of  the  latter. 

80.  If  a,  6,  c  are  in  A. p.,  then  2r,  IB,  R  are  in  g.p. 

81.  li  SI  cuts  the  incircle  in  U  and  F,  then  the  product  of 
the  rectangles  of  the  segments  of  any  chords  of  the  circumcircle 
through  U  and  V=r^{r  +  4:R).     . 

82.  The  square  on  the  inradius  of  the  triangle  whose  sides^ 
are  6  +  c,  c  +  a,  a  +  6  is  equal  to  2Er, 

83.  The  perpendicular  from  G  on  BC  cuts  it  in  the  ratio 

3a2  +  c2_62  :  3a2  +  62-c^. 

84.  The  perpendicular  from  K  on  BG  cuts  it  in  the  ratio 
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85.     Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 
from  G  on  the  sides,  the  circumradius  is  f .  — j  and  the  area  is 

,  where  d^  e,  f  are  the  distances  of  the  vertices  from  the  mid- 


•die  points  of  the  opposite  sides,  and  2or^  =  o^  +  ft*  +  c^. 

86.     Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

def 
from  K  on  the  sides,  the  circumradius  is  f .  — ^  ,  and  the  area  is 

ir 


87.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

3A' 
from  Ky  on  the  sides  the  area  is  r-^ ^tt  :  and  the  intercepts  on 

the  sides  by  the  ex-cosine  circle  (centre  K^  are  to  one  another  as 
<jos  -4,  cos  -ff,  cos  C. 

88.  If  AS,  BSy  OS  cut  the  sides  in  Z',  M\  N\  then 

(1)     |§  =  l+cot^cot(7,       (2)    ^,  +  ^..^=1, 

(3)     ^LM'W  :  t^ABQ 

=  2  cos  -4  cos  BcosC   :  cos  (-4  -  B)  cos  {A  -  C)  cos  (B  -  (7). 

89.  Show  that 

(1)  J)E  passes  through  the  middle  point  k  oi  AL. 

(2)  EX  :  I)K=bc  cos  A  :  a\ 

(3)  SK  cuts  LA  in  the  ratio  cos  (180®-  2A)  :  1. 

(4)  SE  passes  through  the  orthocentre  of  LMN, 

(5)  If  0'  is  the  orthocentre  of  LMN,  SO'  :  SK=  A  :  Bp. 

90.  The  triangles  formed  by  the  feet  of  the  perpendiculars 
from  the  two  Brocard  points  are  each  similar  to  ABC,  their  sides 
being  reduced  in  the  ratio  of  the  sine  of  the  Brocard  angle. 

91.  The  tangents  from  A,  By  C  to  the  nine-points  circle  are 
as  ^(cot  A),  J{cot  B)y  J{cot  G) ;  and  those  to  the  cosine  circle  are 
a-s  cosec  A  J  {cot  A),  cosec  B  ^(cot  B),  cosec  C  ^(cot  C). 
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92.  If  AQ  cut  the  Brocard  Circle  in  E',  ACl .  AIT  =  ^ . 

a 

Hence  the  tangents  from  A,  B,  C  to  the  Brocard  circle  are  in- 
versely as  o,  by  c. 

93.  (I)  is  never  greater  than  30°. 

94.  The  circumradii  of  the  triangles  into  which  either  Bro- 
•card  point  divides  the  primitive  triangle  are  each  equal  to  a  half 
the  product  of  a  side  into  the  cosecant  of  an  adjacent  angle. 
Hence  the  product  of  the  three  circumradii  =  B?, 

95.  The  area  of  the  triangle  which  contains  the  angle  co  at 
the  vertex  ul  is  A  sin'  w  cosec*  A, 

96.  cot  ABK  +  cot  BCK  +  cot  CAK 

=  cot  AGK->r  cot  GBK  +  cot  BAK  =  3  cot  w. 

97.  AK  cuts  BC  in  the  ratio  c*  :  6*.     Hence 

(1)  The  Lemoine  Circle  cuts  BC  in  the  ratio  c'  :  a'  :  6^ 

(2)  The  intercepts  on  the  three  sides  by  the  Lemoine  Circle 
are  as  a*  :  5'  :  c*. 

[From  this  last  property  the  Lemoine  Circle  is  called  the 
Triplicate  Katio  circle.] 

98.  The  cosine-circle  cuts  BC  in  the  ratio  cot  B  :  cot  A  :  cot  C, 

99.  The  perimeter  and  area  of  the  hexagon  in  which  the 
cosine  circle  cuts  the  sides  are  4  (i?  +  r)  tan  oi,  and  2A  tan'  o) 
respectively. 

100.  If  )8y',  ya ,  a.p  be  the  antiparallels  to  the  sides  through  iT, 
the  square  on  the  cosine-diameter  =  Bol .  Co.  =  Cp! .  -4)8  =  A-^' .  .5y. 

101.  Of  the  Lemoine  Hexagon,  the  perimeter  is 

a»  +  y+c^  +  3a6c  .    A (a^ -h 6^ -hC*  +  a'6' +  6'c' +  c V) 

^7-527-^—;  the  area  IS  (a^  +  52  ^ ^8)2  \ 

the  sides  are  as 

sin  (-4  —  0))  :  sin  cd  :  sin  (B  -  co)  :  sin  co  :  sin  (C7  —  (o)  :  sin  co. 

102.  The  inradii  of  X^Y^Z^^  X^Y^^^  -^sl^s^s*  are  to  one 
another  inversely  as  1  —  tan  \A,  \-  tan  J^,  1  —  tan  JC 
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103.  Through  A,  £,  C  the  lines  A^B^  B^G^,  CiA^  are  drawn 
perpendicular  respectively  to  the  sides  AB,  BC,  GA  of  ABCi 
show  that  the  circumradius  of  AjB^Gi  is  to  that  of  ABG  as 

sin*  A  +  sin*  B  +  sin*  C  is  to  2  sin  A  sin  B  sin  (7. 

104.  If  the  -4-escribed  circle  is  equal  to  the  circumcircle, 
cos  A  =  cos  B  -f  cos  G. 

105.  As  any  point  P  moves  on  the  circumcircle,  the  quantity 
AF^ .  ^SG  +  BP^ .  AC>y^  +  (7P* .  AASB  remains  constant. 

106.  If  from  the  primitive  triangle  a  tangent  to  the  incircle 

parallel  to  BG  cut  off  a  new  triangle,,  and  from  the  triangle  so 

formed  another  triangle  is  similarly  cut  off,  show  that  the  aggre- 

As* 
gate  areas  of  all  the  triangles  is  —jj ;  . 

107.  If  IS  =  10,  one  of  the  angles  of  the  triangle  is  60**. 

108.  The  distance  between  two  points  is  a,  their  distances 
from  a  given  straight  line  are  b  and  c.  Of  all  the  triangles  that 
can  be  described  having  the  same  base  a  and  vertex  lying  in  the 
given  straight  line,  the  area  of  that  which  has  the  greatest  verti- 
cal angle  is  \a  J(J)c). 

109.  If  ^1  be  taken  on  AS,  so  that  SS^  is  cut  by  BG  in  the 
same  ratio  as  it  is  cut  at  A,  then 

(1)  AS^  =i?i  (say)  =  i?  tan^tan  C. 

(2)  SS-i^  =:RcosA  sec  B  sec  C. 

(3)  S<^s,  S3S1,  S1S2  pass  through  A,  B,  G  respectively. 

(4)  The  perpendiculars  from  Si  upon  the  sides  are  as  those 
from  S, 

(5)  The  intercepts  on  the  sides  by  the  circle  with  centre 
Si  and  radius  Bi  are  to  one  another  as  the  sides. 

(6)  The  tangents  to  this  circle  where  it  cuts  the  sides  are 
antiparallels  to  the  sides. 

Bi     B2     Bs     ^ 
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110.  If  X,  y, '«  are  the  perpendiculars  from  any  point  upon 
the  sides  of  ABC,  then 

(1)  If  the  point  is  fvithin  the  triangle, 

aai-\'hy-\'CZ=  2  A. 

(2)  If  the  point  is  within  the  space  formed  by  producing 
AB  and  AC, 

by  +  cz-ax^  2A. 

(3)  If  the  point  is  within  the  space  formed  by  producing 
BA  and  CA, 

ax-by  —  cz  =  2A. 

111.  Show  that  four  points  may  be  found  so  that  x  :  y  :  z 
is  in  any  given  ratio;  and  that  the  line  joining  any  two  out  of 
the  four  points  passes  through  a  vertex  of  the  triangle  and  is  cut 
at  the  vertex  in  the  same  ratio  as  by  the  opposite  side. 

112.  Ji  J,  Ji,  J2,  Jshe  the  four  points  in  the  last  example, 
viz.  such  that  AJJ^,  J^J^,  <&;c.,  are  straight  lines,  and  if  through 
J  Hues  BC'\  CA",  A'B"  be  drawn  parallel  to  BC,  CA,  AB  re- 
spectively and  cutting  the  sides  in  the  hexagon  A' B' C A" B' C" , 
then  A' A",  FB^',  C'C"  will  be  parallel  to  J^T^,  J^„  J^J^  respec- 
tively. 

113.  In  the  last  example,  show  that  four  circles  with  centres 
J,  Ji,  J 2,  J3  and  centres  of  similitude  A,  B,  C  may  be  described 
all  of  which  will  cut  the  sides  at  the  same  angles;  and  that  their 
radii  p,  /si,  p2,  p,  will  be  such  that 

1111 

P      Pi      P2      Ps 
[Particular  cases  of  propositions  111,  112,  113  are  given  by 
IIJJ^,  KK^K^K^,  and  SS^S^^.     (Ex.  109.)] 

1 14.  If  J  be  any  point,  ABC  any  triangle,  and  if  a .  AJ^  =  X, 
h .  BJ^=:  Y,c.CJ^  =  Z,  and  abc=  T,  then 

z^  +  r^+^^+r* 

=  2  cos  il  (  r^  +  TX)  +  2  cos  ^  {ZX  +  TF)  +  2  cos  a  {XY  +  TZ), 
Hence  find  the  radius  of  the  circle  circumscribing  ABC, 
•     J.  T.  12 
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115.  The  distance  from  A  of  the  point  at  which  the  sides  of 
ABC  subtend  angles  a,  )8,  y  is 

2A  sin  a  +  J  (a*^  -  ft*  -  c*)  cos  a 
^{sin  a  sin  )8  sin  y  (4A  -  a*  cot  a  -  ft*  cot  ^  -  c*  cot  y)} 

116.  If  a;,  y,  2  be  perpendiculars  from  any  point  upon  the 
sides  of  a  triangle,  (or'  +  y*  +  «*)  (a*  +  ft*  +  c*)  is  never  less  than  4A*, 
and  has  its  minimum  value  at  K, 

117.  If  through  any  point  P  within  a  triangle  -4P,  BP^  CP 
cut  the  sides  in  A\  B^  C\  then 

BC\CA\AE^GBf,BA\AG'. 

Also  if  BA'  :  CA' =  n  :  m  and  CB'  :  AB  =  1  :  n,  then 

AA'B'C  :  ^ABC  =  2lmn  :  (m -\- n)  {n  + 1)  {I  +  m). 

^     -     .  -^.  2Am7i  sin  a  ,  . 

And  AP^=-p: r-, .  -; — -pr—. — ,  where  a,  j8,  y  are  the 

(?  +  m  +  n)  «    sm  /j  sm  y  »  /-»    ^ 

angles  subtended  by  the  sides  at  P. 

118.  If  the  perimeter  of  the  triangle  formed  by  the  feet  of 
the  perpendiculars  from  any  point  P  on  the  sides  is  p^  then  the 
least  value  of  PA^  +  PB'  +  PC  is 


sin*  A  +  sin*  B  +  sin*  C ' 
and  for  this  least  value  PA   :  PB  :  PC  =a  :  b  :  c. 

119.  The  area  of  the  triangle  formed  by  the  feet  of  the  per- 
pendiculars from  any  point  P  within  ABC  is  less  than  ^  the  area 
of  ABC  by 

i  {AP^ .  sin  2i4  +  BP^  ,sm2B  +  CP^ .  sin  2(7). 

120.  Lines  BC,  C'A\  A!B  are  drawn  parallel  to  the  sides 
BC^  CAy  AB  at  distances  oj,  y,  z  respectively;  find  the  area  of 
A'BC, 

If  eight  triangles  be  so  formed  the  mean  of  their  perimeters 
is  equal  to  the  perimeter  of  ABCy  but  the  mean  of  their  areas 
exceeds  its  area  A  by 

a*a5*  +  ft*2/^  +  0*2* 
4A  • 
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[In  the  following  examples  (121 — 124),  ABCD  is  a  quadri- 
lateral inscribable  in  a  circle.] 

121.  If  BA,  CD  be  produced  to  meet  in  0,  and  H  AO-=x^ 
DO  —  y^  show  that  x  and  y  are  given  by  the  equations 

Hence  find  the  area  of  ABCD  from  the  formulae  giving  the 
areas  of  OAD  and  OBC 

122.  The  circumradius  of  ABCD  is 

1       /  ((ab-hcd){ac-\-  db)  {ad  +  bc)\ 
iV   \{8-a)(8-b){8-c)(8-'d)) 

and  BD^      /  ({ah -^  cd)  {ac^  bd)l 

V    I  bc  +  ad  ) 

123.  If  A,  B,  C,  D  be  the  areas  of  the  triangles  whose  bases 
are  a,  5,  c,  d  and  vertex  the  intersection  of  the  diagonals,  then 

A  B     ^     C  D Q 

a^ ,  bd~  b^  .ca^  c^  ,db     (P  ,a^~  {bc  +  ad)  {ah  +  cd) ' 

124.  If  BA,  CD  intersect  in  E ;  BC,  ADiiiF\  and  AC,  BD 
in  G,  then 

area  EFG  :  area  ABCD  =  2abcd  ;  {d^^  -  6^  (c"  -  a*). 

125.  Find  the  ratio  of  the  perimeter  of  a  regular  polygon  to 
the  diameter  of  its  circumcircle  when  the  polygon  has  6,  8,  10, 
12,  20  sides.  Evaluate  the  surd  expressions  in  each  case  to  four 
decimal  places. 

126.  Show  that  the  square  described  about  a  circle  is  ^  of 
the  dodecagon  inscribed  in  the  circle. 

127.  If  R  and  r  be  the  radii  of  the  inscribed  and  circum- 
jscribed  circles  of  a  polygon  of  n  sides,  each  =  a, 

IC  +  r  =  -T  cot . 

2  n 

12—2 


^ 
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128.  The  area  of  an  irregular  polygon  of  an  even  number  of 
sides  described  about  a  circle  is  equal  to  the  radius  x  the  sum  of 
every  alternate  side. 

129.  If  a,  5,  c,  c^  be  the  sides  of  a  quadrilateral  circumscrib- 
ing a  circle,  and  if  )S,  y  be  the  angles  contained  by  a,  b  and  by 
c,  d  respectively, 

ah  sin*  \P  =  cd sin*  \y. 

Hence  show  that  the  area  of  the  quadrilateral  is 

J  (abed) .  sin  J  ()8  +  y). 


CHAPTER  XL 

INDICES  OR  LOGARITHMS ;  AND  MATHEMATICAL 

TABLES. 


Negative  Symbols, 

If  a>c,  the  symbol  a  -  c  has  an  intelligible  meaning.  In  this  case 
we  may  easily  show  that 

I.  The  addition  of  a—  c  (to  any  number  whatever)  is  equivalent  to 
the  addition  of  a  followed  by  the  svhtraction  of  c.    Or,  in  symbols, 

+  (a-c)—  +a-c I. 

II.  The  subtraction  of  a-c  (from  any  number > a)  is  equivalent  to 
the  subtraction  of  a  followed  by  the  addition  of  c.     Or,  in  symbols, 

-(a-c)=  -a+c  II. 

I.  and  II.  here  represent  equivalences  of  operation. 

But  if  ««?,  the  symbol  a-c  has  no  intelligible  meaning  by  itself. 
It  is  convenient,  however,  to  be  able  to  use  the  above  fimdamental 
equivalences  in  all  cases  whatever. 

Putting,  then,  a—0;  (a-c)  becomes  (0-c).  Such  a  quantity  is 
called  a  negative  quantity.  It  may  be  written  for  brevity  -  c,  or  still 
better  c.  The  sign  -  is  here  called  a  dan  of  affection.  It  is  \isefiil  to 
write  it  over  a  nimiber  to  distinguish  it  from  the  sign  —  used  to  denote 
the  operation  of  subtraction. 
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Putting  a=0  on  the  rt^A^-hand  side  of  I.  and  II.  (since  the  addition 
or  subtraction  of  0  has  no  effect),  the  right  hand  of  (I.)  becomes  —  c; 
that  of  II.  becomes  -f  c.    Hence  (I.)  and  (II.)  become 

+c=-cand  -c=+c. 

In  words : 

The  addition  or  subtraction  of  a  negative  symbol  is  interpreted  to 
mean  the  subtraction  or  addition  of  the  corresponding  positive. 

It  remains  to  interpret  multiplication  involving  a  negative  quantity. 

If  a>b  and  orf,  we  may  prove  that 

(a-b){c-(r)  =  ac-bc-ad+bd III. 

It  is  convenient  to  use  this  equation  for  all  cases.  Hence  if  a<6  or 
c<d  we  ao  interpret  multiplication  of  negatives  that  this  shall  always 
hold.    Thus 

Put  6=0  and  cf=0;  then  ac=ac-0-0+0=ac. 
Puta=Oandrf=0;  then  !5c=0-6c-0+0=5c. 
Put  6=0  and  c=0;  then  aS^O-O- ad +0=a3. 
Puta=0and  c=0;  then  5J=0-0-0  +  6c?=6c?. 

Thus  the  multiplication  of  a  negative  by  a  positive  is  negative  ;  and 
the  multiplication  of  a  negative  by  a  negative  is  positive. 


§  1.     Index  Notation. 

229.  If  m  is  any  positive  integer,  the  symbol  x^  is  used  to 
denote  asxosxajx torw.  factors. 

Here  x  is  called  the  Base]  m,  the  Index \  and  a;"*,  the  w***  Power 
of  X. 

An  m*^  Root  of  a  given  quantity  means  a  qv/intity  whose  m^ 
Power  is  equal  to  the  given  quamiity. 

The  symbol  ^x  denotes  an  m^  Root  of  x]  i.e.  {^xY^^x. 

230.  To  determine  how  many  positive  or  negative  roots  a  given 
positive  or  negative  qiuintity  lias. 

The  rules  for  multiplying  positive  or  negative  quantities  are 

I.  The  product  of  positive  quantities  is  positive, 

II.  A  change  in  sign  of  one  factor  changes  the  sign  of  the 
prodtict 
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Hence  a  product  containing  an  even  number  of  negative  fac- 
tors is  positive;  and  a  product  containing  an  odd  number  of 
negative  factors  is  negative. 

From  this  it  follows  conversely  that 

(1)  If  m  is  odd,  and  x  positive^  there  is  no  negative  m*^  root  of  x. 

(2)  If  m  is  odd^  and  x  negative^  there  is  no  positive  m^  root  of  x, 

(3)  If  m  is  even,  and  x  negative,  there  is  no  positive  and  there 
is  no  negative  m*^  root  of  x. 

(4)  There  cannot  be  two  different  m***  roots  of  x  having  the 
same  sign.  For,  if  possible,  let  y  and  z  be  two  such  roots,  so  that 
ym^^m^rg.,^  then 

But,  by  the  rules  of  signs,  every  term  in  the  second  factor  has 
the  same  sign,  .'.  this  second  factor  cannot  be  zero.  .*.  y-z  =  0, 
i.e.  y  =z.  Hence  the  two  roots  supposed  to  be  different  are  not 
different. 

Thus,  considering  positive  or  negative  values  of  ^x,  we  have 
the  following  results*: — 

If  m  is  odd,  and  x  positive,  X/^  can  have  only  one  value,  and 
this  positive. 

If  m  is  odd,  and  x  negative,  ^x  can  have  only  one  value,  and 
this  negative. 

If  m  is  even,  and  x  positive,  ^x  can  have  only  ttuo  values,  one 
positive  and  the  other  negative. " 

If  m  is  even,  and  x  negative,  ^a;  can  have  no  values,  positive 
or  negative. 

331.  The-  symbol  ^x  may  be  used  for  the  present  to  denote 
the  positive  value  of  the  m*^  root  of  a;,  if  aj  is  positive ;  and  the 
negative  value  of  the.m*^  root  of  x,  if  x  is  negative  (and  m  odd). 

*  Whether  there  are  roots  which  are  neither  positive  nor  negative,  is  not 
here  discussed. 
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232.  The  method  of  finding  the  arithmetical  value  of  'J^/a;, 
when  m  and  x  have  any  particular  values,  is  not  explained 
here. 

But  it  is  important  to  observe  that  its  value  cannot  be  extictly^ 
but  only  approodmately,  determined  in  most  cases. 

A  number  which  cannot  be  arithmetically  expressed  by  a 
fraction  having  a  finite  integral  numerator  and  denominator  is 
called  an  Irrational  or  Incommensurable^  number. 

Thus,  ,^2197  =  13  and  is,  therefore,  rational.  But  ^2  =  1-414  &c., 
cannot  be  exactly  evaluated,  and  is  therefore  irrational. 


Laws  invohmg  the  same  indices  hut  different  bases. 

233.  The  power  [or  root]  of  a  product  [or  quotient]  of  two 
quantities  is  equal  to  the  product  [or  quotient]  of  the  correspond- 
ing powers  [or  roots]  of  the  two  quantities.     Thus 

(1)  (xxyy*  =  oi^xy^; 

(2)  (a;-5-y)'»  =  a;*»4-y"*; 

(3)  '!^(xxi/):^^xx^y', 

(4)  '!^{x^y)=^x^^y. 

For  (05  X  y)**  means  (a  x  y)  x  (a?  x  y)  x  . . .  to  m  factors 

=i{xy.xy(^  ...  to  m  factors)  x  (y  x  y  x  ...  to  m  factors) 
=  a^xy*^ (1). 

Similarly         (a: -f  y)"*  =  a?"*  ^  y*» (2). 

In  (1)  write  ^x  and  ^y  instead  of  x  and  y  respectively. 

Thus  (*!*/«  X  ^y)*"  =  Cyaj)"*  x  (^y)"*  =  xxy 

,\  taking  the  m^  root  of  both  sides 

!C/ax!yy=^(ajxy) (3). 

Similarly  Xl^^'^y  =  'iJ{x^y) (4). 

*  That  is,  incommensnrable  with  unity  as  explained  in  Art.  31. 
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Laws  involving  different  indices  but  the  same  bases. 

Law  I.  a;^  X  fic*  =  a^+\ 

Law  II.  If  m  is  greater  than  n,  jb**  -;-  aj*  =  af*~* 
Law  III.  (a:"*)*  =  a* 

Law  IV.  If  m  is  divisible  by  n,      V(^)  =  ^ 

234.  Law  I.     af^x9if  =  ar*\ 
For                a;^  means  a;  x  aj  x  ...  to  w  factors; 

vS^  means  a;  x  a;  x  . . .  to  7i  factors. 

'.  as**  X  X*  =  (a?  X  05  X  ...  to  m  factors)  x  (a:  x  a:  x  . . .  to  w  factors) 
=  a5xa5x  ...to  (w  +  n)  factors 

235.  Law  II.     If  m  >  w,  a:^  ^  ai"  =  «"•"*. 

For,  since  m  >  w,  m  —  n  is  positive. 

:.  in  Law  L,  writing  m  —  n  instead  of  m,  we  have 

Dividing  both  sides  by  a?*,  we  have 

236.  Law  III.     (aj"»)*  =  aj"*^» 
For  (ai**)*  means  af*  x  a;*"  x  ...  to  w  factors 

_^m+m+...tonterm«  ^jy  La^  J 
_^xn^ 

237.  Law  IV.     If  m  is  divisible  by  n,  J^{af^)  =  af^. 

For,  since  m  is  divisible  by  w,  m  -^  ti  is  an  integer. 
.'.  in  Law  III.,  writing  m-r-n  instead  of  m,  we  have 

Taking  the  n***  root  of  both  sides 
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238.  The  above  laws  may  be  thus  expressed : 

I.  MvMplying  powers  is  performed  by  adding  indices. 

II.  Dividing  powers  is  performed  by  subtracting  indices. 

III.  Pouoer-raising  of  a  power  is  performed  by  multiplying 
indices. 

IV.  Root-taking  of  a  power  is  performed  by  dividing  indices. 

Extension  of  Index  Notation, 

239.  Each  of  the  two  inverse  laws,  viz.,  II.  and  IV.,  are 
proved  under  a  condition.  This  condition  is  equivalent  to  the 
statement  that  the  index  on  the  right-hand  side  shall  be  positive 
(Law  II.)  and  integral  (Law  IV.).  Otherwise  the  right-hand 
side  would  be  meaningless,  for  we  have  only  defined  the  symbol 
a;"*,  when  m  is  a  positive  integer. 

It  is  convenient,  however,  to  be  able  to  use  these  formula  for 
any  case  whatever.  To  do  this  we  have  only  to  interpret  nega- 
tive or  fractional  indices  so  that  Laws  II.  and  IV.  shall  hold 
universally.     That  is,  for  all  positive  integral  values  of  m  and  n, 

gjm-n  shall  equal  aj^n-oj*,  according  to  Law  II., 

and  a;"*"^"  shall  equal  ^(aj"*),  according  to  Law  IV. 

In  the  formula  of  Law  II.,  then 
First,  let  w  =  m,  then 

^m-m  jjj^g^  equal  af*-r-JB**, 

i.e.  x^  must  equal  1 (1). 

Secondly,  let  m  =  0,  then 

cc®~**  must  equal  a;^  -J-  af, 

1 
i.e.  x~^  must  equal  — (2). 

Thirdly,  in  the  formula  of  Law  IV.,  let  m  be  not  divisible  by 
n,  then 


m 


x^  must  equal  5,^(0;"*) (3). 
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240.  The  interpretations  (1),  (2),  (3)  of  the  last  article, 
which  are  of  the  greatest  importance,  thus  enable  us  to  use  the 
four  index  Laws  for  all  positive  integral  values  of  m  and  n.  It 
only  remains  to  show  that,  with  the  interpretation  of  negative 
and  fractional  indices  given  in  the  last  article,  the  same  laws 
hold  for  all  values  of  m  and  n  whatever.  This  may  be  shown 
by  use  of  the  preceding  articles.     Thus,  e.g. 

a         £         *4.L 

To  prove  a^  xx^  =  x^   * . 


a 


x^  means  ^a^;   .'.  (05^)^  =  0*;   .*.  (05^)^  =  ic**  (Law  III.), 
/.  aj?  =  ^{af^).        Similarly  x^  =  *?/(a^), 

.'.  x^xx^=  ^{xf^)  X  ^(a^)  =  ^(a^  x  a^)  by  Art.  233,  (3) 
=  w'{a-««+6c)     (Law  I.) 


ad+be         a,  e 
—  jj  bd    ^-^b  d 


Example  1.     Write  dowQ  a  series  of  powers  of  x  beginning  with 
a^^  in  which  each  power  is  derived  from  the  preceding  by  dividing  by  x. 


^r'      o     .«r2  ^1  ^  1  x"^      1 

.^  ^—  <*t*  .         —  />»X   •        —  I    ^_  MtiJ  .  __    ^—  _  —  If  —  X   •          ^^^  .»»   

-^  —  tf/  f            —  tif     ,  —  —  ±  ^  tv     ,  —  —  —  —  ti/         f  ^^^  ^—      ; 

A%                                      rtr*  ^t  rt*  ^^  A*                   /!•, 

wV                                   >(/  vv  ,  i4/             tX/  Jf/                 ti/ 


^-2        1 

=~=:^P-^  &C. 

Thus  we  see  that  negative  indices  simply  carry  out  the  rule  that  to 
divide  by  x  is  equivalent  to  svhtracting  1  from  the  index  of  x. 

Example  2.     Interpret  x%  x^^  or, 

(x^)^  must  equal  x^^^y  i.e.  ^,  i.e.  ^. 

*  *  X  ^^  <^  »&. 

(^3)3  m\ist  equal  o?*^^,  i.e.  a;^^ 

.-.  x^  =  ilx^. 

Similarly  0^ = 4^^"^. 
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§  2.     Logarithmic  Notation. 

241.  The  equations 

aj**=P  and  x^'^P 

are  two  different  ways  of  stating  the  same  relation  between  a;,  m, 
and  P,  In  the  first,  P  stands  by  itself ;  in  the  second,  x  stands 
by  itself.  There  is  a  third  way  of  expressing  this  same  relation, 
in  which  m  stands  hy  itself.     Thus 

If  x*^^P,  m  is  called  the  logarithm  of  P  to  the  base  x;  and 
we  write  m  =  loga,  P  (the  base  being  written  below). 

Def.  a  logarithm  of  a  given  number  to  any  base  is  the 
index  of  that  power  of  the  base,  which  is  equal  to  the  given 
number. 

It  should  be  remembered,  then,  that  a  logcurithm  is  simply  an 
index  made  to  stand  by  itself.  Hence  the  laws  of  logarithms  are 
simply  the  laws  of  indices  expressed  in  different  notation. 

The  equations 

af^  =  P  and  m  =  loga,  P 

have  the  same  meaning:  and  either  one  of  them  may  be  svhstituted 
for  the  other. 

The  student  should  examine  the  truth  of  the  statement 

Example  1.    What  is  the  logarithm  of  8  to  the  base  2  ? 

This  means  to  what  power  must  2  be  raised  to  give  8.  Now  2'=8 ; 
.'.  3  is  the  logarithm  of  8  to  the  base  2  ;  or  3=log2  8. 

Example  2.  Write  down  the  values  of  logg  81,  log^o  10000,  log^  64. 
Since  3*=81,  .-.  4=log3  81. 

Since  10*  =  10000,  .  *.  4 = log^o  10000. 

Since  4? =64,  .  •.  3 = log^  64. 

242.  In  using  the  relation  af*=  P  or  m  =  loga.  ^>  ^©  s^aH 
assume  for  the  present  that  x  and  P  (i.e.  the  base  and  power)  are 
both  positive,  and  that  x  is  not  equal  to  1. 
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243.  To  show  that  there  is  ordy  one  positive  or  negative*  value 
of  the  logarithin  of  a  positive  power  to  a  positive  ha^e  {not  eqtial 
to  1). 

If  possible  let  m  and  n  be  two  different  logarithms  of  P  to 
the  base  x:  so  that 

Then,  dividing  by  a;**,       a5*"~**=  1. 

Now  m  and  n  being  positive  or  negative,  m-n  must  be  posi- 
tive, negative,  or  zero. 

But,  if  X  is  not  equal  to  1,  no  positive  or  negative  power  of  x 
can  be  equal  to  1.     For 

If  a?  >  1,  positive  powers  of  x  are  >  1 ;  negative  powers  are  <  1. 

If  a;  <  1,  positive  powers  of  x  are  <  1 ;  negative  powers  are  >  1. 

.'.  m  —  h  must  be  zero.  .*.  m  =  n. 

i.e.  the  two  logarithms  supposed  to  be  different  are  not  dif- 
ferent. 

CoR.  In  the  same  manner  it  may  be  shown  that,  if  05  >1, 
the  logarithms  of  numbers  to  the  base  x  increase  as  the  numbers 
increase :  but,  if  a;  <  1,  the  logarithms  of  numbers  to  the  base  x 
decrease  as  the  numbers  increase, 

244.  In  order  to  prove  any  formula  involving  logarithms, 
the  student  has  simply  to  translate  from  the  logarithmic  language 
with  which  he  is  unfamiliar  into  the  index  language  with  which 
he  is  more  familiar. 

Thus  he  has  only  to  remember  that  the  two  equations 

x^=P  and  m  =  loga.P 

are  precisely  equivalent  statements  in  the  two  different  languages 
of  indices  and  of  logarithms. 

*  Whether  there  are  logarithms  which  are  neither  positive  or  negative  is 
not  here  discussed. 
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245.     To  prove  loga.  1  =  0  cmd  loga-a;  =  1. 

(1)  Let  loga- 1  =  a;  this  means  05*  =  1. 

But  aP=l,         .'.  a  =  0.  q.e.d. 

(2)  Let  logaj x  =  b;  this  means  a?  —  x. 

But  ai^  =  x,         .'.  b  =  1.  Q.E.D. 

Example,    Show  that  logr  -  =  -  \ogz  a. 

Let  logx  a=m ;  this  means  af^=a. 

But    •/  a^af^.  .*.  -  =  -==^"'". 

'  a     af^ 

.-.  logx-= -w= -loga-a.  ,  Q.  E.  p. 

Of 


The  Loga/rithmic  Laws  involving  the  same  base, 

246.  Law  I.         loga,  (m  x  n)  =  loga-  in  +  log^.  w. 

Law  II.         loga;  (W  -?-  w)  =  loga;  ^  -  loga;  ^• 

Law  III.     loga;  (^*)      =  (loga?  Wl)  X  n. 
Law  IV.     loga,  ( /ly^)    =  (loga;  ^)  -^  w- 

These  laws  are  respectively  equivalent  to  those  of  Art.  238, 
but  expressed  in  the  language  of  logarithms. 

247.  To  prove  that 

loga;  (m  X  n)  =  loga;  ^  +  loga,  ^'       I^^  I- 

loga,  (m-^n)  =  loga,  ^  -  logaj  w.     Law  II. 
Let  loga;  7n  =  a;  this  means  af*  =  m. 
Let  loga;  n  =  b;  this  means  a?  =  n. 
Now        my^n  (i.e.  af^  x  af')  =  a3*+^  by  Index  Law  I. 
And        m  -r-  71  (i.e.  ic*  -r  03^)  =  aj*"^  by  Index  Law  II. 
Expressing  these  equations  in  logarithmic  language 

loga,  (wi  X  w)  =  a  +  6,  i.e.  loga.  *^*  +  l^gx  ^ 
loga;  (w*  -r-  n)  =  a  -  6,  i.e.  loga-  m  —  loga;  ^' 


1 


w 
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248.  To  prove  that 

logaj  (m*)  =  (loga.  m)xn.     Law  III. 

^^Sx  (  ^^^)  =  (logaj  m)  -r  n.     Law  IV. 

Let  loga,  w  =  a;  this  means  af^  =  m, 

Now         m",  i.e.  (a^)**,  =  ic*^*  by  Index  Law  III. 

And     IJ/m,  i.e.  ^^(a^),  =  a^**^  by  Index  Law  IV. 

Expressing  these  equations  in  Logarithmic  language, 

loga-  (m*)    =  a  X  w,  i.e.  (loga-  m)xn, 
logaj  ( JJ/wi)  =  a  ^  n,  i.e.  (loga.  ^)  -^  ^« 

249.  The  four  laws  just  proved  show  that  in  each  case  the 
operation  to  be  performed  upon  the  indices  ovloga/rithms  is  arith- 
metically simpler  than  that  to  be  performed  on  the  powers. 

Thus  for  m/altiplication  of  powers  we  substitute  addition  of 
'  logarithms; 

for  division  of  powers,  subtraction  of  logarithms ; 
for  power-raising  of  powers,  mvltiplication  of  logarithms ; 
i  for  root4ahing  of  powers,  division  of  logarithms. 

250.  In  this  simplification  of  arithmetical  operations  consists 
the  value  of  Logarithms.  Thus  tables  are  published  giving  the 
logarithms  of  numbers  to  the  base  10. 

Suppose  we  had  to  find  correctly  to  four  decimal  places  the 
product  3-4764  X  7-6819. 

From  the  tables  we  should  find  that 

logio  3-4764  =  -5411297  and  log^o  7-6819  =  -8854686. 

Now  (by  Law  I.) 

logio  (3-4764  X  7-6819)  =  logio  3-4764  +  log^o  7-6819  =  1-4265983 
by  simple  addition  of  the  logarithms. 

Again  referring  to  the  tables,  we  should  find  that  1-4265983 
is  the  logarithm  of  26-7053. 

Hence  26-7053  is  the  required  product. 
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Loga/nthma  to  different  bases, 

251.  To  show  that  logj,  a  x  log^  6=1. 
Let  logb a  =  x;  this  mea/ns  6*  =  a. 
I^*  logo  ^  =  y ;  ^^**  wcarw  a*'  =  6. 

From  these  two  equations  eliminate  6,  by  raising  the  latter  to 
the  «***  power.     Thus 

d^  =  }f  =  a\         .'.  ajy  =  l, 
Le.  logj,  a  X  logo  6  =  1. 

252.  7V>  «Aoti7  ^Aa^  log^  h  x  log^  c  =  log^  c. 
Let  loga  6  =  05 ;  ^Aw  m^an^  a*  =  6. 

Let  logj,  c  =  y ;  <Am  mecms  h"  =  c. 

From  these  two  equations  eliminate  6,  by  raising  the  former 
to  the  y^  power.     Thus 

a«v  =  6»  =  c,         .-.  ajy  =  logaC, 

i.e.  loga  h  X  logft  c  =  log^  c. 

253.  To  l/rcunaform  from,  one  to  cmother  system  of  hgoHthms, 

By  the  last  article,  loffb  c  = ,  °'* ,  . 

Hence,  if  we  have  given  a  system  of  logarithms  to  the  base  a, 
to  find  the  logarithm  of  any  number  c  to  a  new  base  6,  we  must 
divide  the  given  logarithm  of  c  in  that  system  by  the  logarithm 
of  the  new  base  in  that  system. 

Thus  the  logarithm  of  any  number  in  the  given  system  has  to 
be  divided  by  the  same  quantity  log<,  6,  in  order  to  find  its  logarithm 
to  base  6. 

The  constant  multiplier  , r  is  called  the   Modulus  of 

^        loga  ^ 

transformation  from  base  a  to  base  6. 
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§  3.     Decimal  Notation  and  Decimal  Logarithms. 

254.  In  the  decimal  notation  we  express  any  number  by 
means  of  the  ten  digits,  0,  1,  2,  3,  4,  5,  6,  7,  8,  9  which,  when 
standing  alone,  stand  for  zero,  one,  two,  three,  «fec.,  respectively. 
The  'decimal  point*  is  placed  after  a  digit,  when  it  is  necessary 
to  indicate  that  it  has  its  natwral  value.  When  digits  are  placed 
together,  their  value  depends  on  their  relative  position.  The 
*  units'  place'  being  immediately  before  the  'decimal  point',  each 
removal  of  a  digit  to  the  left  raises  its  value  ten-fold;  and  hence 
each  removal  to  the  right  lowers  its  value  ten-fold.  The  number 
of  removes  from  the  units*  place  indicates  the  power  of  ten  by 
which  the  digit  has  been  multiplied.  Digits  to  the  left  of  the 
units'  place  correspond  to  the  positive,  those  to  the  right  corre- 
spond to  the  negative  powers  of  ten.  The  units'  place — ^not  the 
decimal  point — thus  takes  the  central  position. 

Thus  98765-432  means 
9.10^ +  8.10«  +  7.10«+6.10i  +  5.10«  + 4.10-1 +  3.10-2 +  2.10-'. 

255.  In  denoting  any  number  in  this  way,  a  cypher,  which 
has  no  figures  on  one  side  of  it  except  cyphers,  is  called  Insignifi- 
caM.     The  other  figures  are  called  SignificaM, 

256.  Since  our  system  of  notation  has  ten  for  its  base,  it  is 
extremely  convenient  to  use  ten  for  the  base  of  our  logarithms. 
Thus,  writing  the  minus  sign  over  the  negative  logarithms, 

10^=1,      .'.  logiol  =  0. 


10^  =  10,  .-.  logio  10  =  1, 
10^  =  100,  .-.  logiolOO  =2, 
10«  =  1000,   .-.  logio  1000  =  3, 


10-1  =  0-1,       .MogioO-1      =1, 
10-^  =  0-01,     :,  logioO-01    =2, 
10-»  =  0-001,   .-.  logio  0*001  =  3, 
and  so  on. 
Any  integral  power  of  10  is  expressed  by  a  unit  and  a  number 
of  zeros.     Its  logarithm  is  equal  to  the  nwmher  of  removes  of  the 
unit  from  the  v/nitd  place.     [Or  if,  as  above,  we  fill  in  the  units' 
place  with  a  zero,  the  logarithm,  of  a/ny  integral  power  of  ten  is 
equal  to  the  number  of  zeros  by  which  that  power  is '  expressedJ\ 
The  logarithm  is  positive  or  negative,  according  as  the  removal  of 
the  unit  is  hackwa/rds  or  forwa/rds, 

J.  T.  13 
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257.  The  logarithm  of  any  number,  which  is  not  an  integral 
power  of  10,  will  he /ractioruU ;  and,  if  expressed  in  decimal  nota- 
tion, will  contain  an  integral  and  a  decimal  part. 

The  method  of  calculating  the  value  of  logarithms  will  be  ex- 
plained in  a  later  chapter. 

The  logarithms  to  the  base  10  of  all  rational  numbers,  except 
those  expressed  by  unity  and  zeros,  are  irrational. 

Thus  the  logarithm  of  3  to  the  base  10  is  •4771213  correctly  to  7 
places  of  decimals. 

This  means  that  10'*^^^2i3=3  approximately, 
i.e.  that  iQizmis = 310000000  approximately. 

The  student  is  not  recommended  to  test  the  tiTith  of  this  statement 
by  multiplying  3  by  itself  10000000  times. 

Negative  Logarithms, 

268.  Since  logi©  1=0,  the  logarithms  of  all  numbers  less  than 
1  will  be  less  than  0,  i.e.  negative.     See  Art.  243,  Cor. 

A  negative  logarithm,  containing  an  integral  and  decimal 
part,  is  conveniently  expressed  in  a  form  in  which  the  integral 
part  alone  is  negative. 

Thus 

-  (3-12564)  =  -  3  -  -12564  =  -  4  +  1  -  -12564  =  -  4  +  -87436. 

This  is  written  4-87436  :  the  minus  sign  being  written  over 
the  integer  in  order  to  indicate  that  the  integer  alone  is  negative. 

259.  Dep.  1.  The  decimal  part,  expressed  positively,  of  a 
logarithm  is  called  its  Mantissa. 

Dep.  ^2.  The  integral  part,  found  after  eocpressing  the  man- 
tissa positively,  of  a  logarithm  is  called  its  Characteristic. 

Thus  the  logarithm  of  '00074879  is  -  3-12564.  But  the  mantissa 
of  this  logarithm  is  not  -  '12564,  nor  is  its  characteristic  -  3.     We 

first  express  it  in  the  form  4-87436  in  which  the  mantissa  is  positive. 
Thus  the  required  mantissa  is  -87436  and  the  characteristic  is  -  4. 

260.  The  special  convenience  of  using  10  as  the  base  of 
Logarithms  will  be  shown  when  we  have  proved  two  rules  relat- 
ing respectively  to  the  Characteristic  and  Mantissa. 


w 
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•         The  Rule  of  the  Characteristic, 

261,  T^e  characteristic  of  the  logarithm  to  the  base  10  of 
any  number  expressed  in  decimal  notation,  may  be  seen  by  in- 
spection from,  the  position  of  the  first  significant  figure  with  rela- 
tion to  the  units'  place  in  the  given  number.     Thus  : 

The  characteristic  is  equal  to  the  nurriber  of  removes  of  the  first 
significant  figwre  from  the  umM  place: — being  positive  or  nega- 
tive according  as  the  removal  is  backwards  or  forwards. 

For,  let  *  be  the  first  significant  figure:  and  n  the  number  of 
its  removes  from  the  units'  place. 

Then  the  position  of  s  gives  it  the  value  s.lO**. 

Hence  the  given  number  is  >  10"  and  <  10**"^^. 

.*.  its  logarithm  to  base  10  >  n  and  <  n  + 1, 

For,  by  Art.  243,  Cor.,  since  10  >  1,  the  logarithms  of 
numbers  to  the  base  10  increase  as  the  numbers  increase. 

But  the  mantissa  is  always  a  positive  quantity  <  1. 

Hence  the  characteristic  of  the  logarithm  is  n. 

Examples,  The  characteristic  of  the  logarithm  of  32572  is  -|-4  (the 
first  significant  figure  3  being /cmr  places  to  the  left  of  the  units'  place). 

For  32572  >  10000  and  <  100000 ;  i.e.  >  10*  but  <  10^. 

The  characteristic  of  the  logarithm  of  '00032572  is  -  4  (the  figure 
3  being /oi*r  places  to  the  right  of  the  units'  place). 

For  -00032572  >  -0001  and  <  -001 ;  i.e.  >  10"*  but  <  10-3. 

The  characteristic  of  the  logarithm  of  325*72  is  -f-  2  (the  figure  3 
being  two  places  to  the  left  of  the  units'  place). 

For  32S-72  >  100  but  <  1000,  i.e.  >  lO^  but  <  10^. 

The  Rule  of  the  MamZissa, 

262.  The  mantisscB  of  the  logaHthms  of  two  numbers  a/re  the 
same^  if  the  numbers,  expressed  in  decimal  notation,  ha/ve  the  same 
series  of  signijica/nt  figures. 

For  such  numbers  differ  only  in  the  position  of  the  decimal 
point.  The  larger  is,  therefore,  obtained  from  the  smaller  by 
multiplying  it  by  some  positive  integral  power  of  10, 

13—2 
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Let  m  be  the  larger,  and  n  the  smaller  of  the  two  numbers. 

Then  w  =  10*"  x  n,  where  r  is  some  integer. 

.*.  logio  rn  =  logio  10'*  +  logio n  (Law  I.)  =  r  +  logio  n. 

Now,  since  the  mantissse  of  all  logarithms  are  written  positive, 
the  addition  of  the  integer  r  will  only  affect  the  characteristic. 

Hence 

the  mantissa  of  logjo  m  =  the  mantissa  of  logj©  n. 

Examples,   The  logarithm  of  1075-06  is  3*0314327  (the  characteristic 
being  seen  by  the  rule  of  the  characteristic). 

Now  107506  =  1075-06  x  100, 

.-.  log  107506=log  1075 -06 +  2  =  5-0314327; 

and  1  -07506  =  1075  '06  -r  1000, 

. -.  log  1  -07506 = log  1075-06  -  3  =  -0314327 ; 

and  -00107506 = 1075-06  ^  1000000, 

.-.  log  •00107506=log  1075-06 -6=3-0314327. 

The  student  shotdd  observe  that  each  of  the  above  characteristics 
follows  the  characteristic  rule. 

263.     The  two  rules  above  proved  make  it  unnecessary  to 
publish  in  the  tables  either 

(1)  The  cha/racteristic  of  the  logarithm  of  any  given  number, 
for  this  can  be  seen  by  inspection  of  the  given  number  :  or 

(2)  The  position  of  the  decimal  point  in  the  given  number, 
for  this  does  not  aifect  the  mantissa  of  the  logarithm  which  is 
alone  tabulated. 

Hence  what  we  find  in  the  table  is  e.g. 

No  =  69543.  Log  =  7748307. 

This  means  that 

log  5-9543  = -7748307  ;    _       log  595-43  =  2-7748307; 
log  -0059543  =  3-7748307,  &c.  <fcc. 

Hence  a  single  reference  in  the  table  gives  us  the  logarithms 
of  an  indefinite  number  of  numbers. 
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§  4.     The  Use  of  Mathematical  Tables. 

264.  To  explain  the  mode  of  operating  upon  numbers  whose 
integral  part  is  negative  amd  decimal  part  positive. 

An  example  in  each  of  the  operations  of  addition,  subtraction, 

« 

multiplication,  and  division  will  suffica 

To         7-432196 
Add      5-943205 

From  1I-375401 
Take      5-943205 

J-432196x5 
33-160980 -r  5 
7-432196 

Addition,  Add  the  decimal  parts  in  the  ordinary  way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 

+  l-7-5  =  -ll. 

Suhtra^ition,  Subtract  the  decimal  parts  in  the  ordinary  way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 

-ll-(-5)-l=-7. 

Multiplicaition,  Multiply  the  decimal  part  in  the  ordinary 
way.  When  we  reach  the  integral  part  which  is  negative,  we 
have  (-  7  X  5)  +  2  =-35  +  2  =-  33. 

Division,  Find  the  multiple  of  the  divisor  next  higlter  (instead 
of  next  lotver)  than  the  integral  part  of  the  dividend.     Thus 

-33-r.5  =  (-35  +  2)^5  =  -7+(2-^-5). 
Then  proceed  as  in  ordinary  division. 

265.  To  explain  the  method^  when  the  logcbrithms  of  certain 
numbers  a/re  given,  of  finding  the  logarithms  of  other  numbers  con- 
nected'with  those  given. 

[When  the  base  is  not  indicated,  it  is  understood  here  that 
the  base  is  10.] 

The  logarithms  of  different  numbers  to  the  same  base  are  con- 
nected by  the  laws  given  in  Art.  246. 
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It  is  always  necessary  to  resolve  a  given  number  into  its 
factors  in  order  to  find  what  numbers  are  logarithmically  con- 
nected with  the  given  number. 

Thus : 
6  =  3x2;  150  =  3x2x5x5  =  3.2.52;  1260=22.32.5.7. 

The  student  should  at  once  accustom  himself  to  resolve  any  num- 
ber in  this  way  into  its  prime  factors. 

Suppose  then  that  we  have  given  log  2  =  '3010300  and  log  3 
=  '4771213,  we  can  then  find  the  logarithm  of  any  number  of  the 
form  2"* .  3« 

For  example : — 

Log  6=log(3x2)=log3+log2  (by  Law  I.) 

=  •3010300+ -4771213= -7781513, 
log  108=log(27  X  4) =log(33  x  22)=log  33+log  2^ 
=  3  log  3 + 2  log  2  (by  Law  IIL) 
=  1  -4313639  +  -6020600  =  2-0334239, 
log i  =  log 2-1=  -log 2  (by  Law  in.)_ 

=  -  -3010300  =  - 1  +  -6989700  =  1  '6989700, 

log  ~=  log  J=log32-log2fi  (by  Law  IL) 

=  2  log  3  -  5  log  2  (by  Law  III.) 
=  '9542426  - 1  '5051500  =  1  -4490926, 
log  (^6x4^12)=log4/6+log4^12  =  Jlog6+ilogl2  (by  Law  IV.) 
=J(log3+log2)+i(log3+21og2) 
=  -1590404  +  -1003433  +  -0954242  +  -1204120 
=  -4752199. 

266.  The  factors  of  10 — the  base  itself  of  our  logarithms — 
are  2  and  5. 

Thus,  when  either  log  2  or  log  5  is  given,  we  may  find  the 
other :  for 

log  5  =  log  ( 1 0  -r  2)  =  log  1 0  -  log  2  =  1  -  log  2.     , 
log  2  =  log  (10  H-  5)  =  log  10  -  log  5  =  1  -  log  6. 

It  is  important  to  remember  this. 

Example.    Given  log  2 = -3010300,  find  log  50. 

Iog50=log5+logl0=logl0-log2+logl0 
=  2  log  10  -  -3010300  =  1-6989700. 
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The  Principles  of  Approximate  Calculations, 

267.  When  a  number  is  given  to  (say)  7  decimal  places,  it 
is  generally  understood  that  the  value  given  is  nearer  to  the  true 
value  than  any  other  number  containing  the  same  number  of 
decimal  places. 

Thus,  when  we  say  log  3  =  '4771213,  what  is  meant  is  that 
log  3  is  nearer  to  -4771213  than  to  -4771212  or  -4771214;  in 
other  words  it  lies  hetwem  -47712125  and  -47712135. 

Hence,  the  error  involved  in  taking  a  number  calculated  to 
7  decimal  places  is  less  than  -00000005,  i.e.  less  than  \  of  10^'. 

When  we  calculate  a  number  by  adding  or  subtracting  such 
approximate  numbers  together,  we  add  together  the  possible 
errors. 

Hence  the  actual  error  in  the  resulting  sum  may  be  greater 
than  in  any  of  the  numbers  added  or  subtracted. 

For  example  log  3  is  really  a  very  little  greater  than  '477121 25 ; 
hence  (on  examining  a  table  of  logarithms)  we  shall  find  that 
log  9,  i.e.  2  log  3,  is  (not  -9542426  but)  -9542425;  that  log  81, 
i.e.  41og3,  is  1-9084850;  that  log  729,  i.e.  61og3,  is  2-8627275; 
and  so  on.  Thus  the  error  involved  in  calculating  log  729  from 
log  3  is  increased  6  fold  and  is  about  3  x  10"^  instead  of  ^  of 
10-^     (See  Art.  34.) 

268.  It  is  sometimes  convenient  to  drop  the  last  figure  in  an 
approximately  calculated  number. 

In  such  a  case,  the  principle  explained  in  the  last  article 
shows  that  the  last  figure  retained  should  be  increased  by  unity, 
if  tlie  figv/re  dropped  is  greater  than  5,  or  if  the  figure  dropped  is 
equal  to  5  a/nd  the  trtie  value  exceeds  the  given  value. 

Thus,  dropping  the  last  figure  of  4'321976,  we  have  4-32198 ;  for 
this  is  clearly  nearer  to  the  true  value  than  4*32197.  Again,  dropping 
the  last  figure  of  4*321975,  we  should  write  4'32198  or  4*32197  according 
as  the  approximation  4-321975  is  less  or  greater  than  the  true  value. 
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269.  The  student  is  advised  to  make  use  of  some  book  o£ 
.Mathematical  Tables :  such  as  Chambers's. 

The  following  lists  of  corresponding  numbers  will  be  found  : 

(1)  The  mantisscB  of  logarithms f  calculated  to  7  plojces  ofdeci- 
male,  which  correspond  to  the  100,000  numbers  hettoeen  0  and 
100,000,  successively  increasing  by  unity, 

(2)  The  trigonom^etrical  ratios,  calcvdated  to  7  places  of  deci- 
malsy  which  correspond  to  the  5400  angles  between  0"  amd  90**, 
svAxessvoely  increa^sing  by  1  rninute, 

(3)  The  logarithms  {increased  by  10),  calculated  to  7  plaices 
of  decim/ds,  which  correspond  to  the  ratios  of  these  angles, 

270.  If  it  is  required  to  find  a  number  corresponding  to  any 
number  given  in  the  tables,  mere  reference  to  these  tables  is  suffi- 
cient. But  if  it  is  required  to  find  a  number  corresponding  to 
some  number  intermediate  between  two  consecutive  numbers  in  the 
tahlcy  we  must  'interpolate'  according  to  the  following  rule;  the 
foundation  and  limits  of  which  will  be  explained  in  a  later  chapter. 

Rule  of  Proportional  Differences, 

271.  The  small  differences  between  the  values  of  one  varying 
quantity  are  approximately  proportional  to  the  small  differences 
between  the  corresponding  values  of  another  quantity  which 
varies  with  the  first. 

Thus,  if  L  and  N  are  the  values  corresponding  to  successive 
values  I  and  n  given  in  the  table,  and  if  we  have  to  find  the  value 
M  corresponding  to  m,  which  lies  between  I  and  n,  we  have  the 
equation 

M  —  L  _m  —  l 

Thus  the  difference  M-Ly  which  has  to  be  added  to  the  given 
value  L  to  find  M, 

m  —  l 


n  "  I 


X  (iV-  L). 
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Example  1.    From  the  tables  we  find  that 

log  35745  =  4-5532153  and  log  35746=4-5532275. 

The  difference  of  these  logarithms  is  -0000122. 

To  find,  then,  log  35745*73,  we  have  by  above  rule 

log  35745-73  -  log  35745  ^  35745-73  -  35745 
log  35746  -  log  35745    ""    35746-35745    ' 


.-.  log  35745-73  -  log  35745  =  -^  of  -0000122  =  -0000089, 
.-.  log  35745-73 =lpg  35745 +  -0000Q89  =  4-5532242. 

Example  2.  From  the  same  data  to  find  conversely  the  number 
whose  logarithm  is  4-5532242,  i.e.  the  value  of  10*-S632242^ 

We  have 

104.668M42__  104.6632163  ^  4*5532242  -  4-5532153 
104.6632276  _  104.6532163  ~  4-5532275  -  4-5532153 ' 

...  104.6632242  _  35745  =  ^^  =  '73, 

...104.6632242  =  35745.73. 

This  process  of  interpolation  is  aided  by  the  introduction  of 
Subsidiary  Tables. 

Thus,  at  the  side  of  the  main  table,  a  column  headed  Diff. 
will  be  found. 

The  difference  of  the  logarithms,  corresponding  to  a  difference 
of  1  in  the  number^,  at  any  particular  pa/rt  of  the  table,  is  here 
tabulated. 

And  below  this  difference  is  tabulated  the  differences  cbr- 
responding  to  1,  2,  3,  4,  5,  6,  7,  8,  9  tenths  respectively. 

Dividing  these  latter  differences  by  10,  we  have  those  corre- 
sponding to  1,  2,  3,  4,  5,  6,  7,  8,  9  hundredths  respectively. 

Thus  for  the  above  example,  we  have  tabulated 

Diff.  for  1  =  122 ;  for  7  tenths  =  86,  for  3  hundredths  =  3-7 

.-.  Diff.  for  -73  =  89  nearly. 


\   - 

I 
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272.     Examples  in  interpolation  may  be  written  in  the  follow- 
ing form : — 

Given  log  35745  and  log  35746  find  log  35745*73. 

From  log  35746  =  4-5532275 
Take  log  35745  =  4-5532153 

/.  when  diff.  in  nos.  =  1,  then      122  =  diff.  in  logs, 
.\  when  ditf.  in  nos.  =  -73,  then  -73  of  122  =  diff.  in  logs. 

[Now  -73  of  122  =  -7  of  122  +  -03  of  122  =  85  +  4  =  89,] 

.'.  when  diff.  in  nos.  =  '73,  then         89  =  diff.  in  logs. 
Add  log  35745  =  4-5532153 

.-.  log  35745-73  =  4-5532242 

Conversely,  given  log  35745  and  log  35746,  find  the  number 
whose  logarithm  is  4*5532242. 

From  4-5532275=  log  35746 
Take  4-5532153  =  log  35745 

.*.  when  diff.  in  logs=  122,  then         1  =diff.  in  nos. 

From  4*5532242  =  log  (required  number) 
Take  4-5532153  =  log  35745 

89 
.'.  when  diff.  in  logs  =  89,  then  ^lyn  =  diff.  in  nos. 

r„       89      85  +  4      _„-l 
r*'"  122  =  -122-  =  -^^J 

.*.  when  diff.  in  logs  =  89,  then  -73  =  diff.  in  nos. 
.-.  4-5532242  =  log  35745-73. 

273.  In  the  same  way  we  may  interpolate  in  the  tables  of 
the  ratios  of  angles,  and  of  the  logarithms  of  the  ratios. 

274.  It  is  important  to  observe  that,  as  the  secondary  ratios 
cosine,  cotangent,  cosecant  vary  incongraently  with  the  angles, 
their  differences  and  the  differences  of  their  logarithms  will  have 
the  opposite  sign  to  the  corresponding  differences  of  the  angles. 

Example,    To  find  cos  30°  13'  2'', 

cos  30°  13^2" -cos  30°  13'  ^  cos  30n  3' -cos  30°  1 3;^2^' 
cos  30°  14' -  cos  30°  13'   ""    cos  30°  13' -cos  30°  14'    ' 
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By  the  principle  of  Proportional  Differences,  this  fraction 

^  30°  13^  2"  -  30°  13^  _  _2^  ^  1 
""     30°14'-30°13'    ~60"~30* 

Now  cos  30°  13'  =  -8641284 

cos  30°  14^ =-8639820 

.-.  diff.  in  cos  for  1'  =  -0001464 

.-.  diff.  in  cos  for  2" ='0000049 

.-.  cos  30°  13'  2"=-8641235. 

This  result  is  obtained  by  subtracting  the  difference,  corresponding 
to  2",  from  cos  30°  13'. 

Or  we  might  add  the  difference,  corresponding  to  58",  to  cos  30°  14'. 

275.  One  half  of  the  ratios  of  angles  between  0  and  90**,  viz. 
all  the  sines  and  cosines  and  all  the  tangents  up  to  45°,  ai*e  less 
than  1.     The  logarithms  of  these  ratios  are,  therefore,  negative. 

In  order  to  avoid  tabulating  so  many  negative  quantities,  10 
is  added  to  the  logarithms  of  all  ratios  in  the  tables.  In  this  way 
all  the  tabulated  logarithms  are  reduced  to  positive  numbers. 
[The  number  4,  instead  of  10,  would  answer  the  same  purpose: 
for  the  smallest  tabulated  logarithm,  viz.  log  sin  T,  is  greater  than 

-4-] 

The  symbol  L  is  used  to  denote  a  logarithm  increased  by  10. 

Thus  L  sin  28°  37'  means  10  +  log  sin  28°  37' 

=  10+1-6802877=9-6802877. 

§  5.    Adaptation  op  formula  to  logarithmic  calculation. 

276.  Numbers  which  require  for  notation  several  significant 
figures  may  be  called  long  numbers. 

The  practical  use  of  logarithms  is  to  enable  us  to  avoid 
having  to  perform  any  operations,  involving  long  numbers,  except 
addition  and  svhtra^tion, 

277.  For  logarithmic  purposes  an  expression  requires  to  be 
put  into  factor-form,. 

We  here  use  the  word  factors  to  denote  the  parts  of  an 
expression  which,  being  either  multiplied  or  divided,  make  up 
the  expression.     Thus : 
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If  F^AxB;   logP  =  logil  +  log  A 

If  Q  =  A^B;  \ogQ  =  \ogA-log£. 

Strictly,  of  course,  j^,  not  B,  is  the  factor  in  the  second  case. 

278.  A  formula  is  best  adapted  to  logarithmic  calculation, 
when  the  factors  of  the  required  value  involve  only  the  addition 
and  8ithtra>ction  of  long  numbers. 

The  following  articles  will  illustrate  this  statement. 

279.  To  solve  a  right-angled  triangle,  whose  sides  a  and  b 
(containing  the  right-angle)  are  given. 

I.  To  find  c,  we  have  c^  ==  a*  +  b\ 

We  might  find  a^  and  5*  by  multiplication,  which  would  be  a 
troublesome  process  if  a  and  b  were  long  numbers.  We  may 
use  the  logarithmic  table  to  avoid  this  process;  but  not  con- 
veniently.    Thus : 

Suppose  a  =  3466-4  ft.  and  b  =  4543-6  ft. 

then  log  a  =  3-6386240  and  log  b  =  3-6673906, 

.-.  2  log  a  =  7-07726  and  2  log  5  =  7-31478. 

Now      log  1-1947  =  -07726  and  log  2-0643  =  -31478, 
.-.  a^=  11947000  and  b^  =  20643000, 
.-.  c^  =  32590000  and  log  c"  =  7-6130844, 
.-.  log  c  =  3-7665423  and  c  =  6708-8. 

This  work  requires  6  references  to  the  table;  showing  that 
the  formula  (^  =  a^  +  b^  is  not  well  adapted  for  logarithmic 
purposes. 

II.  To  find  Ay  we  have  tan  A  =  -z. 

.-.  log  tan  ^  =  log  a  -  log  6  =  1-8812336, 
.-.  Z  tan  ^    =  10  +  log  tan  A  =  9-8812335. 

Now  9-8813144  =  L  tan  37'  16' 

9-8810622  =  Ztan37°  16' 


•0002622  =       diff.  for  1' 

0001813  =  diff.  for  T?^  of 

.-.  A  =  37"  16'  42"  and  ^  =  90'  -  ^  =  62'  44'  18". 


0001813  =  diff.  for  ^  of  60"  i.e.  42" 
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III.     Having  found  Ay  we  may  find  c  as  follows  : 

/» 

We  have  -  =  cosec  A  =  cosec  37"  15'  42", 
a 

,\  log  c  -  log  a  =  log  cosec  37°  15'  42". 

Now  L  cosec  37°  15'  =  10-2180336 

L  cosec  37°  16'  =  102178676 


.-.  diff.  for  r=      -0001660 
.-.  diff.  for  42"  =  ^  of  T7r*^7r=  '0001162, 
.-.  L  cosec  37°  15'  42"  =  10-2179174, 

/.  log  c  =  3-5386240  +  -2179174  =  3-7565414, 

.'.  c  =  5708 -8  as  before. 

280.  To  find  the  side  a  of  a  right-angled  triangle,  when  the 
hypothenuse  c  and  third  side  h  are  given. 

Here  a*  =  c^-62^(c  +  5)  (c-6). 

In  this  case  the  required  value  is  expressed  by  factors  which 
involve  addition  cmd  subtraction  only.  Hence  it  is  better  adapted 
for  logarithmic  calculation. 

Thus  2  log  a  =  log  {c  +  b)  +  log  {c  -  5). 

Suppose  c  =  5708-8  and  h  =  4543-5, 

.-.  c  +  5  =  10252-3  and  c- 6  =  1165-3, 
.'.  log  (c  +  6)  =  4-0108213  and  log  (c  -  6)  =  3-0664377, 
.-.  2  log  a  =  7-0772590,  .'.  log  a  =  3-5386295, 
.'.  a  =3456-4. 

281.  To  solve  a  triangle  when  two  angles  and  a  side  are 
given.     [See  Arts.  163,  164.] 

Here  A  =  180°  -B-G;  which  gives  A  by  mere  sti^traction. 

Next  b  =  — ; — J- ,  .*.  log  b  =  log  a  +  log  sin  -6  -  log  sin  A, 
sin  ^ 

This  is  well  adapted  to  logarithmic  calculation.  Similarly  c 
may  be  found. 
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282.     To   solve  a  triangle  when  the  three  sides  are  given. 

[See  Arts.  166,  166.] 

6^  +  c*  -  a* 

We  have  cos  A  =  — ^r^ . 

2bc 

The  factor  h^  +  c^-a^  has  here  to  be  calculated  by  multi- 
plications: hence  this  formula  is  not  well  adapted  for  logarithmic 
calculations.     On  the  other  hand,  the  formula 

log  tan  iA  =  ^  log  (8-b)  +  ^  log  (»  -  c)  -  J  log  (s  -  a)  -  J  log  8. 
This  is  well  adapted. 

Or  we  may  use 

.     A  /({8-b){8-c)]  A  /(8{8-a)] 

If  all  the  angles  are  to  be  found  the  tcm  formula  is  the  most 
convenient,  because  only  the  four  logarithms  of  «,  «  —  a,  «  —  6,  s  -  c 
will  be  required  for  the  three  angles. 

Example,    Given  a =35742  yards,  6  =  29813  yards,  c= 47265  yards, 
find  A. 


35742 

56410 

56410        56410 

29813 

35742 

29813         47265 

47265 

20668 

26597         9145 

2)112820 

=  8  — a 

=z8-b                           =8-C 

«  =  56410 

.*.  From  the  tables 

we  find 

log  «= 4-7513561 

log  («- 6) =4-4248327 

log  (s- a)  =  4-3152985 

log(«--c)  =  3-9611837 

(adding)  =  9-0666546 

(adding)  =  8-3860164 

8-3860164 

2) -6806382 

•3403191  =ilog«+i log  («-a)-ilog(«-6)-i log  («-c). 
.  -.  X  tan  i  ^  =  10  -  -3403191  =  9-6596809. 

Now  9-6597076=X  tan  24°  33' 

9-6593733 =X  tan  24°  32^ 
•0003343=  diff.  for    1' 
.-.  -0003076=difi:  for  ^4^  of  60",  i.e.  54"  -5, 
. -.  i  ^  =  24°  32'  54''  -5,  .\  A=  49°  5'  49". 
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283.  To  solve  a  triangle  when  two  sides  and  the  included 
angle  are  given.     [See  Arts.  167,  168. J 

I.  To  find  a,  we  have         a^  =  6^  +  c^  -  26c  cos  A. 

This  is  not  well  adapted  to  logarithmic  calculation.  We 
may,  however,  transform  it  as  follows  : 

a2  =  6*  +  c2-26c(l-2sin2^^), 
=  (5  -  cy  +  46c  sin^  J  A, 

Now  there  must  be  some  angle,  6  say,  whose  tangent 

2J{be)    .    A 

=      ,       —    Sin  -rr  . 

b-c  2 

By  the  help  of  the  tables  this  angle  may  be  found.     Thus  since 

tan  6  =  -r^ — -  sin  ^r 
6  — c  2 

.'.  log  tan  0  =  log  2  +  ^  log  b  +  ^  log  c  -  log  (6  -  c)  +  log  sin  ^A. 

Having  found  0,  we  have 

a2  =  (5_c)*(l  +  tan^^)  =  (b-cf  sec*  ^, 
.*.  a  =  (6  -  c)  sec  ^, 
.".  log  a  =  log  (6  -  c)  +  log  sec  0. 

II.  To  find  B  and  (7,  we  have 

^      5-C7     6-c     ,il 
tan  =  j^ —  cot  -j^  , 

2  6  +  c         2 

.*.  log  tan  — ^ —  =  log  (6  -  c)  -  log  (6  +  c)  +  log  cot  -^  . 

Having  found  B  and  G  we  may  find  a  from   either  of  the 

equations 

a  =  b  sin  A  cosec  -6, 

or  a  =  (6  +  c)  sin  ^  A  ^ec^{B—  C), 

or  a  =  (b  —  c)  cos  ^  -4  cosec  J  (-5  -  0), 

The  two  latter  of  these  (which  the  student  may  easily  prove) 
have  the  advantage  over  the  first  that  they  require  only  two  new 
logarithms.     Thus 

log  a  =  log  (6  +  c)  +  log  sin  J  -4  +  log  sec  ^  (B-  0). 
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Example.    Given  6=723,  c=259,  -4  =  35"  18',  solve  the  triangle. 

Let       tan<?=V-^)8in4. 

0-c  2 

ThenZtan^=log2+ilog6+ilogc-log(6-c)+i:sinl7''39' 
=  -3010300 + 1  -4295691  + 1  -2066499 

-  2-6665180 +9-4817315 
=9-7524625, 

.-.  ^=29°  29'  23"  by  reference  to  the  tables. 

Now  a=(6-c)sec^, 

.*.  log  a = log  (6  —  c) + log  sec  3 

=2-6665180  + -0602592 

=2-7267772, 

.-.  a=5330614= 533-06  approximately. 

Next  Ztani(5-C0=log(6-c)-log(6+c)+XcotiJ 

=  2-6665180-2-9921115  +  10-4973279 
=  10-1717344, 

.-.     i  (5 -0  =  56°  2^39", 

and  i  (5+ (7)  =  72°  21', 

.-.  5=  128°  23'  39"  and  (7=  16°  18'  21". 

Hence  log  a = log  (6 + c) + log  sin  1 7°  39' + log  sec  56°  2'  39", 
=  2-9921115+ 1-4817315  +  -2529361, 
=  2-7267781, 
.%  a =533-0625 =533-06  approximately  (as  above). 

284.     To  solve  a  triangle  when  two  sides  and  a  non-included 
angle  are  given.     [See  Arts.  169,  170.] 

Ti  '    n     ^  sin  B 

Here  sin  C7  =  — ^ —  , 

0 

.'.  Z  sin  C  =  log  c  —  log  5  +  Z  sin  j5. 

This  formula  is  immediately  adapted  to  logarithmic  calculation 
and  need  not  be  further  discussed. 


1 
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Examples  XI. 

1.  Prove   from   definition   (the   indices    being  positive  in- 
tegers) : 

2.  Interpret  a®,  a"**,  a^,  d~^;  and  write  down  the  logarithms 
of  each  expression  to  the  base  a. 

3.  Find  the  values  of  3"*,  27*,  128-^  219^ 

4.  Express  the  identities  in  Ex.  1,  in  terms  of  powers  instead 
of  roots  of  a. 

5.  Express  as  powers  of  x ; — 

and  write  down  the  logarithms  of  each  expression  to  the  base  x. 

6.  Find  the  values  of 

log,  243,  log7  343,  log4  64,  log^o  10000,  log,  81, 
logu  m'\  log3  ^27,  log,  ^^,  log,  V125, 
logis  TT^,  log4  2,  log27  3,  logs  V81,  logs  4/2, 

log4  4/i,lo&o^,log«^, 

logio  '00001,  loga  COS  60°,  loga  cos  45°, 
loga  -5,  logs  -04,  logsa  128. 

7.  Find  the  characteristics  of 

logio  3245,  logio  123,  log^o  3-45,  log^o  '1234, 
logio  -001234,  logio  57000,  logs  90,  log4  100, 
log,  200,  loge  50,  logio  (123  x  10»). 

Prove  the  following  statements :  (8 — 23). 
8.     oi<«^  =  6i<««  9.     oio«^  =  oio«\a^«. 

10.  a>^^=:{a}^^y. 

1 1.  \ogJ)  X  logj,c  X  logc  a  =  1. 

J.  T.  14 
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1 2.  loga  h  X  logc  d = loga  d  X  logc  h, 

13.  loga  6  X  log  ft  c  X  logc  d  X  logd  e  =  log^  e. 

14.  logam*  X  log^n^  x  loggr*  =  logftr*  x  \og^^  x  log«w*. 

15.  If  logflW  =  logftW,  then  each  =  loga^. 

16.  If  logaa5  =  logfty  =  logc«,  then  each  =  log  aj^^sf  to  the 
baseoPftV. 

17.  log  a;  to  base  a**  =  log  J^x  to  base  a. 

18.  2  log  cos  .4  =  log  (1  +  sin  il)  +  log  (1  -  sin  A), 

19.  2  log  tan  A  =  log  (sec  .4  -  1)  +  log  (sec  A  +  1). 

20.  log  sin  2  A  =  log  2  +  log  cos  A  +  log  sin  .4. 

21 .  log  cos  2-4  =  log  (cos  A  +  sin  A)  +  log  (cos  -4  -  sin  A), 

22.  log  (1  +  sin  2A)  =  2  log  (cos  -4  +  sin  ^). 

23.  log  tan  (ii  +  45')  =  log  (1  +  tan  ^)  -  log  (1  -  tan  A). 

Logarithms  to  hose  10. 

24.  Given  log  2  =  -3010300,  find  the  logarithms  of 

4,  8,  128,  »/2,  1024,  |,  -^,  -25,  -03125,  200,  -002. 

25.  Given  log  2  =  -3010300,  find  the  logarithms  of 

5,  25,  50,  -2,  -008,  ^^7^— ,  5000,  -0005. 

26.  Given  log  3  =  -4771213,  find  the  logarithms  of 

9,  ^,  30,  243,  -03,  -1. 

27.  Given  log  2  and  log  3  (as  above)  find  the  logs  of 

6,  18,  15,  135,  144,  750,  -2,  -004 

28.  Given  log  7  =  -8450980,  find  the  logs  of 

343,  343000,  -343,  -00343,  3-43. 

29.  Given  log  2,  log  3,  and  log  7  (as  above)  find  the  logs  of 

35,  210,  245,  28,  42,  63,  441,  504. 
State  in  each  case  the  possible  error  in  the  result  calculated. 
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30.  Given   log  5  = -6989700,  log  11  =  1-0413927,  find   the 
logarithms  of  2-2,  -36,  4*64. 

31.  Given  log  18  =  1-2562725,  log  24  =  1-3802112,  find 
log  2  and  log  3. 

32.  Given  log  54  =  1-7323938,  log  45  =  1-6532125,  find  log  3 
and  log  5. 

33.  Given  log  48  =  1-6812412,  log  75  =  1-8750613  find  log  15, 
log  12,  and  log  -02. 

34.  Prove  that 
L  cosec  ^  +  Z  sin  ^  =  X  cot  B-vL  tan  ^  =  Z  cos  ^  +  Z  sec  B  =  20. 

35.  Find  the  cube  root  of  two  billion,  having  given 
log  2  =  -3010300  and  log  1-259921  =  -1003433. 

36.  Given 
log  TT  =  -4971499,  log  1-3949  =  -1445431,  log  4-382208  =  -6416930, 

:find   the   length   of   the   equator,  the  equatorial   radius  of   the 
earth  being  about  6974500  yards. 

37.  Show  that  the  characteristic  of  the  logarithm  to  base  10 
of  a  wJwle  number  is  one  less  than  the  number  of  digits  by 
•which  that  number  is  denoted  in  the  decimal  system  of  notation. 

38.  Given  log  2,  find  the  number  of  digits  in  2^. 

39.  Find  the  5th  root  of  the  product  of  -00056789  and 
•012345  having  given  that 

log  56789  =4-7542642, 
log  12345  =4-0914911, 
log  931432  =  5-9691511. 

On  Interpolation, 

40.  Given  log  8-4713  =  -9279501  and  log  8-4714=^-9279552; 
find  log  8-471329,  log  847-1343,  and  log  84713-76. 

;  41.     Given  log  187-13  =  2-2721434  and  log  187-14=2-2721666 ; 

I       find  log  187136-7,  log  -01871359,  and  log  18-71334. 

I  14—2 


^ 
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42.  Given  -4271776  =  log  2-6741  and  -4271939  =  log  2-6742; 
find  the  numbers  whose  logarithms  are  3-4271802,  3*4271799, 
T-4271900. 

43.  Given  2-5770320  =  log  377-60  and  -5770435  =  log  37761 ; 
find  the  numbers  whose  logarithms  are  2-5770397,  3-5770409, 
-5770421. 

44.  Given  sin  38"  38'  =  -6243342  and  sin  38"  39'  =  -6245614; 
find  sin  38°  38'  38",  and  sin  38"  38'  57". 

45.  Given  cot  43°  23'=  1-0580867  and  cot  43"  24'=  1-0574704; 
find  cot  43"  23'  23"  and  cot  43"  23'  42". 

46.  Given  L  tan  32"  32'=  9-8047447  and  L  tan  32"  33^ 
=  9-8050233;  find  L  tan  32"  32'  32"  and  L  tan  32"  32'  46". 

47.  Given  L  cos  21"  21'  =  9-9691241  and  L  cos  21"  22'  = 
9-9690746;  find  L  cos  21"  21'  21"  and  L  cos  21"  21'  35". 

Solution  of  Triangles. 

48.  Given  G=  90",  c  =  934,  a  =  257 ;  find  b, 

[log  1-191  =  -0759118,  log  6-77  =  -8305887, 
log  8-9794=  -9532473,  log  8-9795  =  -9532522.] 

49.  Given  C  =  90°,  a  =  532  7,  6  =  261  -9 ;  find  A,  B,  c. 

[log  5-327  =  -7264827,  log  2-619  =  -4181355, 
L  tan  63"  49'  =  10-3083000,  L  tan  63"  50'  =  10-3086191, 
L  sec  63"  49'  =  103553204,  L  sec  63"  50'  =  10-3555774, 
log  5-93601  =  -7734944.] 

50.  Given  G  =  90",  a  =  2795,  il  =  60" ;  find  6,  c,  B. 

[log  2-795  =  -4463818,  log  3  =  -4771213, 

log  1-6136  =  -2077959,  log  1-6137  =  -2078228.J 

51.  Given  ^=70"  13',  (7  =  23"  19',  a  =  143;  find  b, 

[Z  sin  70"  13' =  9-9735801,  Zcosec86"  28' =  10-0008263, 

log  1-43  =  -1553360, 

log  1-3481  =  -1297221,  log  1-3482  =  -1297543.] 
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.     52.     Given  ^  =  59°  16',  (7  =  45%  6  =  2793;  find  a. 

[cot 59°  16'= -5945,  log  1-5945  = -2026245, 

log  2-793  =  -4460709,  log  5  =  -6989700, 

log  3-1490  =  -4981727,  log  3-1491  =  -4981865.] 

53.  Given  a  =  52317,  b  =  24659,  c=  47932;  find  A. 

[log  6-2454  =  '7955603,  log  1-0137  =  -0059094, 

log  3-7795  =  -5774343,  log  1-4522  =  •]  620264, 

L  tan  42°  57'  =  99688960,  L  tan  42°  58'  =  9-9691493.] 

54.  The  sides  of  a  triangle  are  as  9  :  11   :  13.     Find  the 
greatest  angle. 

[cos  80°  24' =  -1667687,  cos  80°  25'= -1664819.] 

55.  The  sides  of  a  triangle  are  50,  36,  28.     Find  the  greatest 
angle. 

[log  19  =  1-2787536,  log  29  =  1-4623980, 

Ztan  51°  0'  =  10-0916308,  Ztan51°  1'  =  10-0918891.] 

56.  The  sides  of  a  triangle  are  as  7  :  8  :  9;  find  all  the 
angles. 

[Ztan-24°  5' =  9-6502809,  Ztan24°  6'  =  9-6506199, 
i;tan29°  12' =  9-7473194,  Z  tan  29°  13'=  9-7476160, 
log  2  =  -3010300.] 

57.  Given  b  =  7235,  c  =  1592,  ^  =  50° ;  find  B  and  C. 

[log  5-643  =  -7515101,  log  8-827  =  -9458131, 

L  cot  25°  =  10-3313275,  L  tan  53°  53'  33"  =  101370245.] 

58.  Given  6  =  27,  c=  13,  ^  =  120°;  find  B,  (7,  and  a. 

[log  2  = -3010300,  log  3  =  -4771213, 

log  7  =  -8450980,  log  3-5341  =  -54828, 

Z  tan  11°  25' =  9-3052183,  Z  tan  11°  26' =  9-3058689, 

Zsec  11°  25'  =  100086793,  L sec  11°  26'  =  10-0087048.] 

59.  Given  b  =  9268,  c  =  6951,  A  =  16°  15'  38";  find  £  and  G. 
[log  7  =  -8450980,  L  cot  8°  7'  49"  =  10-8450980.] 
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60.  Given  B=  ^T  13',  c  =  239-7,  h  =  198-5;  find  A  and  C, 

[log  2-397  =  -3796680,  log  1-985  =  -2977605,     • 

Z;  sin  62°  24' =  9-9475335,  Z  sin  62"  25' =  9-9475995, 

Z  sin  47°  13' =  9-8656531.] 

61.  Given  B  =  47°  13',  6  =  239-7,  c  =  198-5 ;  find  C,  A,  a. 

[L  sin  37°  25'  =  9-7836227,  L  sin  37°  26'  =  9-7837878, 
Zcos5°  21' =  9-9981040,  Z  cos  5°  22' -9-9980921, 
log  3-2517  =  -5121105,  log  3-2518= -5121238. 

See  last  Example.] 

62.  Given  ^  =  123°  27',  b  =  349-87,  c  =  37-925 ;  find  C,  A,  a. 

[log  3-4987  =  -5439067,  log  3-7925  =  -5789256, 
Z  cos  33°  27' =  9-9213572,  log  3-275311  = -5152526, 
Zsin5°  ir  =  8-9558940,  Zsin5°  12' =  8-9572843, 
Z  sin  51°  21' =  9-8926375,  Z sin  51°  22'  =  9-8927385.] 

[Reference  to  tables  will  be  required  for  Ex.  63 — 67.] 

63.  A  tower  132  feet  high  throws  a  shadow  66  feet  long 
upon  the  horizontal  plane  upon  which  it  stands.  Find  the  Sun's 
altitude. 

64.  The  elevation  of  a  balloon,  at  a  height  3000  ft.  from  the 
ground,  is  43°  17';  find  its  distance  from  the  spectator. 

65.  The  angles  of  depression  of  the  two  banks  of  a  river, 
243  feet  wide,  (as  observed  from  a  point  in  a  vertical  plane  per- 
pendicular to  the  length  of  the  river,)  are  23°  17'  and  18°  15'; 
find  the  vertical  height  of  the  point  of  observation. 

66.  From  the  bank  of  a  river,  the  top  of  a  tower  on  the 
opposite  bank  is  at  an  elevation  54°;  35  feet  further  away  its 
elevation  is  49°;  find  the  breadth  of  the  river  (the  two  points 
of  observation  and  the  tower  being  in  a  line  perpendicular  to  the 
length  of  the  river). 

67.  The  angle  of  elevation  of  a  hill  from  a  point  due  north 
of  it  is  53°  18'  27!',  and  from  another  point  due  west  of  the 
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former  and  distant  430*306  feet  from  it  the  elevation  is  49°  17'  18". 
Find  the  height  of  the  hill. 

68.  Given  two  sides  and  an  angle  (6,  c,  il)  of  a  triangle,  show 
that  the  third  side  a  =  {b  +  c)  cos  0,  where 

sin  ^  =  —r-^ — -  cos  ^  . 
b  +  c  2 

69.  Given  the  sides  of  a  triangle,  show  that  the  angles  may 
be  found  from  the  equations 

-4  -  J5  _  (a  +  6)  sin  ^  .    C  _  csin^ 

'"''^""2"  "     2  J  (ah)     '         ^  2'"  ITpT)' 

where  a  —  6  =  c  cos  0. 

70.  Given  the  sides  of  a  triangle,  show  that  the  angles  may- 
be found  from  the  equations 

log  cos  B  =  log  X  —  log  c,  log  cos  G  =  log  y  -  log  6, 

where  x  and  y  are  found  from  the  equations 

x  +  y  =  af     log  (x-y)  =  log  {c  +  b)  +  log  (c  -  6)  -  log  a. 

71.  Show,  by  examining  in  the  tables  the  logarithms  of  the 
numbers  1,  2,  3,  4,  5,  &c.,  and  the  logarithms  of  the  sines  of  the 
angles  1',  2',  3',  4',  5',  &c.,  that  the  sines  of  small  angles  are 
approximately  to  one  another  as  the  angles. 


CHAPTER  XII. 

RATIOS    OF    ANGLES    UNLIMITED    IN    SIGN    AND 

MAGNITUDE. 

§  1.     Directed  Magnitudes. 

285.     Let  L  and  M  be  two  points  in  a  line:  and  let  LM 
stand  for  the  length  of  the  part  of  the  line  between  them. 

Let  T  be  any  other  point  in  the  same  line. 

Then  we  may  express  LM  in  terms  oi  LT  and  TM, 


L 

T 

M 

L 

M 

T 

T 

L 

M 

■• — 

Thus 

(1)  If  T  is  between  Zand  J/,  ZJf=Zr+TJf   (1), 

(2)  If  T  is  outside  LM,  beyond  M,LM=LT-MT..  .(2), 

(3)  If  T  is  outside  LM,  beyond  Z,  LM=  TM-  TL     ...(3). 

If  we  do  not  know  where  T  is  situated  with  regard  to  L  and 
My  we  do  not  know  which  of  these  three  formulae  to  adopt.  But 
it  would  be  clearly  advantageous  to  be  able  to  use  the  same 
equation  for  all  three  ca^es.     We  observe,  then,  that 

MT  has  to  be  svMractedy  when  T  is  on  the  side  of  M,  opposite 
to  L :  and  that 

TL  has  to  be  svhtra^cted,  when  T  is  on  the  side  of  L,  opposite 
to  M :  and  that 

Otherwise  MT  and  TL  have  to  be  added. 
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Directed  Lengths, 

286.  Let  us,  then,  use  a  bracketed  symbol,  such  as  (LM),  to 
indicate — not  merely  the  distance  LM — but  also  the  directimi  in 
which  that  distance  is  regarded  as  having  been  described. 

Such  a  symbol  as  {LM)  or  {ML)  may  be  said  to  represent  a 
directed  length.     Thus 

{LM)  represents  the  line  LM,  regarded  as  drawn  from  L 
to  Jf ; 

{ML)  represents  the  line  LM,  regarded  as  drawn  from  M 
to  Z. 

287.  The  use  of  these  symbols  representing  directed  lengths 
is  explained  by  the  following  rules  of  interpretation. 

To  interpret  any  eocpresaion  in  which  directed  lengths  in  the 
same  line  a/re  connected  by  the  signs  +  or  — . 

Rule  I,  When  the  lengths  are  all  directed  the  sa/me  way,  the 
signs  must  be  understood  in  their  Arithmetic  sense. 

Rule  IL  Any  directed  length  may  be  reversed,  if  the  sign 
preceding  it  is  changed. 

To  obtain  the  final  interpretation,  therefore,  we  must  reduce 
all  the  directed  lengths  to  lengths  directed  the  same  way,  by 
reversing  and  changing  the  preceding  signs  where  necessary. 

288.  From  the  rules  of  the  preceding  article,  it  will  be  seen 
that  we  may  write  always  in  Art.  285 

{LM)  =  (LT)  +  {TM) (4). 

For,  in  fig.  1,  {LT),  {TM),  and  {LM)  are  directed  the  same 
way,  and  hence  -f  has  to  be  interpreted  as  arithmetic  addition. 

In  fig.  2,  {TM)  is  directed  in  the  opposite  way  to  {LT)  and 
{LM),  and  .*.  +  {TM)  becomes  -  {MT), 

In  ^g,  3,  {LT)  is  directed  in  the  opposite  way  to  {TM)  and 
{LM),  and  .*.  -f  {LT)  becomes  -  (TL\ 
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289.  The  formula  (LM)  =  (LT)  +  (TM)  is  of  the  highest 
importance.  To  give  it  a  familiar  aspect,  we  may  regard  (LM) 
as  a  step  from  L  to  M,  Thus,  if  we  have  to  go  from  L  to  i/,  we 
may  always  go  from  L  to  T  and  then  from  T  to  M. 

This  will  be  true,  even  if  T  is  not  in  the  line  LM.  But  in  this  case 
LTM  would  form  a  ^rectilineal  or  curvilinear)  triangle,  and  we  should 
not  (in  general)  be  able  to  give  any  arithmetic  meaning  to  the  sign  + , 
for  neither  the  addition  nor  the  subtraction  of  the  lengths  of  two  sides 
of  a  triangle  would  give  us  (in  general)  the  length  of  the  third  side. 

If  Z,  T,  M  are  in  the  same  line  (straight  or  curved)  we  may 
always  give  an  Arithmetic  Interpretation  to  the  equation 
{LM)  =  {LT)  +  {TM)y  by  reversing  and  changing  the  sign  of 
either  {LT)  or  (TM),  if  it  is  in  the  direction  opposite  to  {LM). 

290.  The  student  should  observe  that  with  the  same  rules  of 
interpretation,  the  equations 

(LM)  =  (LT)  -  (MT) (5) 

and  (LM)  =  {TM)  ^  (TL) (6) 

are  always  true,  if  Z,  T,  M  are  in  a  line. 

In  fact,  by  Rule  2, 

4-  (TM)  =  -  (MT)  and  +  (LT)  =  -  (TL), 

so  that  (5)  and  (6)  follow  from  (4). 

291.  In  the  fundamental  equation 

+  (TM)  =  -  (MT) 
write  M  for  T, 

Then  +  (MM)  =  -  (MM). 

Now  the  only  algebraical  quantity  which  is  such  that  its 
addition  is  equivalent  to  its  subtraction  is  zero. 

Hence  (MM)  =  0. 

This,  of  course,  only  expresses  the  fact  that  the  distance  from 
M  to  Mia  nothing. 
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Directed  Angles. 

292.  Similarly,  if  OL,  OM  make  any  angle  LOM,  and  if  OT 
be  any  other  line  through  0  in  the  plane  LOM,  the  angle  LOM 
will  equal  either 

LOT+  TOM  or  LOT  -  MOT  or  TOM-  TOL, 

according  as  OT  \^  between   OL  and    OM^   or   heytmd  OM,    or 
beyond  OL, 

T 


Using  the  symbol  {LOM)  to  represent  the  angle  LOM, 
regarded  as  described  by  the  revolution  of  a  line  from  OL  to  OM, 
and  giving  the  same  rules  of  interpretation  for  directed  angles  as 
for  directed  lengths,  we  may  say  universally 

{LOM)  =  {LOT)  +  {TOMy 

As  before  this  equation  is  clearly  realised  by  regarding  the 
rotation  from  OL  to  OM  as  equivalent  to  a  rotation  from  OL  to 
OT  followed  by  a  rotation  from  OT  to  OM,  But  the  equation 
can  be  arithmetically  interpreted,  only  if  OT  \^  in  the  same 
[surface  or]  plane  as  the  angle  LOM, 


Directed  Areas, 

293.  If  0L0\  O'MO  are  two  parts  which  together  make  up 
any  closed  line,  and  if  OTO'  be  any  other  line  joining  00' y  then 
the  area  of  OLO'M  will  equal  either 

OLO'T+  OTO'M  or  OLO'T-  OMO'T  or  OTOM-  OTO'L, 

according  as  OTO'  falls  entirely  loithin  the  figure  OLO'M,  or 
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outside  the  figure  beyond  OMO',  or  outside  the  figure   beyond 
OLD'. 


-. ^' 


Using  the  symbol  (OLO'MO)  to  represent  an  area  whose 
periphery  is  traced  out  by  moving  in  the  direction  O-L—O'—M—  O, 
and  giving  the  same  rules  of  interpretation  for  directed  a/reas  as 
for  directed  lengths  and  directed  angles,  we  may  write  universally 

{OLO'MO)  =  {OLO'TO)  +  (OW  MO). 

In  tracing  out  the  peripheries  of  the  t^uo  figures  whose  sum  is 
equal  to  the  original  figure,  the  tracing  point  moves  twice  over 
the  part  of  their  peripheries  which  is  common,  viz.  Ol'O' ; — first 
in  the  direction  {O'TO),  then  in  the  direction  {OTO'),  These  two 
movements,  being  in  opposite  directions,  may  be  regarded  as 
cancelling  one  another,  and  the  resultant  movement  as  equivalent 
to  {OLMOy 


Algebraical  Representation  of  Directed  Magnitudes. 

294.  In  each  of  the  three  kinds  of  directed  magnitudes 
above  discussed, — viz.  length,  angle,  area, — two  opposed  direc- 
tions were  involved. 

Now  in  dealing  with  such  magnitudes,  we  have  to  reduce 
them  to  the  same  direction  before  combining  them  arithmetically. 

Hence  it  is  convenient  to  choose  owe  of  the  two  directions  in 
question  as  that  to  which  all  the  directed  magnitudes  shall  be 
reduced. 
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The  direction  so  chosen  is  called  the  Positive;  that  opposite 
to  it  is  called  the  Negative, 

Again,  the  addition  of  any  directed  magnitude  was  interpreted 
to  mean  the  same  as  the  subtraction  of  the  oppositely  directed 
magnitude. 

Hence,  the  algebraical  signs  of  affection  exactly  answer  the 
purpose  of  denoting  two  oppositely  directed  magnitudes. 

It  is  clearly  immaterial  which  direction  we  choose  to  represent 
by  positive  numbers  and  which  by  negative. 

295.  The  method  of  applying  signs  of  affection  to  denote 
directed  angles  is  the  same  as  that  for  directed  lines. 

In  Chap.  I.,  it  is  shown  that  a  trigonometrical  angle,  corre- 
sponding to  a  given  geometrical  angle,  may  be  of  any  rrmgnitvde. 

When  further  we  distinguish  the  Initial  from  the  Final  line, 
we  can  also  apply  either  sign  of  affection  to  represent  an  angle. 

In  Arts.  14 — 16,  the  general  value  of  the  magnitude  of  a 
trigonometrical  angle  is  given  in  terms  of  the  corresponding 
geometrical  angle.  We  may  apply  these  results  to  a  directed 
trigonometrical  angle.  For,  whichefver  direction  the  revolution 
takes,  a  complete  revolution  brings  the  revolver  back  to  its  initial 
position,  and  a  half-complete  revolution  brings  it  to  the  initial 
position  reversed.  Hence  the  following  table  gives  the  value  of 
the  trigonometrical  directed  angle  corresponding  to  any  position 
of  the  final  line  : — 


•Final  line  in 
1st   Positive  Quadrant 
2nd         „  „ 

3rd  „  „ 

4th  „  „ 


Directed  angle  = 

2n .  180°  +  a  positive  acute  angle. 
(2»+ 1)180°-  „  „         „ 

(2«+ 1)180°  + 

2« .  180°  - 


»»  >>  >> 


where  w  is  0  or  any  positive  or  negative  integer. 
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Dependent  Signs, 

296.  We  may  choose  wrbitra/rily  either  direction  of  revolu- 
tion as  positive. 

But  it  is  convenient  to  make  the  sign  for  an  area  depend  on 
that  for  a  revolution.     Thus 

Let  aS^  be  any  point  taken  inside  a  closed  area. 

Let  an  elastic  string  tied  to  JS  revolve  round  S  through  four 
right-angles,  and  let  its  other  extremity  trace  out  the  periphery 
of  the  area,  so  that  the  string  just  traverses  the  whole  area. 

Then  we  take  the  area  as  positive,  when  its  periphery  is 
traced  out  in  the  direction  corresponding  to  the  positive  direction 
for  the  angle. 

It  should  be  noted  that  if  /S  is  taken  otUside  the  area,  the  string  will 
have  to  revolve  first  through  an  angle  in  one  direction  and  then  through 
an  equal  angle  in  the  opposite  direction,  in  order  that  its  extremity 
may  trace  out  the  periphery.  Hence  to  connect  the  sign  of  an  area 
with  the  sign  of  an  angle  we  must  take  aS^  irmde  the  area. 

297.  When  any  line  is  taken  independently,  either  direction 
along  it  may  be  a/rhitra/rUy  chosen  as  positive. 

But  when  it  is  essential  to  regard  a  certain  line  as  perpen- 
dicula/r  to  another  line  (whose  positive  direction  has  already  been 
-assigned)  the  sign  of  the  former  depends  on  the  latter. 

Thus,  the  line,  which  makes  a  positive  right-angle  with  an 
independently  positive  line,  is  dependently  positive  :  and  hence, 
the  line,  which  makes  a  negative  right-angle  with  an  indepen- 
dently positive  line,  is  dependently  negative. 

Signs  in  Multiplication, 

298.  Suppose  ABC  J)  is  any  rectangle.     (See  fig.  p.  9.) 

Then,  by  an  extension  of  the  meaning  of  multiplication  (ex- 
plained in  Art.  21)  we  have 

area  ABCD  =  length  AB  x  length  BC. 
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By  a  still  further  extension  we  may  say 
directed  area  (ABC DA)  = 

(AB)  X  (BC)  or  (BG)  x  (CD)  or  (Ci>)  x  (DA)  or  (i>J)  x  (AB), 

directed  area  (CBADC)  = 

(GB)  X  (J?.l)  or  (J5^)  x  (AD)  or  (^Z>)  x  (DC)  or  (Z)C)  x  (0^). 

In  each  of  these  products  the  directed  factors  (and  the  letters 
composing  those  factors)  are  written  in  the  order  indicated  by  the 
designation  of  the  directed  area. 

Let  us  choose  arbitrarily  the  sign  of  the  first  factor.  Then 
that  of  the  second,  since  it  is  essential  to  regard  it  as  perpendicu- 
lar to  the  first,  will  be  chosen  dependently  on  the  first. 

Suppose,  then,  that  (A  BCD  A)  is  considered  positive^  and 
(CBADC)  is  considered  negative, 

I.  Let  (AB)  be  arbitrarily  chosen  as  positive,  so  that  (CD) 
is  negative. 

Then  (BC)  makes  a  positive  right-angle  with  AB,  and  is,  there- 
fore, dependently  positive. 

But  (DA)  makes  a  negative  right-angle  with  AB,  and  is,  there- 
fore, dependently  negative. 

Thus,  the  rule  of  signs  in  multiplication  are  applicable  to  the 
four  equations 

(ABC DA)  =  (AB)  X  (BC)  =  (CD)  x  (DA), 
(CBADC)  =  (BA)  X  (AdI)  =  (DC)  x  (CB), 

II.  Let  (BC)  be  arbitrarily  chosen  as  positive;  so  that  (DA) 
is  ^negative. 

Then  (CD)  makes  a  positive  right-angle  with  (BC),  and  is, 
therefore,  dependently  positive. 

But  (AB)  makes  a  negative  right-angle  with  (BC)  and  is, 
therefore,  dependently  negative. 

Thus  the  rule  of  signs  in  multiplication  applies  to  the  remain- 
ing four  equations, 

(ABC DA)  =  (BC)  X  (CD)  =  (DA)  x  (AB), 
(CBADC)  =  (CB)  x(BA)  =  (A D)  x  (DC). 
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299.  The  student  must  carefully  distinguish  between  the 
multiplication  of  a  directed  length  by  a  directed  length  and  the 
multiplication  of  a  directed  length  by  a  number^  positive  or  nega- 
tive. 

Length  x  Length    =  Area. 
But  Length  x  Number  =  Length, 

Thus,  (3  ft.)  X  (—  2  ft.)  may  be  interpreted  as  -  6  square  ft. 

But  (3  ft.)  X  (—  2)  must  be  interpreted  as  —  6  ft. 

Hence  multiplying  a  directed  length  by  a  negative  number  has 
the  effect  of  altering  the  length  and  reversing  its  direction. 

§  2.     Application  to  Trigonometrical  Ratios. 

300.  Let  a  straight  line,  terminated  at  a  fixed  apex,  describe 
an  angle  by  revolving  in  a  plane  from  an  initial  to  a  final  position. 

Let  a  transverse  line,  perpendicular  to  either  the  initial  or  the 
final  line,  cut  both  these  lines  (either  being  produced  if  necessary). 
Then 

(1)  The  part  cut  off  from  the  transversal — directed  from  the 
initial  to  the  final  line — ^is  called  the  Perpendicular. 

(2)  The  parts  cut  off  from  the  initial  and  final  lines — directed 
from  the  apex  of  the  angle — are  called  Base  and  Hypothenuse 

(that  being  hypothenuse  which  is  opposite  the  right-angle.) 


Thus,  let  01  be  the  initial,  OF  the  final  line. 

Then  if  J?  is  on  01,  and  BH  perpendicular  to  01] 
{OH)  is  hypothenuse;  {OB)  is  base;  and  {BH)  is  perpendicular. 
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r 

But  if  5  is  on  OF,  and  BH  perpendicular  to  QF] 

{OH)  is  hypothenuse;  {OB)  is  base;  and  {HB)  is  perpendicular. 

Having  then  defined  base,  hypothenuse,  and  perpendicular  as 
directed  lengths,  the  ratios  of  any  directed  angle  whatever  are 
defined  in  the  same  way  as  those  of  an  acute  angle  were  defined 
in  Art.  71 — 73,  except  that  directed  lengths  are  svhatituted  for  mere 
lengths. 

Conventions  as  to  Signs, 

301.  In  order  to  express  the  Trigonometrical  Ratios  alge- 
braically we  must  affix  signs  of  affection  to  the  four  directed 
magnitudes  in  question,  viz.  : 

(1)  The  angle.  (2)  The  initial  line.  (3)  The  final  line. 
(4)   The  transverse  line. 

Mathematicians  adopt  the  following  conventions  in  order  to 
express  algebraically  the  ratios  of  any  directed  angle  : — 

(1)  Lengths  along  either  bounding  line  of  the  angle  are 
regarded  as  positi/oe, 

(2)  Jjengtha  perpendicula/r  to  either  bounding  line  have  the 
same  sign  as  the  right-angle  which  they  make  with  that  bounding 
line. 

Thus,  the  bounding  lines  being  assumed  to  be  positive,  the. 
perpendiculars  to  them  receive  a  dependent  sign,  as  explained  in 
Art.  297. 

302.  The  mathematician  thus  leaves  two  directions  to  be 
arbitrarily  chosen,  viz. : — 

(1)  The  positive  direction  of  revolution. 

(2)  The  direction  of  the  initial  line. 

303.  It  is  very  desirable  to  fix  upon  some  constant  directions 
of  these  two,  for  the  purpose  of  mentally  retaining  the  signs  of 
the  different  ratios  of  different  angles. 

For  this  purpose  we  have  what  may  be  called  a  teacher-and 
stVfdenfs  convention  ;  viz. : 

(1)  The  positive  direction  of  revolution  shall  be  opposite  to 
the  motion  of  the  hands  of  a  clock;  Le.  a  Right-Up-Left-Down- 

J.  T.  15 


226 


RATIOS  OF  UNLIMITED  ANGLES. 


Right  motion ;  so  that  the  negative  direction  is  the  same  as  that 
of  the  motion  of  the  hands  of  a  clock ;  i.e.  a  Le/t-Up-Eight-Doum- 
Left  motion. 

(2)  The  initial  line  shall  be  supposed  to  be  drawn  right- 
wards. 

Since  a  line  drawn  v/pwwrda  makes  (in  accordance  with  this 
convention)  a  positive  right-angle  with  a  line  drawn  right-wards, 
we  have,  combining  the  Mathematician's  with  the  Teacher-and- 
Student's  convention,  the  following  three  positive  directions : 

(1)  For  initial  line,  Eight-wards. 

(2)  For  revolution,  Eight^upwards. 

(3)  For  perpendicular,  Upwa/rds, 

304.  To  determi/ne  the  signs  of  the  ratios  for  the  different 
qvxidrants  in  which  thejmal  line  niay  lie. 


APPLICATION  TO   TRIGONOMETRICAL  RATIOS.  227 

Liet  01  be  the  initial  line,  OF  the  final  line. 

For  simplicity,  take  the  hypothenuse   {OH)  in  every  case 
along  OF,     So  that  (OH)  is  always  positive. 

Draw  HB  perpendicular  to  0/  or  01  produced. 

Then  {OB)  is  the  base ;  and  {BH)  is  the  perpendicular. 

Let  {OK)  make  a  positive  right-angle  with  (0/),  so  that  lines 
in  the  direction  {OK)  are  positive, 

(1)  When  Oi^is  in  the  1st  quadrant, 

{Bff)  which  is  drawn  in  the  direction  {OK)  is  Positive. 
{OB)      „  „       in  the  direction  (01)  is  Positive. 

(2)  When  OF  is  in  the  2nd  quadrant, 

{BH)     „  „       in  the  direction  {OK)  is  Positive. 

{OB)      „  „       oppositely  to  {01)  is  Negative. 

(3)  When  OF  is  in  the  3rd  quadrant, 

(BH)     „  „       oppositely  to  {OK)  is  Negative. 

(OB)      „  „       oppositely  to  {01)  is  Negative. 

(4)  When  OF  is  in  the  4th  quadrant, 

{BH)     „  „       oppositely  to  {OK)  is  Negative. 

{OB)      „  „       in  the  direction  {01)  is  Positive. 

Thus  the  signs  corresponding  to  the  four  quadrants  are 

for  Perp. ;(!)+;  (2)  +  ;  (3)-;  (4)-. 
for  Base;   (1)+;  (2)-j  (3)-;  (4)+. 

Now  since  we  have  taken  the  hypothenuse  {OH)  to  be  positive 
in  every  case, 

(I)  Sine  and  Cosecant  have  the  sign  of  the  Perp. 

(II)  Secant  and  Cosine  have  the  sign  of  the  Base. 

Also  (III)  Tangent  and  Cotangent  have  the  sign  obtained  by 
division  of  Base  and  Perp. 

The  following  table  gives  all  the  results  : 

15—2 
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1 


Quadrants 


Sine  and  Cosecant 


Tangent  and  Cotangent 


Secant  and  Cosine 


1st 


+ 


2Dd 


3rd 


4th 


Here  observe  that,  while  every  ratio  is  positive  in  the    1st 
quadrant, 

the  sine  (and  cosecant)  are  also  positive  in  the  2nd  ; 
the  tangent  (and  cotangent)  „  „  in  the  3rd  ; 
the  secant  (and  cosine)  „       „         in  the  4th. 

305.  In  the  above  figures, 

(1)     The  initial  line  01  is  drawn  Rightwards: 
(•^)     The  positive  direction  of  revolution  is  Right- upwards  : 
so  that 

(3)     OK,  which  is  drawn  Upwards,  is  positive. 
Also  the  lines  {OB),  (BU)  are  dotted  when  negative. 

Retaining  these  figures  in  the  mind,  it  is  easy  to  remember 
that 

{OB)  is  +  ^®,  when  Rightwa/rds  ;  -  ^,  when  Leftwards, 
{BH)  is  +  ^®,  when  Upwards;      -  ^®,  when  Dovrmoards, 

306.  But  the  student  must  particularly  observe,  that  the 
signs  here  ascribed  to  the  base  and  perpendicular,  according  as 
the  former  is  rightwards  or  leftwards  and  the  latter  upwards  or 
downwards,  apply  only  to  the  angle  lOF  in  each  of  the  four 
figures. 

Thus,  in  each  figure,  when  we  regard  {OB)  as  the  base  of  the 
acute  angle  BOH,  it  is  positive:  so  that  (e.g.)  cos  {BOH)  is 
positive  in  each  case. 
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Moreover,  retaining  the  same  positive  direction  of  revolution 
viz.  Hight-UjhLefi'Downwarday 

in  2nd  figure,  sin  [BOH)  is  negative. 
in  3rd  figure,  sin  {BOH)  is  positive, 

Compa/rison  of  the  ratios  of  related  angles. 

307.  In  denoting  the  ratios  of  angles,  we  may  use  either 
symbols  for  directed  lengths,  or  symbols  for  rmre  Arithmetic  lengths 
— prefixing  eocplicitly  the  proper  signs. 

The  latter  method  was  used  in  Art.  136,  in  defining  the  ratios 
of  obtuse  angles.  The  student  ought  to  be  able  to  apply  either 
method  when  required. 

308.  In  each  of  the  figures  of  Art.  304,  let  i  BOH  repre- 
sent the  sarrie  positive  acute  angle  A. 

Then  the  ratios  of  i  BOH  are  all  positive. 

Now,  in  the  first  figure,  i  10 F  represents  the  positive  angle  A, 
or  generally  the  angle  2n .  180**  +  A. 

In  the  second  figure,  l  IOF  represents  the  positive  angle 
180°  -  ^,  or  generally  the  angle  (2w  +  1)  180'  -  ul. 

In  the  third  figure,  i  IOF  represents  the  positive  angle 
180°  +  A,  or  generally  the  angle  {2n  +  1)  180°  +  A. 

In  t\ie  fourth  figure,  i  IOF  represents  the  negative  angle  -  A, 
or  generally  the  angle  2n.  180°  -  -4. 

Thus,  ivomfinrst  figure, 

any  ratio  of  2w.  180°  +  A  =  that  same  ratio  of  A. 
From  second  figure, 

sin  (180°  -  A)=  jy^  =  sin  A. 
cos  (180°  -  -4)  =  ^      =  -  cos  A. 
tan  (180°- ^)  = -^^  =  -  tan  A 
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From  third  figure, 

—  JiH 

sin  (180°  +  -4)  =  -Tyfj-  =  -  sin  A, 

/")  J9 

COS  (180°  +  -4)  =      „  =  -  cos  A. 

tan(180°  +  ^)  =  -^  =  tan^. 

¥roui  fourth  figure, 

sin  (—  A)  =  =  -  sin  A, 

cos  ( -  -4)  =  -jrjj  =  COS  il. 
Oil 

tan(-^)  =  =  -  tanil. 

Thus  any  ratio  has  the  same  numerical  value  for  all  the  angles 
found  by  adding  or  subtracting  A  from  0  or  180°  or  any  multiple 
of  180°. 

But  the  sign  of  the  ratio  has  to  be  found  by  considering  in 
what  quadrant  the  final  line  would  lie  for  the  angle  in  question. 

309.  The  above  results  may  be  expressed  as  follows : — 
If  A  is  an  acute  angle,  and  n  any  integer. 

I.  Any  ratio  of  2n .  180°  -\-A  =  that  same  ratio  of  A. 

II.  The  sine  or  cosecant  of  (2n+  1)  180°  —  ^  is  the  same  as 
that  of  A;  but  its  other  ratios  are  the  negatives  of  those  of  A, 

III.  The  tangent  or  cotangent  of  {2n+l)lS0°  +  A  is  the 
same  as  that  of  A  ;  but  its  other  ratios  are  the  negatives  of  those 
of  ^. 

IV.  The  secant  or  cosine  of  2n  .  180°  —  A  is  the  samie  as  that 
of  A ;  but  its  other  ratios  are  the  negatives  of  those  of  A, 

310.  The  above  results  hold  whatever  value  A  may  have.         ^ 

This  may  be  shown  in  the  following  way. 

The  revolution  2n.  180°  carries  the  revolver  from  01  back 
again  to  01. 


^ 
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The  revolution  (2n  +  1)  180°  carries  the  revolver  from  01  to 
or  (i,e.  01  reversed). 

The  following  table  shows  into  what  quadrant  the  revolver  is 
carried  by  a  revolution  equal  to  +  -4  or  —  -4  from  01  or  from  OF 
according  as  the  revolution  A  from  01  carries  the  revolver  into 
the  1st,  2nd,  3rd,  or  4th  Quadrant. 


BeYolution 

Qnadrants 

+  A  from  01 

1 

2 

3 

• 

4 

-  A  from  or 

2 

1 

4 

3 

+  A  from  or 

3 

4 

1 

2 

-  A  from  01 

4 

3 

2 

1 

Now  the  sine  and  cosecmit  have  the  same  sign  in  the  first  as 
in  the  second  quadrant;  and  also  in  the  third  as  in  the  fourth, 
Hence  the  above  table  shows  that 

angles  in  the  series  (2n  +1)  180°  -  A 

have  the  same  sine  and  cosecant  as  A. 

Again  the  tangent  and  cotangent  have  the  same  sign  in  the 
first  as  in  the  third  quadrant,  and  also  in  the  second  as  in  the 
fourth.     Hence  the  above  table  shows  that 

angles  in  the  series  (2n  +1)  180°  +  A 

have  the  same  tangent  and  cota^ent  as  A, 

Lastly  the  secant  and  cosine  have  the  same  sign  in  the  first  as 
in  the  fourth  quadrant,  and  also  in  the  second  as  in  the  third. 
Hence  the  above  table  shows  that 

angles  in  the  series  2n,  180°  -  A 

have  the  same  secant  and  cosine  as  A, 

311.  The  results  of  the  last  article  may  be  expressed  in 
other  forms,  differing  only  verbally  from  the  above. 
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A. 

I.  Angles  in   the  series  2n,  180° +  -4  have  every  ratio  the 
same. 

II.  Angles  in  the  series 

2n .  ISO**  +  A  and  (2n  +  1)  180*'  -  A, 
i.e.  in  the  series,  m .  ISO*  +  (-  1)*" il 

are  equi-sinal  and  equi-cosecantal. 

III.  Angles  in  the  series 

2n .  ISO**  +  A  and  (2n  +  1)  180°  +  A, 
i.e.  in  the  series,  m .  180°  +  A 

are  equi-tangential  and  equi-cotangential. 

IV.  Angles  in  the  series 

271 .  180°  +  A  and  2n  .  180°  -  A, 
i.e.  in  the  series,  2m .  180°  «fc  A 

are  equi-cosinal  and  equi-secantal. 

B. 

I.  Angles  whose  difference  is  a  multiple  of  360°  have  oM  their 
ratios  the  same. 

II.  Angles  whose  difference  is  an  even  or  whose  sum  is  an 
odd  multiple  of  180°  are  equi-sincU. 

III.  Angles  whose  difference  is  any  multiple  of  180°  are 
equi^tcmgential, 

IV.  Angles  whose  sum  or  difference  is  a  multiple  of  360°  are 
equi'COsmal, 

312.     The  converses  of  the  above  propositions  are  also  true: 

I.  Any  angle  which  has  two  noivreciprocal  ratios  the  same  as 
A  must  belong  to  the  series 

2m.  180°+^. 

II.  Any  angle  which  has  the  same  sine  or  cosecant  as  A 
must  belong  to  the  series 

^.180°  +  (-l)"*^. 


r 
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III.  Any  angle  which  has  the  same  tarvgent  or  cotangent  as  A 
must  belong  to  the  series 

m.l80°  +  il. 

IV.  Any  angle  which  has  the  same  secant  or  cosine  as  A 
must  belong  to  the  series 

2m.  180**  ±^.      . 

For  only  one  positive  acute  angle  can  have  any  ratio  of  a 
given  value  (Art.  68). 

And  it  is  by  an  a>cute  angle  that  the  numerical  values  of  the 
ratios  of  am,y  angle  are  determined. 

313.     Hence  the  general  solutions  of  trigonometrical  equations 
are  as  follows,  where  A  is  a/ny  one  solution. 

T.     Given  sin^  $  =  a,  or  cos^  B  =  a,  &c. 

then  ^  =  n.l80''±^. 

II.     Given  sin  $-a, 

then  0  =  nASO''  +  (-iyA. 

III.    Given  tan  6  =  a, 

then  e  =  nASO''  +  A. 

IV.  Given  cos  ^  =  a, 

then  ^  =  71.360°*^. 

Example,     Give  the  general  solution  of  the  equation 

sin  ^  +  2cos2^=2. 

This  equation  may  be  written 

sin  ^= 2  (1  -  cos2  e)  =  2  8in2  6, 

.*.  sin^-2sin2^=0, 

.-.  sin^(l-2sin^)=0, 

.*.  either  sin  ^=0,    or  (1  -  2  sin  6)—0. 

Now  if  sin  ^=0,  ^=0  or  180"  or  360",  &c. 

.*.  the  general  solution  of  sin  ^=o  is  B^n .  180°. 

But  if  1  - 2  sin  ^=0,  then  sin $=i\ 

.-.  ^=60°  or  120°  or  420",  &c. ; 
i.e.  e=n.  180"  +  (-l)»60", 
.'.  the  general  solution  of  the  given  equation  is 

,e=n,  180"  or  n .  180"  +  ( - 1)" 60". 
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314.  It  will  be  useful  to  show  that  the  fundamental  results 
(as  to  the  signs  of  the  ratios  corresponding  to  the  four  quadrants) 
given  in  Art.  304,  follow  however  the  right-angled  triangle  may 
be  formed. 


H,    I     "3 


H^     I     "4 


H,  r 


There  are  four  ways  of  forming  the  triangle  in  each  case. 
I.     Hypotiienuse  positive  and  in  final  line  (perp.  B^H^. 

II.  Hypothenuse  negative  and  in  final  line  (perp.  B^H^, 

III.  Base  positive  and  in  final  line  (perp.  H^B^. 

IV.  Base  negative  and  in  final  line  (perp.  H^B^, 
Let  OK  make  a  positive  right-angle  with  01, 
and  00  make  a  positive  right-angle  vnth.  OF* 
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Then 

When  OF  18  in  first  quadrant, 
A^i  like  OK  is  +.;  OB,  like  OF  is  + ;  Off,  like  Oi^  is  + . 
BJl^  unlike  OKis-;  OB^  unlike  0/  is  - ;  Off^  unlike  OF  is  - . 
ffj^B^  like  06^  is  +  ;  OB^  like  Oi^  is  + ;  Off^  like  0/  is  + . 
ff^B^  unlike  OGi&-;  OB^  unlike  O/'  is  - ;  0J74  unlike  0/  is  - . 

It  follows  that  the  ratios  of  the  angle  lOF  are  aU  positive 
however  the  right-angled  triangle  be  constructed. 

The  student  should  in  the  same  way  examine  the  case  for  the 
2nd,  3rd,  and  4th  quadrants. 


Limiting  valves  of  the  ratios. 

315.     In  Art.  113,  we  have  shown  that 

for  angle    0° ;  perp.  =  0  and  base  =  hyp. 
for  angle  90° ;  perp.  =  hyp.  and  base  =  0. 

K 


Consider  angle  180**. 

Let  the  angle  I  OF  be  nearly  180° ;  then  MP,  the  perpen- 
dicular, is  very  small;  and  OM,  the  base,  is  in  magnitude  very 
nea/rly  equal  to  OP, 

But,  since  (OM)  is  directed  opposite  to  01,  the  initial  line, 
we  have,  (representing  OM  algebraically), 

(OM)  =  -  arithmetic  distance  between  0  and  M, 
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But  since  (OF)  is  directed  tlie  same  way  as  OF,  the  ^nal  line, 
we  have,  (representing  OF  algebraically), 

(OF)  =  +  arithmetic  distance  between  0  and  F. 

Now  at  the  limit,  (MF)  vanishes,  and  (OM)  coincides  with 
(OF).     Thus 

sin  180''  =  0  and  cos  180'  =  -  1. 
This  last  result  is  deserving  of  special  attention. 

In  representing  (OM)  by  an  algebraical  quantity  we  refer 
to  {01)  in  order  to  determine  its  sign :  but  in  representing  (OF) 
we  refer  to  (OF), 

In  the  limit  (OF)  becomes  opposite  to  (01) ;  and  hence  the 
signs  of  (OM)  and  (OF)  are  opposite;  although  they  exactly  coin- 
cide in  direction  as  well  as  magnitude. 

This  exemplifies  the  principle  that  lines  which  coincide  (so  to 
speak)  purely  incidentally  have  not  necessarily  the  same  sign. 

Consider  the  angle  270". 

Here  (OM)  vanishes,  and  (MF)  ultimately  coincides  with 
{OP). 

But  (MF)  makes  a  negative  right-angle  with  the  initial  line 
(0I\  and  is  therefore  represented  algebraically  by  a  negative 
number. 

On  the  other  hand,  (OP)  which  is  along  the  final  line  is 
represented  by  a  positive  number. 

Hence 

sin  270°  =  -  1  and  cos  270°  =  0. 

316.     The  principle  of  continuity  confirms  these  conclusions. 

For,  when  the  final  line  is  in  the  2nd  or  3rd  quadrant,  the 
cosine  is  negative.  Hence,  when  it  separates  these  quadrants, 
viz.  when  the  angle  is  (2/1  +  1)  180°,  its  cosine  must  be  negative. 

Again,  when  the  final  line  is  in  the  3rd  or  4th  quadrant,  the 
sine  is  negative.  Hence,  when  it  separates  these  quadrants,  viz. 
when  the  angle  is  (4n  -  1)  90°,  its  sine  must  be  negative. 
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317.  To  trace  tlie  changes  in  ma^gnitvde  and  ^gn  of  the  ratios 
of  an  angle  as  it  increases  from  0  to  360**. 

As  an  example,  take  the  tangent. 

From  0°  to  90°,  tangent  is  +^®,  and  increases  from  0  to  -+•  oo  . 
From  90°  to  180°,  tangent  is  —  ^®,  and  increases  from  -  oo  to  0. 
From  180°  to  270°,  tangent  is  +^,  and  increases  from  0  to  +  oo  . 
From  270°  to  360°,  tangent  is  —  ^®,  and  increases  from  -  oo  to  0. 

It  should  be  observed  that  the  ratios  which  become  infinite 
at  the  limiting  values  0°,  90°,  180°,  270°  are  ambiguovs  in  sign : 
Le.  their  sign  depends  upon  whether  we  arrive  at  the  limit  by 
increaMng  the  angle  up  to  its  limit  or  by  decreasing  the  angle 
doivn  to  its  limit. 

318.  To  examine  how  the  funda/meTital  formulce  connecting 
the  ratios  of  an  angle  a/re  affected  by  taking  the  angle  of  a/ny 
magnitude  or  sign. 

The  formulae  of  Art.  79,  which  follow  immediately  from 
definition,  are  evidently  unaffected  by  extending  the  angle  to  any 
magnitude  or  sign. 

Also  the  formulae  of  Art.  80,  which  involve  the  sqiuires  of  the 
ratios,  are  unaffected  by  the  signs  of  the  ratios. 

But,   in  applying  these   latter   to   express  a  ratio  in  term 
of  another  by  taking  the  square  root,  we  must  observe  that 

sin  -4  =  ±  ^  (1  -  cos^ -4) ;  cox  A=^  J  (l-i-  cot^ A) ; 
tan A  =  ^  J  (sec^ ^  -  1) ;  cot  A  =^  J  (cox^ A  -\) ; 
sec  il  =  ±  ^  (1  +  tan^  -4) ;  cos  ^  =  ±  J  0-"  sin*  -4). 

The  upper  sign  must  be  taken 
in  the  1st  line,  for  angles  of  the  1st  or  2nd  quadrant; 
in  the  2nd  line,  for  angles  of  the  1st  or  3rd  quadrant ; 
in  the  3rd  line,  for  angles  of  the  1st  or  4th  quadrant. 

319.  This  result  shows  that,  knowing  one  ratio  of  an  angle 
and  nothing  m^ore,  there  are  two  possible  equal  and  opposite 
values  for  any  other  ratio  (except  the  reciprocal  of  that  given). 

This  is  geometrically  obvious. 
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For  example;  knowing  that  the  cotangent  of  an  angle  has 
some  particular  value,  which  is  (say)  negativey  the  angle  may  be 
in  the  2nd  or  4th  quadrant;  and,  therefore,  either  sine,  cosine, 
secant,  or  cosecant  may  be  positive  or  negative. 

§  3.     Inverse  Symbols. 

320.  The  symbols  sin~\  cos~^  ckc.  are  used  in  the  following 
sense. 

If  6  be  any  angle,  whose  sine  has  some  given  value  a,  then 
for  0  we  may  write  sin"^  a. 

And  so  for  the  other  ratios. 

Thus  the  equations 

sin  0  =  a  and  6  =  sin"^  a 

are  precisely  equivalent  statements. 

The  latter  is  ohtained  from  the  former  by  symbolically  ^dividing* 
both  sides  by  the  function  *  sin  \  as  if  dn  were  an  algebraic  factor. 

In  working  out  problems  involving  these  (so  called)  inverse 
symbols,  it  is  only  necessary  to  equate  each  inverse  symbol  to 
some  new  letter,  and  translate  the  resulting  equation  into  the 
ordinary  form  by  means  of  the  equivalence  above  explained. 

This  method  is  similar  to  that  required  in  logarithms. 

Example.     To  show  that 

tan""^  a  +  tan~^  h  =  tan"^  ^^ ;  . 

l—ab 

Let  tan~^  a  —  $,  this  means  a  =  tan  0. 
Let  tan~^  ^  =  <^>  ^^^^  mea/ns  h  =  tan  <^. 

XT  4.      //}     JL\       tan  ^  + tan  <^ 

Now  *^(<^-^^)=l-tantftan^ 

\  -ab 
Translating  this  last  equation  back  into  the  inverse  notation, 

6  +  <h.  i.e.  tan"^  a  +  tan"^  b,  =  tan"^ =  . 

^'  1  +  a6 
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321.  The  following  points  must  be  carefully  observed  : — 

(1)  Whereas  sin  ^  is  a  nwrnerical  qv^arUity  =  a  (say) ;  sin"^  a 
is  an  angle. 

(2)  Whereas,  when  0  is  given,  sin  0  has  only  one  value  -  a 
(say);  when  a  is  given,  sin~^  a  has  an  indefinite  number  of 
values. 

In  fact  the  results  of  Art.  313,  expressed  in  inverse  notation, 
become  as  follows : — 

General  value  of  sin-^  a  =  n,  180°  +  (-  1)**  [some  particular 
value  of  sin~^  a] 

General  value  of  tan~^  a  =  w .  180°  +  [some  particular  value  of 
tan"^  a] 

General  value  of  cos~^  a  =  n.  360"  ±  [some  particular  value  of 
cos"^  a] 

where  n  has  any  integral  value  whatever. 

§  4.     Adaptation  op  Results  to  a  Triangle. 

322.  In  applying  the  theory  of  directed  magnitudes  to  the 
formulae  of  a  triangle,  it  must  be  noticed  that  we  have  three 
primary  lines  to  consider. 

Take  the  triangle  ABC, 


Consider  the  results  obtained  by  dropping  AL  perpendicular 
upon  BC,     We  have 

{CBA)  =  1^  and  sin  {CBA)  =  <|^j . 


COS 


240  RATIOS   OF  UNLIMITED  ANGLES. 

/.  (BA)  cos  (CBA)  =  (BL)  and  (BA)  sin  (CBA)  =  (LA), 
Also 

cos  MC7i?)  =  J^-^^  =  A_J  and  sm(^C5)  =  ^^ 

.-.  (AC)  cos  (ACB)  =  (LC)  and  (ilC)  sin  (ACB)  =  (Z^). 

Comparing  these  results,  since  (BC)  =  (BL)  +  (/iC), 
(^^)  cos  (CBA)  +  (^C7)  cos  (^(75)  =  (BG), 
(BA)  sin  ((7j5.4)  =  (AC)  sin  (ilCi?). 

Also  the  tiiangle  (ABC A)  =  J  (BC)  (LA). 

323.  Now  let  us  take  the  area  (ABC A)  to  be  positive;  so  as 
to  correspond  to  the  positive  rotation  from  (BC)  to  (BA),  i.e.,  the 
angle  (CBA)]  and  to  that  from  (AC)  produced  to  (BC)  produced, 
i.e.  the  angle  (ACB). 

Then  take  (BC)  as  an  initial  line,  which  will,  therefore,  be 
primarily  positive. 

Hence  (LA),  which  makes  a  positive  right-angle  with  (BC),  is 
secondarily  positive. 

Of  the  angle  (CBA),  (BC)  is  the  initial,  (BA)  is  the  final  line ; 
these  are,  therefore,  positive. 

Of  the  angle  (ACB),  (CA)  is  the  initial  line  reversed,  (CB)  is 
the  final  line  reversed;  these  are,  therefore,  negative. 

(LC)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(BC);  i.e.  according  as  C  is  acute  or  obtuse. 

(BL)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(BC) ;  i.e.  according  as  B  is  acute  or  obtuse. 

The  signs  in  all  the  above  equations  are,  therefore,  accounted 
for, 

324.  We  have,  therefore,  three  separate  sets  of  conventions 
according  to  the  side  and  its  perpendicular  which  we  consider. 

In  each  case,  however,  we  maintain  the  direction  (ABC A)  or 
(BCAB)  or  (CABC)  as  positive  for  the  area. 
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Then,  in  the  three  cases,  we  take  {BG)y  (OA),  (AB)  as  primarily 
positive. 

And  hence  (LA),  (MB),  {NO) — which  make  positive  right- 
angles  with  these — are  secondarily  positive. 

But  the  three  sets  of  conventions  must  not  otherwise  be  com- 
bined. 

For,  as  we  see  in  Art.  322,  when  we  drop  a  perpendicular  on 
{BC)i  (BA)  and  (AC)  (which  follow  the  order \5,  C)  are  regarded 
as  positive :  whereas  they  are  each  negative,  when  taken  by  them- 
selves as  initial  lines. 

325.  The  convention,  at  which  we  have  arrived  with  respect 
to  perpendiculars  on  the  sides,  is  of  great  importance.  It  is  as 
follows : 

Perpendiculars  drawn  from  a  side  toioa/rds  the  opposite  angle 
are  positive. 

Example  1.  If  ./  be  any  point,  and  if  x,  y,  z  represent  perpen- 
diculars from  J  to  the  sides — directed  from  the  sides  to  J — ^and  a,  6,  c 
represent  the  lines  \BG)y  {CA\  (AB\  and  if  A  represent  the  area 
(ABC A);  then  in  every  case 

flW7  +  &y  +  C2=2A, 

This  follows  from  Ex.  x.  110. 

Example  2.  Let  0  be  the  orthocentre  of  ABC;  and  AL  perpen- 
dicular upon  BC,  Apply  the  convention  of  signs  to  the  algebraical 
expressions  for  LO  and  OA, 

If  ABC  is  an  acute-angled  triangle  we  see  from  Art.  212,  that 
L0=2R  cos  B  cos  C;  and  0A=2R  cos  A. 

Now,  if  ^  is  obtuse,  OA  must  be  drawn  towards  BC;  because  0  is 
within  the  space  between  BA  and  CA  produced.  But  in  this  case 
cos  A  is  negative.    Hence  we  have  always 

(OA)  dtrected^^R  cos  A, 

Again,  if  B  is  obtuse,  (LO).  must  be  drawn  away  from  A,  because 
0  is  within  the  space  between  CB  and  AB  produced.  But  in  this  case 
cos  B  is  negative.    Hence  we  have  always 

(LO)  directed^2R  cos  B  coa  C, 

Furthermore,  (LO)  ^(OA)^  (LA), 

Now    2R  cos  B  cos  C-\-  2R  cos  A=2R  cos  5  cos  C-  2/2  cos  (5+ C) 

=2/2  sin  B  sin  C, 

'  =b  sin  C, 

which  is  the  obvious  value  of  (LA), 

J.  T.  16 
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Examples  XII. 

1.  li  Ay  B,  C,  Bf  M  are  points  taken  in  order  on  a  line,  find 
the  directed  length  which  is  equivalent  to  each  of  the  following 
combinations  of  directed  lengths : — 

(1)     {AB)  +  {BG)+{CD)  +  {DE).     (2)    {AC)  +  {CE)-(DJS), 

(3)     {BE)+{ED)'{GD).     (4)     (DE)  +  (EA)  ^  (DC). 

(5){CA)  +  (A]S)-(DB)+{DB).{6)(AI))+(DB)+{B£;)+(EC)-^{CA), 

2.  Show  how  symbols  denoting  directed  lengths  may  be  used 
in  solving  the  following  problem  : — 

Two  persons  A  and  B  walk  along  a  road  in  the  same  direc- 
tion : — Ay  at  the  rate  of  a  miles  an  hour ;  B,  at  the  rate  of  b 
miles  an  hour.  At  a  certain  moment  ^  is  at  a  place  c  miles  from 
a  town  0  (towards  which  he  is  then  walking),  and  B  a.t  a.  place  d 
miles  from  the  same  town  on  the  same  side  of  it.  Find  where 
and  when  A  and  B  are  to  be  found  together :  distinguishing  the 
cases  according  as  a > or  < 5,  c> or  < c?,  a/c > or < b/d. 

Prove  the  following  identities : — (3 — 8). 

3.  (sin  150°  -  cos  150'')  (sin  120°  +  cos  120°)  =  cos  (-  60°). 

4.  (sin  225°  ^-  sin  240°)  (cos  210°  -  cos  225°)  =  sin^  150°. 

5.  sin  210°  +  sin  240°  =  J2  cos  165°. 

6.  cos  (-  30°)  +  cos  1 20°  =  ^2  sin  1 65°. 

7.  cos  (-  36°)  =  cos  300°  +  cos  288°. 

8.  sec  3^  =  tan  855°  =  cosec  ^7w  =  2  cos  840°. 

9.  Given  sec  A  =7,  find  tan  A  and  cosec  A,  Explain  the 
reason  why  each  result  is  ambiguous. 

10.  Given  180°  >A:>  90°,  and  sin  ^  =  ^  ;  find  cos  A. 

11.  Given  270°  <  ^  <  360°,  and  tan^  A=l  find  sin  A, 

12.  Give  the  complete  solutions  of  the  following  equa- 
tions :— (13— 32). 

1  *y3 

13.  sin  A  =  ^,     14.    tan  A=  -t^  ,     15.    cos  -4  =  ^  . 
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16.  tan  .4=  tan  19".     17.    2sin2^  =  l.     18.    ^^2.  sin  4  =  1. 

19.  sin^^^cos^^.     20.   sin6>  =  cos^.     21.   tan2^  =  3. 

22.  2  cos  a;  4- 2  sec  a;  =  5.     23.    3tan2^+ 8  cos2^  =  7. 

24.  8  cos*  ^  + 10  sin'*  ^  =  7 .     25.   cosec  ^  =  2  sin  ^. 

26.  2sini4=tan^.     27.    4 +  4  cos^  =  3  sec-4. 

28.  cot^-tan^  =  cos^  +  sin^.     29.    sec^  ^-2tan2^=  2. 

30.     tanjo^  =  cot^^.     31.    vers^  =  0.     32.    tan^  =  ±l. 

33.  Find  the  values  of  the  ratios  of  the  following  angles  : — 

150%^,  250^765%  -  60°,  -  ^ ,  945°,  108°, -|,  2/i^  +  J,, 

(2W  +  1)  TT  -  ^  ,   2*1^  +  —   . 

34.  Trace  the  changes  in  magnitude  and  sign  of  each  of  the 
ratios  of  an  angle  which  increases  from  0  to  360°. 

35.  Show  that  a  ratio  always  changes  its  sign,  as  it  passes 
through  the  value  0  or  qo  . 

36.  Show  that  for   any   value  of   4,  sin  (90°  — -4)  =  cos  4  ; 
<30s  (90°  -  A)  —  ^v£L  A\  sin  (90°  +  -4)  =  cos  A ;  cos  (90°  +  -4)  =  -  sin  J . 

37.  Show  that 

sin  \  (4:71  +l)-^  —  Ay  =  cos  ^  =  sin  -[  {4tn  +  1)  ^  +  ^  j- , 
a.nd  that 

sin  ■!  (4w  +  3)  ^  -  -4  >  =  -  cos  ^  =  sin  -j  (4n  +  3.)  ^  +  -4  >  . 

38.  Trace  the  changes  in  sign  and  magnitude  as  A  increases 
from  0  to  360°  of 

sin  -4  4-  cos  -4  ;  sin  ^  -  cos  -4  ;  tan  ^  +  cot  ^  ;  tan  ^  -  cot  ^ ; 

c*os  A  -4-  mn  A 

sin  A  .  cos  A  :  tan  A  .  sec  A  :  cos  A  .  cot  A  : ; — 7 . 

cos  A  —  sin  A 

[The  values  of  these  expressions  at  the  beginning  and  end  of 
-each  octant  should  be  given.] 

16—2 
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39.  Prove 
(i)     If  n  is  even,  sin  n  (  Jtt  —  ^)  =  (-  1)  ^  *  sin  inB  \ 

n 

(ii)    If  n  is  even,  cos  n  (Jtt  -  ^)  =  (~  1)*  cos inB ; 

n-l 

(iii)   If  n  is  odd,  sin  n  (Jx  -  6)  =  (—  1)  ^  cos  w^ ; 

n-l 

(iv)    If  w  is  odd,  cos  n(|7r  —  ^)  =  (—  1)  ^  gin  ti^. 

40.  Show  that  ^  (4/1  +  1)  tt  *  (^tt  -  ^4)  and  w^  +  (- 1 )"  J 
represent  the  same  series  of  angles. 

41.  Show  that 

(i)     sin"^  a  ±  cos~^  #7(1  ~  ^)  =  ^'t, 
(ii)    sec"^  a  *  tan"^  ^^(a*  - 1)  =  wtt, 
(iii)  cot"^  a  *  cosec"^  fj{p?  "•"  1)  =  ^^> 
if  one  or  other  of  the  signs  is  taken  in  each  case. 

42.  If  we  interpret  ^^m  to  mean  the  'positive  quantity  whose 
square  is  m ;  and  sin~^  a  to  mean  the  numerically  smallest  angle, 
whose  sign  is  the  same  as  that  of  a,  and  whose  sine  =  a  \  and  so 
cos"^  a,  tan"^  a  &c. :  show  that 

(i)  fjci^ .  sin~^  a  =  a,  cos"^  ;^(1  —  c?\ 

(ii)  ^a^ .  tan"^  a^a ,  sec"^  ^Ji^  +  1), 

(iii)  ^€? .  cos-^  a  =  ^o^ .  sin"^  ^(1  -  a*)  +  Jx  (a  -  Jc?)y 

(iv)  ;^a' .  sec"*  a  =  ^a* .  tan"*  ^(a'  -  1)  +  Jir  (a  -  ^a*), 

(v)  ^a^ .  sin~*  a  +  a .  cos"*  a  =  ^tt  ,  Jc?, 
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CHAPTER  XIIL 
RATIOS  OF  COMPOUND  ANGLES. 

§  1.     Sum  and  Difference  of  two  Angles. 

326.     To  find  tlie  sine  cmd  cosine  of  A^  90'  and  of  A-  90°, 
Jbr  all  values  of  A^  in  terms  of  the  ratios  of  A. 

Let  01  be  an  initial,  and  OF  a  final  line. 

Let  OK  make  a  positive '  right-angle  with  01,  so  that  angle 
10 K  is  a  positive  right-angle. 

Let  10  be  produced  to  T,  so  that  KOT  is  a  positive  riglU- 
angle. 

Then  in  determining  the  ratios  of  lOF, 

01  is  the  direction  for  positive  bases, 
OK  is  the  direction  for  positive  perps. 

But  in  determining  the  ratios  of  KOFy 

OK  is  the  direction  for  positive  bases, 
or  is  the  direction  for  positive  perps. 

Hence,  for  any  given  position  of  OF, 

base  for  10 F=  -  perp.  for  KOF, 
perp.  for  IOF=  +  base  for  KOF. 

.-.  cos  IOF= -Bin  KOF  (1), 

and    sin  IOF=  +  cos  KOF  (2). 
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I.  Then  let  KOF  =  A,  then  10 F=  A  +  90^ 

.*.  (1)  becomes  cos  {A  +  90°)  =  - sin  A (3), 

(2)  becomes  sin  i^A  +  90°)  =  +  cos  A (4). 

II.  Let  lOF-^  A,  then  KOF  =A-  90°. 

/.  (1)  becomes  sin  (A  —  90°)  =  —  cos  A (5), 

(2)  becomes  cos  (-4  —  90°)  =  +  sin  A (6). 

327.  These  formulae  may  be  applied  to  find  the  ratios  of 
A  ±  180°,  A  ±  270°  &c.,  in  terms  of  ratios  of  A,     Thus 

sin  {A  +  180°)  i.e.  sin  {{A  +  90°)  +  90°}  =  cos  (^  +  90°)  by  (4) 

=  —  sin  A  by  (3), 

cos  {A  +  1 80°)  i.e.  cos  {{A  +  90°)  +  90°}  =  -  sin  (A  +  90°)  by  (3) 

=  -  cos  A  by  (4), 
and  so  on. 

328.  In  the  next  articles  we  give  the  usual  proofs  of  the 
formulie  for  the  sine,  and  cosine  of  the  sum  and  difference  of"  two 
angles,  confining  ourselves  to  positive  acute  angles. 

329.  To  find  the  sine,  cosine,  and  tangent  of  the  sum  of  two 
angles,  in  terms  of  the  ratios  of  the  angles. 
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Let  XOY=  A,  and  YOZ  =  J5,  then  XOZ=  A+B. 

In  OZ,  the  final  line  of  the  compownd  cmgle  A-i-  B,  take  any 
point  P. 

From  P,  draw  PJf,  FQ  perpendiculars  upon  OX,  OY — the 
initial  and  final  lines  of  A — respectively. 

From  Qy  draw  ^iT,  QB  perpendiculars  upon  OX,  MP  respec- 
tively. 

Then        z©P/2  =  90"-  iRQP^  iOQR=  lXOQ  =  A, 

[Or:   RP,  QP  being  perpendiculars   upon  OX,  OY  contain 
the  same  angle  as  OX,  OF.] 

n\      •    /j^m      •    irn7    ^^     MR  +  RP     NQ^RP 

(1)  sm{A  +  B)  =  smXOZ=-^  =  — ^^^_  =  _+_ 

=  [introducing  required  hyps,  under  the  numerators] 

I[Q     OQ     RP     QP 
OQ'  OP^  QP'  OP 

=  sin  NOQ  .  cos  QOP  +  cos  QPR  .  sin  QOP 
=  sin  il  .  cos  B  +  cos  A  .  sin  B, 

/9\  iA     m  irny    ^^     ON^MN     ON     RQ 

(2)  cos(^+^)  =  cosZ02'=-^= — ^^_=—  -_ 

=  [introducing  required  hyps,  under  the  numerators] 

ON^     OQ^RQ     QP 
OQ  'OP     QP'  OP 

=  cos  NOQ  .  cos  QOP  -  sin  QPR  .  sin  QOP 

=  cos  A  .  cos  B  —  sin  A  .  sin  B* 

Since  the  triangles  NOQ,  RPQ  are  similar, 

RP  QP         ,  jy 

.-.  ^  =  -^-^=tan^, 

(3)  tan(^^^)  =  tanZO^=^=^±g 

_       ON^ON^       __    tan^l+tan.^ 
~Oir     RQ      RP~  l-tan^..tanJ5' 
ON''RP'ON 


248 


BATIOS  OF  COMPOUND  ANGLES. 
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330.     To  find  the  sine,  cosine,  cmd  tangent  of  the  difference  of 
two  angles  in  terms  of  the  ratios  of  the  angles. 


On  ivi  X 

Let  XOY  =  A,  and  ZOY  =B.     Then  XOZ  =  4  -  ^. 

In  OZ,  the  final  line  of  the  compovmd  angle  A  —  £,  take  any 
point  P. 

From  F  draw  FM,  FQ  perpendiculars   upon  OX,  OY — the 
initial  and  final  lines  of  A — respectively. 

From  Q  draw  QN,  Q^*  perpendiculars  upon  OX,  MP  respec- 
tively. 

Then      I  QFR  =  90**  -  ^  EQF  =  i  RQY=  iXOQ  =  A, 

[Or  :  RP,  QP  being  perpendiculars  upon  OX,  OF  contain  the 
same  angle  as  OX,  OF.] 

,..      .    /^     m      •     Trny^    ^^     MR-PR     NQ     PR 

=  [introducing  required  hyps,  under  the  numerators] 

NQ      OQ     PR     FQ 
OQ      OF     PQ'  OP 

=  sin  NOQ .  cos  FOQ  -  cos  QPR .  sin  POQ 
=  sin  A ,  cos  R  —  cos  A  .  sin  B, 
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=  [introducing  required  hyps,  under  the  numerators] 

ON     OQ     QR     PQ^ 
OQ  '  OP'^  FQ  '  OF 

=  cos  NOQ .  cos  POQ  +  sin  QPR .  sin  POQ 

=  cos  A  .  cos  J?  +  sin  il  •  sin  B. 

Since  the  triangles  NOQ^  RPQ  are  similar, 

.  FR^PQ 
OQ 
MP     NQ^PR 


<3) 


'ON 

tan  (A  -  J5).=  tan  XOZ  = 


=  tan^, 


PR 
ON 


OM     ON^QR 


tan  A  —  tan  -5 


OiT     QR 

+ 


P/^      1+tan^tan^* 


OiT     PR  '  ON 

331.     We  may  combine  the  above  two  figures  into  one,  if  we 
dash  the  letters  Z,  P,  if,  R  in  the  second  figure.     Thus 


JjetXOY^A,  and  YOZ=^Z'OY=B. 
Then  XOZ.^^  A+B,  and  XOZ'  ^A-^B. 
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In  OF  take   any  point  Q;   through  Q  draw  PQF  perpen- 
dicular to  OF,  cutting  OZ,  OZ'  in  P,  F. 

Draw  QN^  PM,  FM'  perpendiculars  on  OX ; 
and      RQR'  perpendicular  to  QNj  cutting  PM^  FM'  in  /?,  R. 
Then  OP  =  0P\  RQ  =  QR,  RP =FE, 

Also      L  QFR=  I  QPR^dO'  -  l  RQP=  l  0QR  =  A, 

sin  (ii  +  5)  +  sin  (A  -  B)  =  smXOZ-h smXOZ'  =  ^  +  ^£ 

{NQ-^RP)^(NQ-FR)     2,NQ     2.NQ     OQ 

0?  -~or-~oQ' '  OP-^'^'^^'''^^' 

sin  {A-^B)-  sin  {A  -  J5)  =sin  ZO^-sinXO^  =  ^  -  ^^ 
_{NQ^RP)-{NQ^FR)     2,RP     2.RP     QP_.^^^.^^^ 

cos  (^  -  J5)  +  cos  (A+B)  =  cos  XOZ'  +  cos  XOZ^  ^  +  -^ 

OP  T"     OP    ~~0e~  '  ^-^cosiicos/;. 

cos  (A-B)-  cos  (ii  -*-  ^)  =  cos  XOZ'  -  cos  XO^  =  ^'  -  ^ 
_{ON^QR)^{ON--RQ)     2.RQ2.RQ     QP _^.     .    .    ^ 

332.     Taking  the  angle  ZO^  to  be  P,  and  ZO-^  to  be  G  in 
the  above  figure,  from  Art.  116,  we  see  that 

XOT^^iXOZ-^  XOZ')=^\{P+Q) 

and  TOZ^l {XOZ- XOZ')  =  ^  (P-  0). 

Hence  the  above  formulae  take  the  form 

sin  P  +  sin  e  =  2  sin  J  (P+Q)  cos  ^  (P-  C), 
sin  P  -  sin  C  =  2  cos  J  (P  -i-  Q)  sin  |(P  -  ©), 
cos  G  +  COS  P=  2  cosj  (P  +  Q)cosi(P  ^  C), 
cos  Q-cos  P=  2  sin  |  (P+  ©)  sin|  (P  -  0. 
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Extension  qf/ormulce  to  all  angles, 

333.  (1)  To  extend  the  A-^B/ormuke  to  all  positive  acute 
values  of  A  and  B, 

Let  A  and  B  be  positive  acute  angles ;  but  A  +  B  obtuse. 

Leti4  =  90'*-(7;  and  J5  =  90'' - i). 

Then  ^+^=180"- ((7+ Z)),  .*.  C^Di&amte. 

Now  sin  {A  +  B)  i.e.  sin  {180°  -  (C  +  D)} 

=  sin  {C  +  J9),  by  Art.  308, 
=  sin  C  cos  D  +  cos  G  sin  Z),  by  Art.  329, 
=  cos  (90°  -  C)  sin  (90°  -  i>)  +  sin  (90°  -  C)  cos  (90°  -  J9), 

by  Art.  76, 
i.e.  cos  A  sin  jB'+  sin  A  cos  J5.  q.  e.  d^ 

And  cos  {A  +  B)  i.e.  cos  {180°  -  (0  +  D)} 

=  -  cos  (C  +  £>),  by  Art.  308, 
=  -  cos  (7  cos  i)  +  sin  (7  sin  Z>,  by  Art.  329, 
=  -  sin  (90°  -  C)  sin  (90°  -  J9)  +  cos  (90°  -  0)  cos  (90°  -  J9), 

by  Art.  76. 

i.e.  -  sin  -4  sin  ^  +  cos  A  cos  B,  q.  e.  d. 

334.  (2)  To  extend  the  A+B  formulce  to  all  positive  values 
of  A  omd  B, 

Assume  that  for  some  particular  two  values  of  -4  and  B, 

sin  (A  +B)  =  Bin.A  cos  B  +  cos  A  sinB  (1) 

cos  (-4  +  5)  =  cos  A  cos  ^  —  sin  -4  sin  J5 (2). 

Let  B'  =  B  +  90°. 

Then 

sin  (A  +  B')  i.  e.  sin  {^1  -*-  (^  +  90°)}  =  cos  {A  +  B),  by  Art.  326, 

=  cos  A  cos  B  —  sin  A  sin  By  by  assumption, 

=  cos  A  sin  (90°  +  ^)  -*-  sin  ^  cos  (90°  +  B),  by  Art.  326, 

i.e.  cos  A  sin  B'  +  sin  A  cos  B', 
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And 

cos  (il  +  J5')  ie.  cos  {il  +  (^ +90°)}  = -sin  (^ -*- 5),  by  Art.  326, 

=  —  sin  A  cos  B  -  cos  A  sin  B,  by  assumption, 

=  -  sin  4  sin  (90"  +  ^)  +  cos  A  cos  (90"  -*-  B),  by  Art.  326, 

i.e.  -  sin  ^  sin  J5'  +  cos  A  cos  B. 

Thus,  assuming  the  formulas  (1)  and  (2)  for  aiiy  given  values 
of  A  and  J5,  we  have  proved  them  true  for  values  A  and  B  +  90°. 

But  they  have  been  proved  in  last  article  to  be  true  for  all 
positive  aciUe  angles. 

Hence  they  are  true  for  all  positive  angles  of  any  magnitude. 

335.  (3)  2^0  extend  the  A  +B  formuloe  to  all  values  of  A  and 
B  positive  or  negativa 

Assuming  the  formulae  true  for  some  particular  two  values  of 
A  and  B,  we  may  prove  precisely  as  in  the  last  article  that  they 
are  true  for  A  and  B  —  90°,  by  means  of  the  formulsB  of  Art.  326, 

sin  (5  -  90°)  =  -  cos  5  and  cos  {B -  90°)  =  +  sin  B. 

Hence,  by  induction,  the  formulae  hold  for  all  negative  (as 
well  as  positive)  values  of  A  and  B, 

336.  (4)  2^0  prove  the  A  -  B  formulae  from  the  A  +  B 
formulce. 

sin  {A  -  B)  i.e.  sin  {A  +  (-  B)} 

=  sin  A  cos  (-  B)  +  cos  -4  sin  (-  ^) 

=  sin  A  cos  B  —  cos  A  sin  B  by  Art.  308, 

cos  {A  -  B)  i.e.  cos  {A  +  (-  ^)} 

=  cos  A  cos  (-  B)  —  sin  A  sin  (—  B) 

=  cos  A  cos  J?  +  sin  ^  sin  ^  by  Art.  308. 

Hence  the  A-B  formulae  follow  from  the  A  +B  formulae,  for 
any  values  of  A  and  B, 
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337.  Another  method  of  extending  the  proof  of  the  formulae 
of  Arts.  329,  330  to  angles  of  any  sign  or  magnitude  is  to  sub- 
stitute directed  lengtlis  for  a/rithmetic  lengths  in  those  proofs. 

The  order  of  lettering  has  been  so  chosen  that  no  change  need 
be  introduced  in  the  general  proofs,  except  that  the  lengths  are 
to  be  regarded  as  directed  lengths. 

Now  as  far  as  the  original  angles  A,  B^  A  +  B,  A—B  are 
concerned,  all  the  equations  are  seen  by  inspection  to  be  true 
from  the  general  definitions  of  ratios,  because  of  the  fundamental 
formula  for  directed  lengths  {LM)  +  (MN)  =  (LN), 

But  it  is  not  evident  by  inspection  that  in  all  cases  the 
following  equations  hold  in  sign  as  well  as  in  magnitude,  viz. 

I^j  =  cos  ^  and  IHj  =  sin  A 

The  student  may,  by  drawing  appropriate  figures,  work  out 
for  himself  some  of  the  64  cases  which  arise,  according  to  the 
different  values  of  -4,  B,  A+By  A  —  B, 

But  a  more  general  proof  will  be  given  below. 

338.  In  comparing  the  A  -B  with  the  A-{-  B  proofs  the 
student  should  observe  that  since  {RP)  =  —  (PR)  and  so  on,  the 
proofs  are  exactly  equivalent,  except  that,  since  in  the  {A  +  B)  case, 
B  =  { YOZ)  or  {QOP) ;  but  in  the  .4  -  ^  case,  B  =  (ZOT)  or  (POQ), 
we  have 

in  the  former,  sin  -B  =  Wpx  > 

in  the  latter,  sin  J5  =  jTyd  • 

In  each  case,  of  course  sin  (QOP)  =  tttJ:  , 

and  Bhi{FOQ)J^. 

The  two  cases  are  reduced  to  one  case,  if  we  always  take 
(YOZ)  to  be  -B,  and  apply  it  to  negative  (as  well  as  positive) 
values  of  B, 
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§  2.    Projections  and  EREcrrioNs*. 

339.  Dkf.  1.  The  projection  of  a  directed  length  on  an 
indefinite  line  is  the  directed  distance  between  the  two  perpen- 
dicidars  to  the  indefinite  line  drawn  through  the  extremities  of 
the  directed  length. 

Def.  2.  The  erection  of  a  directed  length  on  an  indefinite 
line  is  the  directed  distance  between  the  two  parallels  to  the 
indefinite  line  drawn  through  the  extremities  of  the  directed 
length. 


Q 


X' 


Thus,  if  Oil  is  any  directed  length,  and  X'X  an  indefinite 
line,  and  if  OM,  HBN  be  perpendiculars  upon  X'X,  and  if  HQy 
OBP  be  parallels  to  X'X  (see  figure)  then 

{MN)  or  {OB)  is  the  projection  of  (OH)  upon  X'X;  and 
(FQ)  or  (BH)  is  the  erection  of  {OH)  upon  XX. 

The  projection  is  thus  pa/raUd  to  the  indefinite  line ;  and  the 
erection  is  perpendicular  to  it. 

It  is  clear  that  the  erection  upon  one  line  is  the  projection 
upon  any  perpendicula/r  to  it ;  and  vice  versa, 

*  The  definitions  of  these  terms  are  given  here  on  the  supposition  that  all 
the  lines,  to  which  reference  is  made,  are  in  one  plane. 
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340.  Prop.  I.  If  Ay  B,  C  he  any  three  points  and  X'X  any 
line,  the  projection  (or  erection)  of  (AG)  upon  X'X  is  equal  to 
the  sum  of  the  projections  (or  erections)  of  (AB)  and  (BO)  upon 
XX. 


For,  let  AL,  BM,  ON  be  perpendiculars  upon  X'X, 
Then,  however  Z,  Jf,  N  may  fall,  we  have 

i.e.  projection  of  (AC)  =  projection  of  (AB)  +  projection  of  (BC). 

Since  the  erection  is  merely  the  projection  on  a  perpendicular, 
the  same  proposition  holds  of  erections. 

341.  Prop.  IT.  The  sum  of  the  projections  or  erections  of 
the  sides  of  any  closed  figure,  directed  from  point  to  point  round 
the  figure,  is  zero. 

For,  let  ABC  DBF  be  such  a  closed  figure. 

Then,  by  Prop.  I., 

proj.  of  (AB)  ■\-  proj.  of  {BC)  =  proj.  of  (AG) 
and  proj.  of  (AC)  -*-  proj.  of  (CD)  =  proj.  of  (AD) 

and  proj.  of  (AD)  +  proj.  of  (DE)  =  proj.  of  (AE) 

and  so  on. 

Finally 

proj.  of  (AF)  +  proj.  of  (FA)  =  zero. 
.'.     proj.  of  (AB)  +  proj.  of  (BC)  +  ...  +  proj.  of  (FA)  =  zero. 

The  same  clearly  holds  of  erections. 
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342,  The  projection  and  erection  of  any  directed  length  wport 
any  indefinite  line  a/re  obtained  by  mvltiplying  the  directed  length 
by  the  cosine  and  sine  respectively  of  the  angle  which  the  positive 
direction  along  the  directed  length  makes  with  the  positive  direction 
along  the  inde&iite  line. 

For  consider  a  line  to  revolve  round  0  from  its  (positive) 
initial  direction  parallel  to  X'X  or  XX*  to  its  (positive)  final 
direction  along  OH  or  HO  (produced),  and  so  describe  an  angle  $. 
[See  fig.  Art.  339.] 

Then  (0B\  {OH) — directed  from  0 — are  respectively  ba,se 
and  hypothenuse. 

And  {BH) — directed  from  the  initial  line— is  the  perpen- 
dicula/r. 

Thus 

{OB)  .       ABH)      .     . 

;^  „  =  cos  u  and  ^-7rr=^  =  sin  0, 
{OH)  {OH) 

.-.  {OB)  =  {OH)  cos  $  and  {BH)  =  {OH)  sin  0. 

343.  Tojmd  the  cosine  and  sine  of^  sum  of  two  angles  by 
projections  and  erections. 
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Let  (XOY)  be  any  angle  A;    (YOZ)  any  angle   B;    then 
■  I    {J^OZ)  =  A+B. 

In  (OY)  take  any  point  Q:    through  Q   draw   QX'  in   the 
direction  OX^  and  QE  making  a  positive  right-angle  with  OY, 

Then  l  X'QE  is  alwoAfs  90'  +  Z'^F  i.e.  90'  +  A. 

Let  QE,  0^— either  being  produced,  if  necessary— cut  in  P. 
Then,  by  Art.  340, 

proj.  of  {OP)  =  proj.  of  (OQ)  +  proj.  of  {QP), 
and  erec.  of  {OP)  =  erec.  of  {OQ)  +  erec.  of  {QP). 

Taking  these  projections  and  erections  upon  OXy 

{OP)  cos  {XOZ)  =  {OQ)  cos  {XOY)  +  {QP)  cos  {X'QE), 
and       {OP)  sin  {XOZ)  =  (OQ)  sin  {XOY)  +  (QP)  sin  {X'QE). 

But  (00,  (G-^)  are,  respectively,  the  projection  and  erection 
of  {OP)  upon  {OY). 

:,  {OQ)  =  {OP)  cos  ( YOZ)  and  (QP)  =  (OP)  sin  ( YOZ). 
Substituting  and  dividing  by  {OP)  we  have 

cos  {A-{-B)  =  cos  B .  cos  -4  +  sin  5 .  cos  (90'  +  -4), 
sin  (-4  -*-  5)  =  cos  ^ .  sin  -4  +  sin  J5 .  sin  (90'  +  -4). 

But,  by  Art.  326, 

cos  (90'  +  -4)  =  -  sin  -4  and  sin  (90'  +  -4)  =  +  cos  -4, 
cos  (-4  +  i^)  =  cos  A  cos  5  -  sih  -4  sin  J5, 
and  sin  (-4  +  J5)  =  sin  -4  cos  B  +  cos  A  sin  B. 

The  above  proof  is  perfectly  general. 

Hence,  writing  —  B  for  B, 

since  cos  (—  jS)  =  +  cos  ^  and  sin  (-  ^)  =  —  sin  -ff, 
cos  (-4  -  ^)  =  cos -4  cos -B  +  sin -4  sin  ^, 
and  sin  (-4  -  ^)  =  sin  A  cos  B  —  cos  il  sin  ^. 

344.     The  student  should  observe  that  the  important  tri- 
angular formulae 

c  sin  B  =  h  sin  0, 

c  cos  -5  +  6  cos  (7  =  0, 
are  obtained  simply  by  erecting  and  projecting  upon  BC, 
J.  T.  17 
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345.     To  find  the  sine,  cosine,  and  tcmgent  of  the  sum  of  three 
angles, 

(i)     8hi(A-^B  +  C)le.sm{{A  +  B)  +  C} 

=  sin  (j1  +  B)  cos  C  +  cos  (-4  +  -B)  sin  C 
=  sin  -4  cos  B  cos  C  +  cos  -4  sin  B  cos  (7  +  cos  A  cos  ^  sin  C 

-  sin  A  sin  -B  sin  O. 

(ii)     coa(A  +  B  +  C)  i.e.  cos  {(^i  +  B)  +  C} 

=  cos  (-4  +  B)  cos  0  -  sin  (-4  4-  ^)  sin  (7 
=  cos  A  cos  ^  cos  (7 

-  sin  A  sin  ^  cos  G—  sin  -4  cos  B  sin  C  —  cos  il  sin  ^  sin  C, 

(iii)     taii(il+^  +  (7)i.a  tan{(.l+^)  +  (7} 

_   tan  (A-{-  B)+  tan  (7 
""  1  -  tan  (-4  +  B)  tan  G 

tan  -4  -*-  tan  B  ^ 

+  tanc7 


1  -  tan  A  tan  ^ 

(tan  A  +  tan  B)  tan  C 


1  -  tan  A  tan  ^ 

_  tan  A  +  tan  ^  +  tan  G  -  tan  A  tan  J5  tan  (7 
1  —  tan  A  tan  B  —  tan  -4  tan  G  —  tan  ^  tan  G ' 

346.  These  formula  should  be  carefully  noted  and  their 
symmetry  examined.  In  the  same  way  we  may  prove  formula 
involving  three  angles  one  or  more  of  which  is  subtracted. 

347.  The  following  results  should  be  noticed : — 

(cos  -4  +  sin -4)  (cos  B-^-ainB) 
=  cos  A  cos  5  -I-  sin  -4  cos  B  +  cos  -4  sin  i?  +  sin  -4  sin  -B. 

Here  first  term  -  last  term  =  cos  (il  +  B), 

and  the  middle  terms        =  sin  (-4  +  B), 

Again  (1  +  tan  A)  (1  +  tan  B) 

=  1  +  tan  A  4-  tan  B  +  tan  A  tan  B, 
Here        first  term  -  last  term  =  den.  of  tan  (-4  +  B), 
and  the  middle  terms        =  num.  of  tan  (-4  +  B), 
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348.  Again 

(cos  A  +  sin  A)  (cos  B  +  sin  B)  (cos  G  +  sin  C) 
=  (cos  A  cos  B  cos  C) 

+  (sin  A  cos  B  cos  C  +  sin  ^  cos  C  cos  A  +  sin  (7  cos  A  qos  jB) 
+  (cos  A  sin  B  sin  C-^  cos  jB  sin  C  sin  il  +  cos  C  sin  ^  sin  B) 

-*-  (sin  -4  sin  B  sin  C). 

Here,  arranging  the  terms  in  groups  according  to  the  number 
of  sines  in  each  term,  we  have 

first  group      —  third  group   =  cos  (A  +  B-^-  C), 
second  group  -  fourth  group  =  sin  (A+B-^  C), 

349.  The   result   suggested   by  the   last   two   articles  may 
136  shown  to  be  true  for  any  number  of  angles. 

350.  Arrange  the  proiduct 

(cos  -4  +  sin  -4)  (cos B  +  sin  B)  (cos  C  +  sin  (7). . . 

to  any  number  of  factors,  in  groups  of  terms,  according  to  the 
ascending  number  of  sines  in  each  term. 

Then  the  expansions  of 

cos (-4  +  B  +  C+  ...)  and  of  sin (-4  +jB  +  (7+  ...) 

will  consist  respectively  of  the  above  groups,  taken  aUemately 
but  with  alternate  sign. 

In  other  words,  if  the  product  of  n  factors 
{cos-4  +  sin  J)(cos^  +  sin  j5)...=aS'o  +  /S'j  +  ...  ^-8^+  ...  ■\- S^  (1), 
wherein  each  term  of  the  group  Sy,  contains  r  sines,  then 

cos(4+^+...)  =  A^o-'^a  +  'Sf4- (2), 

sin(^+J5+...)=AS'i-A^3-*-A^5- (3). 

For  assume  this  to  be  true  for  n  angles. 

Introduce  an  (w  +  1)"*  angle,  X  say.     Then,  by  multiplication 
of  (1), 

(cos  -4  +  sin  -4)  (cos  -B  +  sin  5).. .(cos  X+  sin  X) 
=  (aSo  +  /S'i+  ...  +/S'Jcos-r+(<S'o  +  /S'i  +  ...  +/S'„)sin-r 
=  Sq  cos  X+  {Si  cos  X  +  aS^o sin  -X)  +  {S^  cos  X-^  Si  sin  X) 

+  (S^cosX  +  S^8inX)-^ (1'), 

17—2 
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where  the  terms  are  grouped  according  to  the  number  of  their 
sines. 

But 

cos  (A  +  J5  +  ...  +  X)  =  cos(i4  +  £+ ,..)  cos  X  —  ain  {A  •{-  B  +  ...)sinX 

=  (Sq-S^  +  S^-  ,,,)  cosX-  (Si-Ss  +  Sfi-  ...)  sinX 

=  Sq  cos  X  -  {S^  cos  X  -*-  aS'j  sin  Z)  +  {S^  cos  Z  +  aS'j  sin  X)  -  . .  .(2'), 

by  (2)  and  (3). 

And 
sin  (4  +  ^+  .,.  +  X)=sin(-4-*-jB+  ...)cosX+cos(jl  +  ^+...)sinX 

=  (iS'i -aS's  +  A^B  -  •••)  cos Z  +  (a^o  -  ^2  +  aS^-  ...)  sin X 

=  (6'i  cos  Z  + /So  sin  X)  -  (a^s  cos  Z  +  aS^j  sin  X)  +  (3'), 

by  (2)  and  (3). 

Comparing  (1'),  (2'),  (3')  we  see  that  the  proposition  holds 
for  (n  -*- 1)  angles,  if  it  is  assumed  for  n,  Now  it  has  been  seen 
to  be  true  for  2  or  for  3  angles,  .*.  it  is  true  for  cmy  number  of 
angles. 

351.  In  the  same  way  the  student  may  show  that  if  the 
product  (1  +  tan  A){1  +  tan  5)  (1  +  tan  (7). .  .to  any  number  of 
factors  is  arranged  in  ascending  groups  of  terms  according  to  the 
number  of  tangents  in  each  term,  then  the  den.  and  num.  of 
tan  (A  +B'hC+  ...)  will  consist  respectively  of  the  above  groups, 
taken  alternately  but  with  alternate^  sign.     In  other  words 

If  (1  +  tan  A)  (1  +  tan^)...  =  1  +  ^^  +  ^3+  ...  +  r,  -i- ...  +  1\, 
then  tan(it  +  ^  +  (7+...)=^^""i'^"^5°-''\ 

Similarly, 
if      (cot-4  +  l)(cot-B  +  l)...  =Zo  +  Xi  +  X2+  ...  +Xy  +  ...  +  1, 
where  K^  denotes  the  group  of  terms  containing  n  —  r  cotangents, 

then  cot(^  +  ^  +  g+...)  =  5^"'f^"*"f^""'". 
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Examples  XIII. 

1.  73  +  tan  40'  -*-  tan  80"  =  ^3  ,  tan  40' .  tan  80'. 

2.  tan  20'  +  tan  40'  +  ^3  tan  20°  tan  40'  =  ^3. 

3.  cos  A  cos  {B+C)-  cos  B  cos  (-4  +  (7)  =  sin  {A  -  B)  sin  C. 

4.  sin  A  cos  {B  +  C)-  sin  B  cos  (-4  +  C)  =  sin  {A  -  B)  cos  C. 

5.  If  -4  +  ^  +  C  is  an  odd  multiple  of  ir 

sin*  B  +  sin*  G  =  sin*  -4  +  2  cos  -4  sin  J?  sin  C, 

^        tan  (n  +  1)  <^  -  tan  n<h       ,        . 

\).     r;; ^ = =  tan  <p. 

1  +  tan  (n  +  1 )  <^ .  tan  nff> 

7.     cos  (a  +  )S)  +  sin  (a  -  )S)  =  2  sin  {  Jtt  +  a)  cos  (^  +  P). 

3.     sin  a  +  sin  )8  +  sin  y  -  sin  (a  +  )S  4.  y) 

=  4  sin  |()8  +  y)  sin  J  (y  +  a)  sin  J  (a  +  )8). 

9.     cos  a  +  cos  )8  +  cos  y  +  cos  (a  +  )8  +  y) 

-  4  cos  ^  (/8  +  y)  cos  ^  (y  +  a)  cos  J  (a  +  )8). 

10.  sina  +  sin)S-siny-sin  (a  +  )8-y) 

=  4 sin ^ (a - y) sin  ^ ()8  - y) sin |(a  +  )g). 

11.  cos  a  +  cos  fi  +  cos  y  +  cos  (a  +  )S  -  y) 

=  4cos  J  (^-y)cos|  {a-y)cos|(a  +  )S). 

12.  sin  (i8  -  y)  -*-  sin  (y  -  a)  +  sin  (a  -  P) 

=  -  4  sin  J  ()8  -  y)  sin  ^  (y  -  a)  sin  |(a  -  )8) . 

13.  sin  (/8  +  y  -  a)  +  sin  (y  +  a  -  )8)  +  sin  (a  +  )8  -  y) 

—  sin  (a  +  )8  +  y)  =  4  sin  a  sin  )8  sin  y. 

14.  cos  (^  +  y  -  a)  +  cos  (y  +  a  -  ^)  +  COS  (a  +  ^  -  y) 

+  cos  (a  +  )S  +  y)  =  4  cos  a  cos  ^  cos  y. 

15.  cos*  X  +  cos*  y  +  cos*  z  +  cos*  (05  -*-  y  +  «) 

=  2  {1  +  cos  (y  +  «)  cos  (»  +  aj)  cos  (a  +  y)}, 

16.  sin*  05  +  sin*  2^  + sin*  2;  + sin*  (a  +  2^ +  «) 

=  2  {1  -  cos  (y  +  z)  (ios  («  +  03)  cos  (»  +  y)}. 
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17.  cos  a  sin  ()S  —  y)  +  cos  )8  sin  (y  -  a)  +  cos  y  sin  (a  -  )8)  =  0. 

18.  sin  tt  sin  ()S - y)  +  sin )8  sin (y -  a)  +  sin y  sin  (a-  p)  =  0. 

19.  sin(a  +  j8  +  y  +  8) 

=  cos  a  COS  fi  cos  y  cos  8  (tan  a  +  tan  )8  +  tan  y  +  tan  8) 

—  sin  a  sin  )8  sin  y  sin  8  (cot  a  -*-  cot  )8  +  cot  y  +  cot  8). 

20.  cos  {S  -  ii)  cos  (S  -  J5)  cos  (S-C)  cos  {S-B) 
+  sin  (^S'- J)  sin  (*S'-^)  sin  (aS'-  C)  sin  (S -  D) 

=  cos  -4  cos B  cos  C  cos  D  +  sin -4  sin B  sin  Csin  2> 

if  2S  =  A  +  B  +  C  +  D. 

21.  If   a   right-angle   is   divided    into    three  parts   whose 
tangents  are  Ip,  mp,  np] 

then  p"'  =  mn  +  nZ  +  hn, 

22.  tan(^  +  ^)^tan(it-^)^^_^^,^^,-g. 

oQ      4.      />!      i>\     X      />«      i>\       2tan-5sec2il 

23.  tan(^  +  £)-tan(^-5)  =  j---^^^^^^,-g. 

o^  2. /A      »\        x/j      D\     2  cot  il  cosec*  ^ 

24.  cot(^-^)  +  cot(^  +  ^)=  ^t.^_,^tQ  • 

OK         2.  /  A      i>\        X  /  .1      m     2  cot  jB  cosec* -4 

25.  cot(^-^)-cot(^+^)=  ,^t'^-cotM  • 

26  (A      R\  (A~~n\- 2  sec  A  sec  .^ 

^  ^  '    sec*  -4  +  sec*  B  -  sec*  A  sec*  -5  * 

oT  /  A      Ti\  /  A      T>\  2  cox  -4  cox  B 

27.  sec  (^  -*-  ^)  -  sec  (A-B)  =  — ^ ^"5 ri 2^0  • 

^  ^  ^     cox*  il  cox*  ^  —  cox* -4  —  cox*  j9 

If  il,  B,  G  are  the  angles  of  a  triangle,  prove  28 — 33  : 

28.  sin  il  sin  J?  sin  (7 

=  sin  A  cos  B  cos  C  +  sin  B  cos  C  cos  -4  +  sin  C  cos  A  cos  -ff. 

29.  1  +  cos  A  cos  .iB  cos  C 

=  cos -4  sin  BsinC  +  cos  .iB  sin  C sin -4  +  cos  Csin  A  sin -B. 

30.  tan  A  tan  .iB  tan  0  =  tan  -4  +  tan  B  +  tan  (7. 

31.  cot  BcotC  +  cot  (7  cot  -4  +  cot  ^4  cot  ^  =  1. 
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32.  COS  ^A  cos  ^B  cos  ^C  =  sin  Jil  sin  ^£  cos  ^C 

+  sin  ^  jB  sin  ^C  cos  ^  -4  +  sin  ^G  sin  ^A  cos  ^J5. 

33.  tan  ^B  tan  ^C  +  tan  ^G  tan  ^il  +  tan  ^il  tan  ^.B  =  1. 

34.  li  Aj  B,  G,  D  are  the  angles  of  a  quadrilateral, 

,..     tan^ +taniB  +  tanC  +  tanJ9    .        .^      nx     •vx      r. 

(i)     — ]— i ]-^ T-Pj T-Ti=taniltan^tan(/tan/>, 

^ '     cot  ii  +  cot  -B  +  cot  C7  +  cot  2>  ' 

(ii)    sin  il  sin uB cos  G  cos  D+  ,.. 

=  cos  A  cos  -B  cos  G  cos  Z)  +  sin  A  sin  ^  sin  G  sin  i)  —  1. 

35.  If  ^,  <^,  ^  are  the  angles  which  any  straight  line,  in  the 
plane  of  the  triangle  ABGj  makes  with  BG,  GA,  AB  respectively, 
then 

(i)     a^sin(<^  +  i/r-^)  +  6«sin(i/r  +  ^-<^)  +  c2sin(^-i-<^-i/r) 

+  2bc  sin  $  +  2ca  sin  ^  +  2a5  sin  ^  =  0. 

(ii)     a«  cos  (<^  +  i/r  -  6^)  +  6^  cos  (i/r  +  ^  -  <^)  +  c^  cos  (^  +  <^  -  l/r) 

+  26c  cos  6  +  2ca  cos  ^  -*-  2a6  cos  ^  =  0. 

36.  If  sin  ^  sin  a  sin  (<^  +  a  -  )8)  =  sin  ^  sin  (a  +  j8)  sin  (a  -i-  6), 
then  sin  <^  sin  a  sin  (^  +  a  +  )S)  =  sin  ^  sin  (a  -  P)  sin  (a  +  <^). 

37.  If  cos  $  cos  a  cos  (<^  +  a  -  j8)  =  cos  <^  sin  (a  +  P)  sin  (a  +  ^), 
then  cos  ^  cos  a  cos  (6-^a  +  P)  =  cos  ^  sin  (a  —  )8)  sin  (a  +  ^). 

38.  In  a  triangle  right-angled  at  C, 

tan-^  z +  tan"^ =  (n  +  JW. 

6  +  c  a  +  c     ^       *^ 

39.  If  sin"^  r?i  +  sin"^  n  =  ^tt, 
then                        mj  {l-n^)  +  nj{l-m^)==l. 


40 


35  -t*  1/ 

,     tan'  ^  a;  +  tan"^  y  =  tan~^  ^i — , 

\-xy 

•Z7  *~*  t/ 

41 .     tan~^  X  —  tan~^  ?/  =  tan~^ —  . 

•^  l+asy 

42  •     Tf  <50S  (g  -«-  /g  -«-  ^)   _    cos  (y  +  a  -»•  tf ) 

sin  (a  +  P)  cos^  y  ~  sin  (y  +  a)  cos*  )8 
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and  if  )3  and  y  are  unequal,  then  each  member 

_   cos  ()8  +  y  4-  ^) 
~  sin  (fi  +  y)  cos'  a  * 

and        cot" ^  =  sin  (p  +  y)  sin  (y  +  a)  sin  (g-H  /3) 

cos  {fi  +  y)  COS  (y  +  a)  COS  (a  +  /?)  +  sin*  (a  +  )3  +  y)  ' 

43.  If  cos  (a  +  )3  +  y)  -  sin  (a  +  )8  +  y) 

=  2  cos  a  cos  /?  cos  y  +  2  sin  a  sin  p  sin  y, 

then  either  a  or  )8  or  y  is  of  the  form  (n  —  ^)ir. 

>!>!      Tisx      /    .  /i\     X      /       m        2sin^sec*^ 

44.  Iftan(a4.^)-ftan(a>^)  =  ^_^^,^^^,^, 

then  $  ='l^ihi>^\i^>s^^ 


<^69 
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CHAPTER  XIV. 

MULTIPLE  ANGLES. 

352.  To  find  ike  ratios  of  2 A, 

We  have 

sin  (J  +  J5)  =  sin-4cos5  +  cos-4sm^  (1), 

cos  (-4  + -5)  =  cos  ^  cos  ^  -  sin  ^  sin -5    (2), 

/  M     nx      tan  A  +  tan  B 
*^°<-*^-^)=l-tan^tan^ <3)- 

In  each  of  these  formulae,  put  B  =  A  ;  thus 

sin  (-4  +  -4)  =  sin  A  cos  A  +  cos  J.  sin  A, 

1.6.  sin  2-4  =  2  sin  il  cos -4    (4). 

cos  (-4  +  -4)  =  cos  A  cos  -4  —  sin  -4  sin  A, 

i.e.  cos  2-4  =  cos^ -4  —  sin* -4  ^..(5). 

.  .  ..      tan  -4  +  tan  A 

353.  Now  we  may  observe  that 

(cos  A  +  sin  Ay  =  cos*  -4  +  2  sin  -4  cos  A  +  sin*  A, 
(1  +tan^)*       =l  +  2tan^+tan*X 

Comparing  these  expansions   with   the   above  formulae  (4), 
(5),  (6),  we  see  that 

first  term  -  last  term  of  (cos  A  +  sin  -4)*  =  cos  2-4, 
middle  term  of  (cos  -4  +  sin  -4)*  =  sin  2-4, 

and       first  term  -  last  term  of  (1  +  tan  -4)*  =  den.  of  tan  2-4, 
middle  term  of  (1  +  tan  -4)*  =  num.  of  tan  2-4. 


2fl/)  MULTIPLE  ANGLES. 

354.     To  find,  the  ratios  of  ZA, 

In  (1),  (2),  (3)  of  Art.  352,  put  ^  =  2^;  thus 

sin  (^  +  2 A)  =  sin  il  cos  2 A  +  cos  -4  sin  2A^ 
i.e.  by  (4)  and  (5)  ^ 

sin  3J.  =  sin  ^  (cos^  A  -  sin*  A)  +  cos  -4  .  2  sin  J.  cos  A 

=  3sinil  cos^-4  -sin^-4 (7). 

cos  (-4  +  2-4)  =  cos  -4  cos  2-4  -  sin  -4  sin  2il, 
i.e.  by  (4)  and  (5) 

cos  3-4  =  cos  A  (cos^  A  —  sin^  A)  -  sin  -4  .  2  sin  -4  cos  A 

=  cos' -4  -  3  cos -4  sin^ -4 (8), 

/  «     ft  I  \       ^^  -4  +  tan  2-4 

tan  (-4  +  2-4)  =  = — j- — ,r-j  , 

^  ^     1  -  tan  -4  tan  2-4  * 

2  tan  ^ 

^^^  +  l_tanM 
i.e.  by  (6)  tan  3-4  =  ,    ^ ,  , 

^  ^  ^  -  __tan^.  2tan^' 


1-tanM 

3  tan  A  —  tan'  A 
l-3tan2^ 


(9). 


355.  As  before,  we  here  observe  from  (7),  (8),  (9),  that 
1st  term  -  3rd  term  of  (cos  -4  +  sin  -4)'  =  cos  3 A, 

2nd  term  -  4th  term  of  (cos  -4  +  sin  -4 )'  =  sin  3-4. 
And 

1st  term  -  3rd  term  of  (1  +  tan  -4)'  =  den.  of  tan  3-4, 
2nd  term  -  4th  term  of  (1  +  tan  -4)'  =  num.  of  tan  3-4. 

356.  In  the  same  way  the  student  should  show 
that  cos  4-4  =  cos*  -4-6  cos^  A  sin^  A  +  sin*  A, 
and  sin  4-4  =  4  cos'  A  sin  -4-4  cos  A  sin'  -4, 

4  tan  J.  —  4  tan'  A 


and  tan  4-4  = 


r-  6  tan^  A  +  tan*  A  ' 


He  should  then  compare  these  expressions  with  the  expansions 
of  (cos  -4  +  sin  -4)*  and  (1  +  tan  -4)*. 
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357.     The   above  cases  suggest  to   ub  that  we   may  writer 


down  the  general  values  of  cos  nJ, 


sin  nA,  and  tan  nA  by  means 


of  the  known  expansion  of  any  integral  power  of  a  binomial. 

The  general  case  follows  at  onc^  from  the  formulae  proved  in 
the  last  chapter  for  the  ratios  of  )the  mm  of  any  number  of 
angles :  but  it  will  be  useful  to  givei  an  independent  proof. 

358.  Def.  An  algebraical  expression  consisting  of  terms, 
in  each  of  which  the  sum  of  the  indices  of  certain  symbols  is  the 
same,  is  said  to  be  homogeneous}  in  respect  to  those  symbols; 
and  this  constant  sum  is  called  the  d{imension  of  the  expression. 

Thus,  a*  +  6abc  +  xa^c  is  a  homogeneous  expression  of  three 
dimensions  in  a,  6,  c. 

359.  To  express  cos  nA  and  sm  nA  in  a  homogeneous  series 
of  n  dimensions  in  cos  A  and  sin  A, 

We  will  prove  that 

The  terms  of  cos  nA  and  sin  nil  are  taken  alternately,  but 
with  alternate  change  of  sign,  from  the  expansion  of 

(cos  il  if  sin  A)\ 

In  other  words, 

If  (cosA  +  8mA)''  =  S^-^Si'^'S^+...+Sr+  (I), 

where  Sr  is  the  term  involving  sin*"^,  then 

» 

COSw4=A^o-^8-^^4-      (II) 

and  sin  nA  =81-81-^  Sf- (HI)* 

Assume  this  to  be  true  for  some  particular  value  n. 
Then,  multiplying  I  by  cos  A  +  sin  A, 

(cos  A  +  sin ^)'*+^  =  (Sq -^81  +  8^+ )  (cos il  +  sin -4) 

=  8q  cos  a  +  (8^  cos  A  +  8q  sin  A)  +  (8^  cos  A  -^81  sin  A)  + . .  .(I'), 
in  which  the  terms  are  grouped  in  powers  of  sin  A, 
But         cos  (w  +  1)  il  =  cos  nA  cos  A^sinnA  sin  A 
=  (8^'- 8^  +  84-  ...)  cos  A"  (81- 8i-^Sf  ...)  sin  A 
=  8q 0(mA-{82Cos  A +  81  sin  A) -k- (8^00%  A -^  8^3111  A)-... (IT), 
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And        8in.(n  +  l)A=  sinj nA  cos  A  +  cos  nA  sin  A 
=  {Si-Ss  +  Sf-  ..,)  COS  A  +  .(iSj,  -  aS's  +  iSi  -  ...)  sin  ^ 
=  (Si  cos  i4  +  /S'o  sin  il)  -  (iSi  |cos  A  -^S^  sin  -4)  + (Hi'). 

Comparing  I',  II',  and  it^T  we  see  that  if  the  proposition  is 
true  for  some  particular  value  n  it  is  true  for  the  value  n+1. 

Kow  it  is  true  for  2  and  for  3 ;  hence  it  is  true  for  4,  for 
5  &c.  and  therefore  for  any  positive  integral  value  of  n. 

Employing  the  known  |orm  of  the  binomial  expansion,  we 
have,  ybr  any  positive  integral  volume  o/n, 

cos  nA  =  cos*  A \: — ^  cos""*  A  sin*  A 

I   1.2.0.4 

A              «.  1  A    '     A     n(n—l)(n  —  2)       «oj.,j 
sm  nA=n  cos**-^  A  bid. A ^— = — ^^ cos*~'  A  sm'  A  +  ,,, 

In  the  above  important  formulae,  it  should  be  noted  that 
the  indices  of  sin  A  are  even  in  the  expansion  of  cos  nA  and  odd 
in  the  expansion  of  sin  nA, 

360.  In  the  same  way  the  student  should  prove  that 

.  _  w tan  il -  Jw  (w -  1)  (tj -  2)  tan*  J.  +  . .. 
1  —  ^n  (n  —  1)  tan* -4  +  . . . 

Or  this  formulae  follows  at  once  from  the  expressions  for 
sin  nA  and  cos  nA,  if  we  divide  each  by  cos*  A. 

361.  In  Art.  359  we  expressed  the  cosine  and  sine  of  any 
multiple  of  A  in  terms  of  the  different  powers  of  the  cosine  and 
sine  of  A,  In  the  next  two  articles,  we  will  do  the  convers^ 
problem:  i.e.  we  will  express  any  power  of  the  .cosine  or  sine  of  4 
in  terma  of  the  cosines  or  sines  of  the  different  multiples  of  -4. 
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362.     To  eocpress  cosl^A  in  a  aeries  qf  terms  involving  cosines 
of  multiples  oi  A,  ' 

Let  the  symbol  2  denote  the  *  Bum  of  all  the  terms  obtained 
by  taking  every  alternative  that  follows  it.'     Then,  we  have, 

2  cos  -4  =  cos  A  +  COS  {-  A)  =  i  cos  (±  A). 

2  cos  A  .  2  cos  jB  =  2  co«  A  o&a  JBt  +  2  cos  (-  A)  cos  B 

=  cos  (A  +B)-^  cos  (A-B)  +  cob  (-  il  +  jB)  +  cos  (-A-^B) 
=  S  cos  (±  it  db  5). 

Similarly  I 

2cosu4,  2cos-5.2cosC  =  Sc^os(±u4*J5).  2cos(7 

And  universally  , 

2  cos  -4  .  2  cos  ^  .  2  cos  (7... 2  cos  X  =  S  cos  (±  -4  sfc  ^  sfc...*  X). 
In  this  formula,  put  A=B  =  C  ^  ...  =X;  and  let  there  be  n 
of  these  angles. 

Then,  on  the  right  side,  any  term  which  arises  from  taking 
71  —  r  positive  signs  and  r  negative  signs  will  be  cos  (n  -  2r)  A. 

But  the  number  of  such  terms  is  eqaal  to   the  number  of 
combinations  of  n  things,  r  together.     Hence 

(2  cos  -4)**  =  cos  nA  -^n  cos (n  —  2)A-^     \    ^     ^^®  (n-i)  A  4- 


\ 


+  ncos(-»  +  2)-4  +  oos(-w^) (1). 

In  this  expansion  it  should  be  observed  that  the  coefficients 
are  the  same  as  those  of  the  binomial  series  (1  +a;)%  and  that 
there  are  thus  n-hl  terms. 

The  multiples  of  A  descend  by  2  from  n  to  -  w. 

But  since  cos  (-  n^) =cos  nA^  and  cos  (-  n  +  2)  ^  =  cos  (w  -  2)  ^1 
and  so  on,  we  may  express  this  series  without  using  negative 
multiples  of  A,     Thus  (2  cos  A)* 

n  in.  —  1  ^ 

=2  COS  nil  +TO.2cos(n-2)^+      i    9     *  2coB(n^4)^  +  ...(2), 

in  which  every  term  involving  a  posiUve  multiple  of  A  is  doubled 
but,  if  the  term  cos  OA,  i.e.  1,  ooours  it  is  noi  cUmbled. 
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i 

363.  In  (1)  writing  for  -4f,  \tc-A^  eince  (Ex.  xii.,  39) 

I    n 

COS  n  (^TT  —  -4)  =  (—  1)^  cos  nA^  ifn  is  even  ; 

1  —    . 
=  (-|)^   sin nA,  if  n  is  odd, 

! 

/.  if  n  is  even,  (-  l)"^  (2  sija  ^)« 

=  cos  nA-n  cos  {n  -  ;2)  A  +  — ^ — ^-^  cos  (n  -  4)  J.  - 

If  n  is  odd,  (- 1)  «  (2sin^)« 

=  sinni4  -wsin(7i42)  -4  +  — ^ — ^r— ^  sin  (w  -  4)  ^  - 

Here  the  coefficients  are  those  of  the  expansion  (1  —  x)\ 

As  before,  negative  multiples  of  A  may  be  eliminated  if  we 

note  that  cos  nA  =  +  cos  (-  niA)  &c  ;  and  sin  nA  =  —  sin  (—  nA), 

I 

364.  In  Art.  359,  the  cosine  and  sine  of  any  multiple  of  an 
angle  have  been  expressed  i^n  homogeneovs  series  involving  both 
the  sine  and  cosine  of  the  angle. 

We  will  now,  as  fcvr  as  possible,  express  them  in  terms  of  the 
sine  or  of  the  cosine  alone. 

This  can  be  done  by  writing 

1  -  cos^  A  for  sin^  A,  and  1  -  sin^  A  for  cos*  A, 

365.  Thus 

cos  2A  =  cos*  A  —  sin*  A 

=  cosM  -  (1  -cosM)  =  2  cosM  -  1 
•or  =(l-siix*^)-sin*^  =  l-2sin*^. 

366.  Again 

cos  3-4  =  cos*  -4  -  3  cos  -4  sin*  A  =  cos'  il  -  3  cos  il  (1  -  cos*  A) 
=  4  cos' il  —  3  cos  .4. 

sill "3-4  =  3 sin -4  cos* -4 -  sin' -4  =3  sin -4  (1- sin* -4) -sin' -4 
=  3  sin  A  -^  sin'  A. 

These  two  formulae  are  important. 
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367.  Now  we  see  generally  that,  since  cos  nA  contains  terms 
in  which  the  index  of  sin  A  is  always  everij  cos  qcA  can  always  be 
expressed  in  powers  of  cos  A  alone ;  and,  since  sin  nA  contains 
terms  in  which  the  index  of  sin  A  is  always  odd,  that  sin  nA/sin  A 
ean  also  always  be  expressed  in  powers  of  cos  A  alone. 

Similarly, 

if  n  is  even,  both  cos  nA  and  sin  nA/ cos  A  ; 
if  n  is  odd,  both  sin  nA  and  cos  nA /cos  A 

ean  be  expressed  in  powers  of  sin  A  alone. 

368.  In  order  to  find  the  required  expressions  we  may  make 
use  of  the  important  formulae 

sin(n+  l)-4  +  sin(n-- 1)  A  =  2  smnA  .  cos  A  (1) 

coa(n-l)  A -^  COS  (n-{-l)  A  =  2  cosnA  ,  cos  A  (2) 

sin  (w  +  1)  -4  —  sin  (ri  -  1)  J  =  2  cos  nA .  sin  A  (3) 

cos  (n—l)A  —  cos  (71+  I)  A  =2sin?L4  ,sinA   (4). 

The  first  two  formulae  yield  expressions  in  terms  of  cos  A ;  the 
last  two  in  teims  of  sin  A. 

369.  For  this  purpose  we  will  adopt  the  method  of  recv^rring 
series, 

370.  To  eaypress  sin  nO  -r  sin  0  in  terms  of  2  cos  6, 

Let  S « the  sum  of  the  infinite  series  whose  general  term  is 
afsinr^.     Thus 

#S'  =  ajsin^  +  ar^sin2^+  ...  +  aj**+^  sin  (n  +  1)^+ 

/.    S,  2xcos6  =2a? sin 0 cosB ■¥  ...  +  2a;**+^sinw^cos^+ 

and  ^.ar^  =  cc'sin^+  ...  +a^+^sin(w- 1)  ^+ 

Taking  the  1st  -  2nd  +  3rd  of  these  equations, 

8(1-  2xcose-^Q?)  =a:  sin  6 
for  the  higher  powers  of  x  vanish  by  (1)  of  Art.  368. 

S  =  xsme{\-  2x  cos  0  +  qi^)-\ 

Now,  by  division  (or  by  the  binomial  theorem), 

(1  -  2a;cos  ^+  ar^)-^  =  {l  -a;(2  cos  O-x)}'"^ 

=  1  +a5(2cos^-a;)+ 

+  a;~-2(2cos^-a;)~-2  +  a:»-^(2cos^-aj)~-^+ 
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Hence,  equating  the  coefficients  of  a;**  in  the  two  expressions 
for  S,  we  have  sin  nO  -r  sin  0 

=  (2 cos ef'' - (n - 2) (2  cos ^)«-»  +  (^-^)(^-^) (g  cos  ^)»-» -  , . . 
as  long  as  the  index  of  2  cos  0  is  not  negative. 

371.     To  express  2  cos  nO  in  terms  of  2  cos  $, 

Let 

/S'=  1  +  2ajcos  ^  +  2ar'cos  2^  +  ...  +  2a^+i  cos  (th-  1)  tf  +  . .. 
.'.  aS .  2a: cos ^  =  2a;  cos  ^  +  4ar' cos^ ^  +  ...+  4:0;**+^  cos  « ^ cos tf  +  ... 

and  /S'.ar'=  ar*+...  +2a:»+^cos(w-l)  ^+ ... 

AS'(l-2a;cos^  +  a:*)=l-a:2 

for  the  higher  powei-s  of  x  vanish  by  (2),  of  Art.  368, 

/S  =  (1  -  a:*)  (1  -  2a;  cos  0  +  a^)-\ 
.'.  coefficient  of  a;**  in  *S 

m 

=  (coeff.  of  a^  -  coeff.  of  a^-^)  in  (1  -  2a;  cos  0  +  a;^)-^ 

Now  as  in  last  article,     (1  —  2a;  cos  0  +  a^)-^ 
=  1  +  a;(2  cos^-a;)  +  ...  +a^-2  (2  cos  ^~a)~-» 

+  a;"-i(2cos^-a;)»-^+... 

Here  the  coefficient  of  a;*^ 
=  (2  cos^)~-<7i-.  1)(2  cos  ef-^+  ... 

+  (-1)*^^^ — p — ^ ^(2cos^)"-*^  +... 

Writing  n-2  instead  of  n,  and  r - 1  instead  of  r,  we  have 
the  coefficient  of  ai"~^ 

=  (2  cos  ^)«-3  -  (n  -  3)  (2  cos  ^)«-*  +  . . . 

+  (-1)^-1  (^-^-^>(^-;;3^)->-^^^^)  (2  cos  «)--+... 
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Thus  2  COS  nO 

=  (2  cos  ^)»  -n(2  cos  ^)«-a  +. . . 

^(-l/..<-— l)(---^)-::(!Llg!l±l)(2cos^)»->H. ... 

as  long  as  the  index  of  2  cos  0  is  not  negative. 

372.  In  the  last  two  articles,  we  have  expressed  the  series  in 
descending  powers  of  2  cos  ^.  We  may  now  express  them  in 
ascending  powers. 

373.  Thus,  by  Art.  370, 

sin  w^  -  sin  ^  =  coeff.  of  a"-^  in  (1  -  2a;  cos  e  +  ^y^  i.e.  in 
l+a;(2cos^-.a;)+..,+aj«»(2cos^-a;)'»  +  aj"*+i(2cos^-a;)'»+i+... 

A.  If  now  n  Ib  odd,  we  may  take  m  =  i(n-l):  and  the 
coeff.  of  ««-!  will  be 

'    :£      •      jj  /    t  \^  sin  nO 
.  .  II  7HS  0C?6?,  (-  1)  2  — — ^ 

^      '      Sin  ^ 

=  1 ry-  C0S2  ^  +  ^ L^ /cos*  ^  "...   up  to  C0S«-1  ^. 

B.  If  now  n  is  cuew,  we  may  take  m  =  \n^  and  the  coeff.  of 
aJ""^  will  be 

(-l)"-?[i«.2cosfl-ii!LL?k^iJi!Lz^(2cos «?)»  +  ...] 

. .  II  w  IS  even.  (-  1)  ^      .    ^ 

'  ^      '       sin^ 

.     w(n3-22)       ,^     «(7t^-22)fw2-.42^ 
=  ncosfl-~^-^^— 2cos8tf+-5^ lAi^_licos»tf-... 


up  to  cos"-*  tf. 
J.  T.  18 
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374.  •  By  Art.  371,  we  have 
2  cos  nS  =  coeff.  of  aj*  —  coeff.  of  aJ*"^  in  (1  —  2a3  cos  0  +  JC*)~S  i.e.  in 
l+a;(2cos^-a)+  ...  +a'"(2  cos ^ -«)"*  +  ««*+ ^(2 cos ^-a;)"*+^+... . 

C.  If  now  n  is  odd^  we  may  take  w  =  J  (n  +  1), 
and  the  coeff  of  as*  will  be 

(-1)  »  U(n  +  l).2costf 

_^(»^3).H>|^l)-H»-l)^2cosO)»^  ...] 
and  the  coeff.  of  «"""  will  be 
(_l)~U(«_l),2costf 

n-1 

.'.  (- 1)  *  cos  9i^  (if  71  is  odd) 
=  n  cos  ^ ^-7^ — '  cos'  tf  +  — ^ iP ^  cos'  0-  .„ 

D.  If  n  is  even,  we  may  take  m  =  ^n, 
and  the  coeff.  of  x^  will  be 

(_l)1[l_i(!L±|)j!'.(2c08<>)' 

and  the  coeff.  of  a;**"^  will  be 

(_l)"-?[l_i!Lii|L:il)(2co8<))» 

n 

.*.  (-1)*  cos  wtf  (if  n  is  even) 

1     w'      ,/,    wVn^-^2«)       ,^    w«  (^' -  2»)  (7i«  -  4«)      -. 
=  1  -- cos^tf+ — ^^i ^cos*^ ^^ rP^ ^cos«^-  .... 

[2  |4  [6 
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375.  In  the  results  of  the  last  articles  put  ^  =  j7r  — ^,  so 
that  sin  6  =  cos  <^  and  cos  ^  =  sin  ^.  Then  convert  sin  nO  and 
cos  nO  according  as  n  is  odd  or  even  by  Ex.  xii.  39.     Thus 

By  Art.  370, 
(nodd)(-l)'^'^=(2sin.A)«-^-(7..2)(2sin.^)-»+..., 

(n  even)  (-  1)"^^  =  (2  sin  .A)«-  -  (n  -  2)  (2  sin  .^)-«  +  . . . 
By  Art.  371, 

n-J. 

(n  odd)(-l)  2  .  2sinn<^  =  (2sin^)«-w(2sin<^)~-»+  ... 

/    i\r       (n--r-l)...(w-2r  +  l),-    .     ..^  ^ 

n 

{n  even)  (- 1)'  2  cos  n«^  =  (2  sin  «^)~  -  w  (2  sin  «^)~-2  +  . . . 

/    i\r       (w-r-l)...(7i--2r+ 1)  ,^   .     ..^  ^ 
+  (- 1)*^  w  .  ^ -^1  ^ ^  (2  sin  <^)~-2^  +  .... 

By  Art.  373, 

,       „,cosn<^     -      ^'-1'  •  2^     (n»  -  P)  (n«  -  3«)    .  ,^     • 

(ti  odd) f  =  1 7K—&^^^ <k+- 71 ■  sm*  A-  ..., 

^  '  cos  <l>  12^  [^  T-         J 

.  sin  w<& 
(n  even) 


cos  <^ 


«  (»'-  2*)  „.  ;  ^  ^  «  (»'  -  2')  (n'  -  4')  „■_. 


s9isin<^ ^— r^r — ^sm'<^  +  — ^^ r^ ^sin*<^-  .... 


By  Art.  374; 
(?i  odd)  sin  n^ 


.    ^     7i(w2-P)    .  3^     n  (n^  -  P)  {n^  -  3')    .  „^      - 

^  15  ^  |5  ir  » 

(ti  even)  cos  n^ 

,     w«  .  2^     n2(7i«-2«)   .  ,^     7i«(n^-2«)(n^-4^)   .  ,  . 

^  ^  |6 

18—2 
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376.  The  results  of  the  last  article  might  be  obtained  more 
directly  from  the  two  series 

S  =  x  cos  <^  +  a*  sin  2<^  -  sc*  cos  3<^  -  aj*  sin  4<^  +  . . ., 

which  gives  S (I  —  2x  sin  <l>  +  a^)  =  x  cos  ^, 

and  /S'=  1  +  2aJsin<^-2x^cos2<^-2a;'sin3<^+ ..., 

which  gives  /S'  (1  -  2a;  sin  ^  +  a^  =  1  —  o^. 

377.  In  the  above  articles,  we  have  incidentally  proved  the 
important  expansions : — 

1  ,  sin  20 


_  -  sin  20     ^    sin  36  ^_j   sin  n$ 


1  —  2a;  cos  O  +  ot^  sin  0  '  sin  0      '"  *  sin  6/ 

1  -a? 

-z i 7i k  =  l  +  2a;cos^  +  2a:^cos2^+  ...  +  2a;"cosw^+  .... 

1  -  2a;  cos  ^  +  ar 

In  the  first  of  these  expansions,  put 

X  =  ^-T-  and  cos  0  — 


J  a  J{ac) ' 

then  a  -  2hy  +  cy'  =  a  (1  -  2a;  cos  0  +  a;*). 

Thus,  if  6'  <  ac,  we  have 

^"^    sin  rS 


a  _  -     yjc    sin  20  (yij^\^~^    sin  ni 

a-^by-^ct^"        Ja  '  sin  6      '"     \fjaj      '  sin^ 


+  ... 


where  0  =  cos~^  {h  -r  J  {etc)}. 
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Examples  XIV. 


Prove 


sec^^  „      .       ^.        2coti 

3.     cosec  2A  =  ^  sec  J^  cosec  A.    4.     cot  2 J^  =  |  (cot  A  —  tan  -4). 

-  ^      „  .          3  -  tan'  J  -         ^  -  .     cot'  ^  —  3  cot  -4 
5.     tan  3^= — -— j — ^- j.      o.     cot  3^  =  — = — ro-i — i — • 

cot  -4-3  tan  A  3  cot*  -4  —  1 

7.  cos'  -4  +  sin'  A  cos  2i?  =  cos'  B  +  sin'  .ff  cos  2-4. 

8.  sin'  A  —  cos'  A  cos  2-B  =  sin'  B  —  cos'  i?  cos  2-4, 

9.  sin  X  (2  cos  a;  —  1)  =  2  sin  Ja;  cos  J .  3a;. 

10.  sin  a;  (2  cos  a;  +  1)  =  2  cos  |a;  sin  1 .  3a;. 

jj      cos(a>-3y)-cos(3x-y)^^^ 

Sin  2a5  +  sin  2y  \       •/  / 

sm  2a; +  sin2y  ^       ^' 

13.  cos  3-4  =  (2  cos  2-4  - 1)  cos  -4. 

14.  sin  3-4  =  (2  cos  2-4  +  1)  sin  -4. 

15.  sin  3-4  cosec  A  —  cos  3-4  sec  -4  =  2. 

-  -»      .       -  .     sin  -4  sin  2-4  +  sin  2-4  sin  5-4 

lb.         tan  4-4=-; 5 ^—: ; jr-j — j- . 

sin  A  cos  2-4  +  sin  2-4  cos  5-4 
17.     cos  A  +  cos  3-4  +  cos  7-4  +  cos  9-4  =  4  cos  A  cos  3-4  cos  5-4. 
TO      ft        A  1  tan^       sin  4^ 

10.       i;  cos  C'  -  ^ >.  -  jr—. — 5^  =  -: — ^. 

2  cos  0     2  sin  3d     sin  30 

19.  cos  50  =  COS*  d  -  10  COS*  0  sin'  d  +  5  cos  d  sin*  d. 

20.  sin  50=6  cos*  d  sin  ^  - 1 0  cos'  0  sin«  tf  +  sin»  0. 

21.  cos  5tf  =  16  cos»  0-20  cos»  d  +  5  cos  ft 

22.  sin  5tf  =  16  sin»  d  -  20  sin«  d  +  5  sin  0, 

23.  sin  6tf  -r  sin  d  =  32  cos'  tf  -  32  cos»  d  +  6  cos  ft 
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24.  cos  ee=  32  cos«  fl  -  48  cos*  ^  + 18  cos^  ^  -  1. 

25.  Find  cos  4-4  and  sin  4-4  in  terms  of  cos  A  and  sin  A  by 
means  of  the  formulae  which  give  cos  2 A  and  sin  2A  in  terms  of 
cos  A  and  sin  A.  Thence  find  cos  iA  and  sin  iA  -r-  sin  A  in  terms 
of  cos  A. 

26.  Show  that  the  numerator  and  denominator  of  cot  nA  are, 
respectively,  X^- Jr2  +  Z4- ...  and  iTi-Zj  +  Xg- ...,  where  Kr 
=  term  involving  cot**~''-4  in  the  expansion  of  (cot  ^  +  1)*. 

27.  4  cos  A  cos  2^  cos  3^1  =  1  +  cos  2A  +  cos  4-4  +  cos  QA. 

28.  4  cos  (n+l)A  cos  nil  cos  (n  —  l)A  =  cos  3w  -4 

+  cos  (n-2)  A  +  cos  7i-4  +  cos  (n  +  2)  -4. 

29.  2  sin  J  .  2  sin  B  .2smG,.,  to  n  factors 

=  (-l)^'2(-l)''sin(=t.i±^±(7±...) 

or  =(- 1)^S  (-!)*■  cos  (±ii=fcJ5±  (7  db...), 

according  as  n  is  odd  or  even,  where  r  =  the  number  of  negatives 
in  the  compound  angle  which  enters  into  any  term  considered. 

30.  From  the  last  example  deduce  the  results  of  Art.  363. 

1  +  cos  9  ^  =  ( 1  +  cos  ^)  (1 6  cos*  ^  -  8  cos»  tf  -  1 2  cos^  ^ 

+  4cose  +  l)2. 

(sin  A  -  cos  -4)*  +  (sin  A  +  cos  Ay  =  3  —  cos  44 . 

sin  3il  =  4  sin  A  sin  (60*  +  A)  sin  (GOT  -  A). 

3  cosec  3A  =  cosec  A  +  cosec  (-4  + 120°)  +  cosec  (A  +  240°). 

If  sin  B  be  the  Geometric  mean  of  sin  A  and  cos  A, 

cos  25  =  2  cos^  {A  +  45°). 

If  sin  B  be  the  Arithmetic  mean  of  sin  4  and  cos  A, 

cos25  =  cos2(^  +  45°). 

sin  4  -  cos  il  .  . 

— — i  =  tan  (A  -  45  ). 

sin  A  +  cos  A  ^ 

sin 50 -cos 50     .       /.     ttN    1  -  2sin  2^-4  sin22^ 


31. 

32. 
33. 
34. 
35. 

36. 


37. 


38. 


sin  50  +  cos  50 


/^_^^\    l-2sin2g-4sin'2g 
-tan^fi'     ^)'l^2sm20-isin^20' 
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39.  If  cos  (a  +  tf)  +  m  cos  tf  =  w,  then  w*  is  not  greater  than 
1  +  2m  cos  a  +  m\ 

40.  K  ^2.co8ii=coe5  +  cos'if, 
and  J2  .  sin  A  =  sin  B  -  sin'  B, 
then                        *sin(5-^)  =  cos2-5  =  J. 

1  1 

41.  tan  ^  .  (tan  2^)* .  (tan  2«^)  P  ...  ton  +  1  factors 

4sin'^ 


a+«* 


(2  sin  2^^Uy 

42.     If  sin  (iS-y)  cos  (tf  -  2a)  sec  a  +  sin  (y  -  a)  cos  {6  -  2)8)  sec /S 
+  sin(o-  )8)  cos  (tf-  2y)sec  y  =  sin  ()8- y)  sin  (y-a)  sin  (a-)8), 
then  cos  ^  =  cos  a  cos /S  cosy. 

.^      _.  sin  ra  ^  sin  (r  +  1)  a  _  sin  (r  +  2)  a 

,  cos  ra   _  cos  (r  +  1)  a  _  cos  (r  +  2)  a 

2w'  -l(l  +  n)~    ni(n  —  l)    ^  n  (l  +  n)-  2w? ' 

44.  If  4cos(a;-y)cos(y-«)cos(»-a;)  =  l, 
then      1  +  12  cos  2  (a;  -  y)  cos  2  (y  -  «)  cos  2  (»  -  a) 

=  4  cos  3  (a;  —  y)  cos  3  (y  -  «)  cos  3  («  -  sc). 

45.  If  sin  {0  +  a)  =  sin  (<^  +  a)  =  sin  j8, 
anc?  a  sin  (tf  +  <^)  +  6  sin  (tf  -  <^)  =  c, 
then  eUJier  a  sin  (2a  *  2/8)  =  —  c, 

or  a  sin  2a  ^  &  sin  2)8  =  c. 

46.  If  ^  + 5  + C=  180",  then 

cos  ^  sin  3^  +  cos  5  sin  35  +  cos  G  sin  ZG 
=  (sin  2-4  +  sin  2-6  +  sin  2C)  (f  +  cos  2-4  +  cos  2B  +  cos  2(7). 

47.  If  <^  =  J(a  +  )8  +  y-3^),  then 

sin»  (tf  -  a)  cos  2  (a  -  <^)  sin  ()8  -y)  +  sin»  {0-^) cos 2  ()8  -  <^)sin  (y  -  a) 

+  sin'  {0  -  y)  cos  2  (y  -  <^)  sin  (a  -  )3)  = 
J(sin  2a  +  sin  2)8  +  sin  2y-  3  sin  26)  sin  ()8  -  y)  sin  (y-  a)sin  (a  -)8). 
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Solve  the  following  equations ; — 

48.  5  tan*  a?  -  sec*  a?  =  11.  49.     5  tan*  a;  +  sec*  «  =  7. 

60.  sin5tf-8in3tf=^2.cos4tf. 

51.  cos  60  +  cos  3tf  =  ^2  .  cos  4ft 

52.  4sin  0  cos  2^  =  1.  53.     sm^A  =  co8^,5A. 
54.  tan-4  +  sec2il  =  1.                   55.     sec  4tf  -  sec  2tf  =  2. 

56.  sin  20  +  sin  4tf  =  ^2 .  cos  0. 

57.  cos  20  -  cos  4tf  =  ^2 .  sin  0. 

58.  sintf  +  sin2tf  +  sin3^  =  0.        59.     sin  tf  +  sin  5^  =  sin  7ft 
60.  cos2^  +  cos4tf  +  costf  =  0.       61.     cos  2^  +  cos  4tf  =^  cos  ft 

62.  sin  4a;  =  tan  x. 

63.  16sin»tf  =  sin5tf-5sin3ft 

64.  sec*  30  +  cosec*  30  =  4. 

65.  cox*  I  tf  -  sec*  J  tf  =  2^3  cox*ft 

66.  2  (sin  a  —  cos  a)  +  2m*  (tan  a  +  cot  a)  +  cox  a  -  sec  o  =  0. 

67.  8cos*tf  +  8sin*tf  =  6  +  sintf  +  sin9ft 

68.  tan"^  x  +  tan-^  (1  -  a;)  =  2  tan"^  ^{x  -  a^). 

69.  sin"^  x  +  sin"^  (!  —  «)  =  cos"^  x, 

70.  a;  =  3  tan-^  |  +  tan"^  ^  +  tan-^  ^V  -  i*"- 


CHAPTER  XV. 
SUBMULTIPLE  ANGLES. 

378.  In  the  last  chapter  we  found  the  ratios  of  nA  in  terms 
of  those  of  A  :  or,   which  is  the  same  thing,  the  ratios  of  A  in 

terms  of  those  of  —  . 

n 

A 

In  this  chapter  we  shall  try  to  find  the  ratios  of  —  in  terms 

of  those  of  A  :   or,  which  is  the  same  thing,  the  ratios  of  A 
in  terms  of  those  of  nA. 

To  find  the  number  of  solutions, 

379.  To  prove  that^  in  determining  the  ratios  of  \A^  when 
nothing  is  hrvown  of  A  but  the  value  of  its  sine  [or  cosecant], 
thsre  wUl  he  two  reciprocal  values  of  the  tangent  and  co-tangent 
and  two  pairs  of  equal  and  opposite  values  of  the  other  ratios. 

Let  Aq  be  one  of  the  values  of  A  for  which  the  sine  or 
cosecant  has  the  given  value. 

Then  [Art.  312,  ii.]  the  general  value  of  A  is  n,  180'  +  (  - 1)"  A^ 
.'.  the  general  value  of  ^A  ian.  90°  +  (-!)**.  ^Aq. 

Give  to  71  in  succession  the  values  0,  1,  2,  3  &c. 
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Then  the  final  positions  of  the  line  describing  ^A  will  be 
OFi,  OF^  OF^  OF^,  where  (see  figure)  each  of  the  angles 
lOFy,  FfiK,  rOF^,  FfiK'  is  equal  to  \A^. 

But  the  sine  and  cosine  of  lOF^^  are  equal  and  opposite  to  the 
sine  and  cosiiie  of  lOF^  respectively. 

And  the  sine  and  cosine  of  10 F^  are  equul  and  opposite  to  the 
sine  and  cosine  of  lOF^  respectively. 

And        tan  10  F^  =  cot  10  F^  =  tan  10  F^  =  cot  lOF^. 
And         tan  lOF^  =  cot  /Oi^i  =  tan  10  F^  =  cot  /(^i^g- 

Hence  the  tangents  of  lOFi  and  lOF^  are  reciprocal;  and 
so  on. 

Example  1.  If  ±  «,  ±  «'  are  the  four  values  of  sin  J  -4  correspond- 
ing to  any  given  value  of  sin  A,  show  that  ±  «'  =  ±  \/(l  -  «*). 

Example  2.  If  sin^  =  ±  1,  show  that  the  /owr  values  of  sin^^ 
and  cos  ^  A  reduce  to  two,  and  the  ttpo  values  of  tan  ^  A  reduce  to  one. 

Example  3.  If  sin  ^  =  0,  show  that  the  four  values  of  sin  ^^  and 
cos  i  A  reduce  to  three. 
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380.  To  prove  that,  in  determining  the  ratios  of  \A,  when 
nothing  is  known  of  A  hut  tJie  value  of  its  cosine  [or  secant], 
tliere  will  he  a  pair  of  equal  and  opposite  values  of  each  of  tJie 
ratios. 


I' 


As  before  [Art.  312,  iv.]  the  general  value  of  ^  is  2n .  180''  ±  J^, 
.'.  the  general  value  of  ^A  isn.  ISO**  ±  ^Aq, 

Then  the  final  positions  of  the  line  describing  ^A  will  be 
OFi,  OF^,  OF^,  OF^  where  (see  figure)  each  of  the  angles 
70^1,  F^Or,  rOF^  Ffil  is  equal  to  \A^. 

Now     sin  lOF^  =  sin  lOF^  =  -  sin  lOF^  =  -  sin  lOF^ 

tan  lOF^  =  -  tan  lOF^  =  tan  lOF^  =  -  tan  10  F^ 
sec  lOFi  =  -  sec  lOF^  =  -  sec  lOFj^  =  sec  lOF^. 

Thus  there  is  a  pair  of  equal  and  opposite  vaZvss  of  ea>ch 
of  the  ratios  of  \A, 

Exampjs  1.  If  cos  -4  =  0,  show  that  there  is  stUl  a  pair  of  equal 
and  opposite  values  of  each  of  the  ratios  of  ^A, 

Example  2.  If  cos  ^  =  + 1,  sin  J-i  has  only  owe  value.  If  cos  ^  =  - 1, 
cos  \  A  has  onJy  owe  valua 
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381.  To  prove  that,  in  determining  the  ratios  of  \Ay  when 
nothing  is  known  of  A  hut  the  value  of  its  tangent  [or  cotangent], 
there  wiU  he  two  reciprocal  but  opposite  values  of  the  tangent  and 
cotangent,  and  two  pairs  of  equal  and  opposite  values  of  the 
other  ratios. 


Here  [Art.  312,  iii.]  the  general  value  of  -4  is  n.  180' +  -4^, 
.'.  the  general  value  of  \Ai&n,  90*  +  \A^, 

Then  the  final  positions  of  the  line  describing  ^A  will  be 
Oi^i,  OF^,  OF^y  OF^  where  (see  figure)  each  of  the  angles 
lOF^  KOF^  rOF^,  K'OF^  is  equal  to  \A^ 

Now  tan  lOF^  =  -  cot  10  F^  =  tan  10 F^  =  -  cot  10 F^, 
cot  10 Fj^  =  -  tan  10 F^  =  cot  10 F^  =  -  tan  10 F^ 
sin  10  F^  =  -  sin  10 F^  i  sin  lOF^  =  -  sin  lOF^, 
cos  lOFj^  =  -  cos  lOF^  :  cos  lOF^  =  -  cos  lOF^. 

Example  1.  If  ±  «,  ±  «'  are  the  four  values  of  sin  J  A,  correspond- 
ing to  any  given  value  of  tan  A^  show  that  32  +  ^'2  _  1^ 

Example  2.  If  tan^  =  0,  show  that  sin^  ^  and  gob\A  have  each 
three  values.    How  many  values  have  the  other  ratios  of  ^^  ? 
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382.     See  below. 
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1 


180° 


Here  :  Given  tan  A;    A=n.  180®  +  Aqj 

:.  ^^  =  w .  60*  +  ^Aq. 

In  determining  the  ratios  of  ^A,  when  toe  know  nothing  hut 
the  value  of  one  of  the  ratios  of  A,  there  will  be  three  values  of 
the  corresponding  ratio  of  ^A  (and  of  its  reciprocal),  hut  three 
pairs  of  equal  and  opposite  values  of  the  other  ratios  of^A. 

The  accompanying  figures  will  show  this. 

383.     In  Arts.  384,  385,  386  we  shall  find  the  number  of 

A 
values  of  the  ratios  of  —  when  a  ratio  of  A  is  given. 

n 

We  shall  write  tt  for  180^ 

It  should  be  noted  that  for  some  special  values  of  the  given 

A 

ratio  of  Aj  the  number  of  values  of  any  ratio  of  —  is  less  than  that 

given. 

Hence  the  results  must  be  understood  to  apply  to  any  general 
value  of  the  given  ratio. 

This  was  noted  in  the  examples  given  above. 
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384.  Given  sin  Ay  to  find  tlie  number  of  values  of  each  of  the 
ratios  of  —  . 

Here,  the  general  yalue  of  -4  is  Xtt  +  (-  1)  .a. 

.*.  the  general  value  of  -  is  —  +  (—  1)  .  - . 

The  two  values  of  any  ratio  of  Ajn^  obtained  by  giving  to  A, 
different  values  ft  and  ft',  will  be  equal  if  the  two  values  of  A/n 
diff&r  hy  an  even  multiple  ofic, 

i.e.if  /(^  +  (_l)^«l.jA  +  (_l)'".»l 

\n      ^      '     n)       \n      ^      '      n) 

is  an  even  multiple  of  tt. 

i.e.  if  *  ft  ~  ft'  =  an  even  multiple  of  w. 

Hence  the  values  of  any  ratio  of  A\ny  obtained  by  giving  to 
X  in  succession  the  2ti  values  0,  1,  2...(2n—  1),  will  be  repeated^ 
if  any  other  integral  value  is  given  to  X. 

Hence  no  ratio  of  A\n  can  have  more  than  the  ^n  values  so 
obtained. 

Now  consider  each  of  the  ratios  sin  Ajn^  coa  A/n,  and  tan  A/n 
separately. 

(1)     Consider  sin  A/n. 

Two  values  of  sin  A/n  will  be  equal,  if  tJte  sum  of  thd  two 
values  of  A/n  is  a/n  odd  m,ultiple  ofw. 

La  if  ^  +  (-lf,«  +  ^  +  (_l)'''.f 

n      ^      ^     n      n      ^      '      n 

is  an  odd  multiple  of  tt. 

i.e.  if  ft  +  ft'  is  oddy  and  an  odd  multiple  of  t?. 

This  cannot  be  unless  n  is  odd. 

If  n  is  oddy  the  values  of  sin  A/n^  obtained  by  giving  to  A,  in 
succession  the  n  even  values,  0,  2...w— 1;  n  +  l,...2n  — 2  will  be 
repeated  by  giving  the  n  odd  values  n^n-  2,...l ;  2w—  l,...n  +  2. 

*  For,  since  /u  ~  /ia'  is  even,  jct  and  yl  must  be  either  "both  even  or  both  odd. 
Hence  the  terms  involving  a  cancel. 
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Thus,  given  sin  A, 

if  n  is  even,  there  are  2n  values  of  sin  Ajn ; 
if  71  is  odd,  there  are  n  values  of  sin  Ajn. 

(2)  Consider  cos  Ajn. 

Two  values  of  cos  Ajn  will  be  equal,  if  the  sum  of  the  two 
valices  of  Ajn  is  an  even  multiple  of  tc, 

ie.  ii  fi  +  fi  is  odd,  but  an  even  multiple  of  w. 

This  is  a  contradiction. 

Thus,  given  sin  A, 

there  are  always  2n  values  of  cos  Ajn, 

(3)  Consider  tan  A/n, 

Two  values  of  tan  A/n  will  be  equal  if  ths  differeruie  of  the  two 
values  of  Ajn  is  an  odd  multiple  oftc. 

Le.  if  ft  *-  ft'  is  even^  and  an  odd  multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even^  the  values  of  tan  A\n^  obtained  by  giving  to  X  in 
succession  the  n  values,  0,  1,  2...w  -  1,  will  be  repeated  by  giving 
the  n  values,  w,  w  +  1,  7i  +  2,...2»—  1. 

Thus,  given  sin  J, 

if  n  is  odd,  there  are  2n  values  of  tan  A\n  \ 
if  n  is  even,  there  are  n  values  of  tan  A\n, 

385.     Given  cos  Ay  to  find  tlie  number  of  values  of  each  of  Hie 

ratios  of  — , 
•^  n 

Here,  the  general  value  of  A  is  2A.7r  *  a, 

.*.  the  general  value  of  —  is ±  - . 

°  n        n       n 

The  two  values  of  any  ratio  of  Ajn^  obtained  by  giving  to  A, 
different  values  fi  and  fi',  will  be  equal  if  the  tvx>  values  of  Ajn 
differ  by  a/n  even  multiple  ofir, 

\  n       nj      \  n       nj 
is  an  even  multiple  of  ir. 
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i.e.  if,  taking  the  same  sign  before  ajn,  /n  *-  ft'  is  a  multiple 
of  n.  . 

Hence  the  values  of  any  ratio  of  Ajn,  obtained  by  giving  to  \ 
in  succession  the  n  values  0,  1,  2...n-  1  and  either  sign  before 
a/n,  will  be  repeated^  if  any  other  integral  value  is  given  to  X 
-with  the  same  sign  before  a/n. 

Hence  no  Ta,tio oi  A jn  can  have  more  than  the  2w. values  so 
obtained. 

(1)  .  Consider :^in  A /n. 

Two  values  of  sin  A/n  will  be  equal 

if  -^  *  -  +  -^  ±  -  i^  an  odd  multiple  of  w, 

n       n       n       n 

i.e.  if,  taking   opposite  signs  before  a/71,    2  (/*  +  fi')   is  an   odd 
multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  sin  Ajn^  obtained  by  giving  to  k 
in  succession  the  n  values  0,  1,,..^;  Jw  +  l,...n—  1  with  +  sign 
before  a/w,  will  be  repeated  by  giving  the  w  values  ^  Jri-  1,... 
0 ;  71-  1,...^7H- 1  with  —  sign  before  ajn. 

Thus,  :given  cos -4, 

if  71  is  odd,  th^re  are  27*  values  of  sin  -4/71, 
if  71  is  even,  there  are  n  values  of  sin  Ajn. 

(2)  Consider  cos  A /ri. 

Two  values  of  co&  A/n  will  be  equal,  if  the  sum  of  the  two 
values  of  A/n  is  an  even  multiple  of  tt, 

i.e.  if,  taking  opposite  signs  before  a/n,  fi-^-  ijl'  is  a  multiple 

of  71. 

Thds  the  values  of  QOsA/n^  obtained  by  giving  to  \  the  n 
valuer  0,  1,  2,;,,7i-  1  with  +  sign  before  a/n,  will  be  repeated  by 
giving  the  n  values  0,  74  --  1,  7ji-  2,.,.l  With  -  sign  before  o/ti. 

Thus,  given  cos  ^, 

there  «^re  always  7»  vivlueQ  of  COS  il/7», 

J.  T.  19 
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(3)     Consider  ta.li  A/n, 

Two  values  of  tan  A/n  will  be  equal,  if  the  difference  of  the 
two  values  of  A/n  is  an  odd  multiple  of  ir, 

i.e.  if,  taking  the  same  signs  before  a/n,  2(fi^fi)  is  an  odd 
multiple  of  w. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  tan  A/n,  obtained  by  giving  to  \ 
the  ^  values  0,  1,  2...Jw-  1  with  either  sign  before  a/n  will  be 
repeated  by  giving  the  ^  values  ^n,  ^+1,  Jw4-2,...w— 1  with 
the  same  sign  before  a/n. 

Thus,  given  cos  ^ 

if  n  is  odd,  there  are  2n  values  of  tan  A/n, 
^   if  n  is  even,  there  are  n  values  of  tan  A/n, 

386.     Given  tan  A,  to  find  the  number  of  values  of  each  of 

A 
the  ratios  of  — . 

Here,  the  general  value  of  J,  is  Xtt  +  a , 

.*.  the  general  value  of  —  is h  -  . 

°  n       n      n 

.*.  the  two  values  of  a/ny  ratio  of  A/n  will  be  equal, 

if  (—  +  -  )  ~  f  —  +  -  )  is  an  even  multiple  of  tt. 

\n      nj      \n      nj 

Le.  a  fi'^  fjL  is  an  even  multiple  of  n. 

Hence,  given  tan  A,  there  cannot  be  more  than  the  2n  values 
of  any  ratio  of  A/n,  obtained  by  giving  to  X  the  2n  values 
0,  1,  2...2n-l. 

(1)     Consider  sia  A/n  cmd  cos  A  fn. 

Two  values  of  sin  A/n  or  cos  A/n  will  be  equal 

if  —  +  -  +    —  +  -is  a  multiple  oiv* 

n      n       n       n 

This  cannot  be. 

Hence,  given  tan  A, 

there  are  always  2n  valties  ot  sin  A^n'&tid  of  cos  A/n. 
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(2)     Consider  tan  Ajn, 

Two  values  of  tan  Ajn  will  be  equal 

if  /*'"/*'  is  an  odd  multiple  of  n. 

Hence,  the  values  of  ta,nA/n  obtained  by  giving  to  X  the 
n  values  0,  1,  2...W-1  will  be  repeated  by  giving  the  values 
Tiy  n  +  ly  n  +  2y.,.2n  —  l. 

Hence,  given  tan  A, 

there  are  always  n  values  of  tan  A/n, 

To  Jmd  the  yalvLes  o/ the  solutions, 

387.  To  Prace  the  chomges  in  sign  of  cosi?  +  sin-ff  <md 
cos  B  —  sin  B, 

We  have 

cos  -ff  +  sin  i?  =  J2  (sin  45°  cos  -ff  +  cos  45°  sin  B)=^2.  sin  (45°  +  B), 
cos  i?  -  sin  i?  =  J2  (cos  45°  cos  jB  -  sin  45°  sin  B)=J2 .  cos  (46°  +  B). 

Thus 

cos  ^  +  sin  i?  is  +^«,  if  45°  +  jB  is  in  1st  or  2nd  quadrant, 

j>         »       -^%         ,9         ,,        3rd  or  4th         ,^ 
cos -S  -  sin  i?  is +^^         „         „        1st  or  4th 


_ve 


2nd  or  3rd 


9) 
99 


19—2 
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Now  B  is  45**  less  than  45'  +  B. 

Hence,  if  we  turn  the  initial  line  from  which  B  is  measured 
hackwa/rds  through  45°, 

we  shall  get  four  shifted  quadrants. 

Taking  as  usual  the  initial  line   of  B  rightwa/rds,   and   the 
positive  revolution  right-v/pwa/rda,  we  have 

If  ^  is  in  the  Right  quadrant,  45**  +  -5  is  in  the  1st  quadrant, 
.*.  cos  jB  +  sin -ff  is +^® ;  and  cos  5  -  sin  jB  is +^®. 

If  jB  is  in  the  Up  quadrant,  45**  +  jB  is  in  the  2nd  quadrant, 
.'.  cos  jB  +  sin  jB  is  +''® ;  and  cos  jB  -  sin  -5  is  -^®. 

If  jB  is  in  the  Left  quadrant,  45°  +  jB  is  in  the  3rd  quadrant, 
/,  cos  ^  +  sin  jB  is  -^® ;  and  cos  ^  -  sin  5  is  -^®. 

If  i?  is  in  the  Down  quadrant,  45°  +  jB  is  in  the  4th  quadrant, 
.'.  cos  5  +  sin  jB  is  — ^® ;  and  cos  jB  -  sin  5  is  +^®. 

388.  It  is  also  desirable  to  notice  that 

If  ^  is  in  the  Right  or  Left  quadrant,  2^  is  in  the  1st  or  4th 
quadrant. 

If  i?  is  in  the  Up  or  2>ot(;n  quadrant,  2B  is  in  the  2nd  or  3rd 
quadrant. 

389.  Given  the  sine  of  an  angle  to  find  the  ratios  of  the  half- 
angle. 

We  have 

cos*  ^A  +  sin*  i-4  =  1  and  2  cos  \A  sin  \A  =  sin  A, 

First  add  and  then  subtract  these  equations ;  thus 
(cos  ^A  +  sin  1-4)*  =  1  +  sin  -4  and  (cos  ^4  —  sin  J4)*  =  1  —  sin  A^ 
/.  cos  J^  +  sin  ^-4  =  ±  ^(1  +  sin  -4) 
and  cos  J4  -  sin  J4  =  ±  ^(1  —  sin  -4). 

By  Art.  387,  the  upper  or  lower  sign  in  these  radicals  must 
be  chosen  according  as  \A  is  in  the  Right,  Up,  Left,  or  Down 
quadrant. 
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Then,  by  addition  we  get  2  cos  ^A ;  by  s^i^tractian^  2  sin  j-4. 
Thus : 

(1)  If  ^^  is  in  the  Bight  quadrant,  the  signs  are  +  +  ; 

/.  2  cos  iA  =  +  J{1  +  sin  -4)  +  ^(1  -  sin  A), 
2sinJ^  =  +  7(l+sin^)-^(l-sin^). 

(2)  If  J-4  is  in  the  Up  quadrant,  the  signs  are  +  -  ; 

/.  2cosJ^=+  ^(1 +  sin^)-^(l -sin-4), 
2  sin  ^j1  =  +  7(1  +  sin -4)  +  ^(1  -  sin -4). 

(3)  If  J-4  is  in  the  Left  quadrant,  the  signs  are  —  — ; 

.*.  2cos  Ji4  =  -7(1 +sin^)-7(l-sinii), 
2  sin  i^  =-  7(1  +sin  A)  +7(1  - sin.4). 

(4)  If  j^A  is  in  the  Dotrni  quadrant,  the  signs  are  —  + ; 

/.  2  cos  J^  =  -  7(1  +  sin  A)  +  7(1  -  sin  -4), 
2  sin  ^A  =-7(1  +sin^)  -7(1  -sin^l). 

Now,  dividing  2  sin  ^A  by  2  cos  ^Ay  and  rationalising  the 
denominators,  we  have 

(5)  If  ^A  is  in  the  Bight  or  Left  quadrant, 

^  _  7(1  +  sin^)  ->  7(1  -  sin  ^)  _  1  -7(1  -  sinM) 
2  ~  7(1  +  sin  A)  +  7(1  -  sin  -4) ""  sin  -4 

(6)  If  ^A  is  in  the  Up  or  Dovm  quadrant, 

^^  ^  ^  7(l  +  8in.i)-f  7(l-sin^)  ^  l  +  7(l-sinM) 
2      7(1  "^ sin ^)-  7(1 -sin -4)  sin^l 

390.  The  student  should  observe  that  the  results  of  the  last 
article  include  those  of  Art.  379,  which  were  arrived  at  by  more 
general  considerations. 

391.  The  student  should  particularly  note  that 

-4  _  sin  J^  _       2  sin'  \A       _  1  —  cos  A 
2      cos  ^A     2  sin  \A  cos  l^A  "     sin  A     ' 

for  all  values  of  A  whatever. 
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.  But  that  cos-4  =  +  J{1  -sin^^),  only  if  A  is  in  the  1st  or  4th 
quadrant,  i.e.  if  ^A  is  in  the  Bight  or  Left  quadrant.  See 
Art  388. 

And  cos  A  =  —  J(l  —  sin^  -4),  if  -4  is  in  the  2nd  or  3rd  quadrant, 
i.e.  if  ^^  is  in  the  Up  or  Down  quadrant.     See  Art.  388. 

These  conclusions  confirm  the  value  of  tan  \A  as  given  in 
Art.  389. 

392.  Oiven  the  cosine  of  an  angles  to  find  the  ratios  of  the 
half -angle. 

We  have 

cos*  \X  +  sqi*  \A-\  and  cos*  \A  —  sin*  \A  =  cos  Ji. 

First  add  and  then  subtract  these  equations ;  thus 
2  cos*  ^A  =  l  +  cos  A  and  2  sin*  ^A  =  l  —  cos  A, 
A  //l+cosil\       ,    .    A  //l-'cosAx 

Dividing  we  have 

A  //I— cos-4\ 

The  signs  of  these  radicals  must  be  taken  according  to  the 
quadrant  in.  which  ^A  lies. 

These  results  include  those  of  Art.  380. 

393.  Given  ^^6  tangent  of  an  angle,  to  find  the  tangent  of 
the  half-angle. 

We  have 

2taniil       ^       . 

tan  A  tan*  ^A  +  2  tan  ^A  =  tan  A, 

'  2  tan  ^4  1      ^tan*^  +  l 

^  tan  A        tan*  A  ~     tan*  A    ' 

tan  ^  =»      ^ '      2 — • 

2  tana 
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The  upper  or  lower  sign  must  be  taken  according  as  tan  ^A 
and  tan  A  have  or  have  not  the  same  sign. 

i.e.  according  as  A  is  or  is  not  in  the  1st  or  4th  quadrant ; 

i.e.  according  as  ^A  is  or  is  not  in  the  Bight  or  Left  quadrant. 

394.  As  in  Art.  391,  the  student  should  particularly  note 

that 

A     1  —  cos  A     sec  -4-1 

2         sin -4  tan -4     ' 

for  all  values  of  A  whatever. 

But  that  sec  -4  =  +  ^/(l  +  tan^il),  only  if  -4  is  in  the  1st  or  4th 
quadrant :  while  sec  -4  =  -  ^(1  +  tan*  ^),  if  ^  is  in  the  2nd  or  3rcl 
quadrant. 

These  conclusions  confirm  the  value  of  tan  J-4  given  in  the 
last  article. 

The  cvMc  equMimi, 

395.  The  ratios  of  ^-4  can  be  obtained  algebraically  from 
those  of  A  only  by  the  solution  of  a  cubic  equation. 

We  must,  therefore,  give  some  account  of  the  cubic  equation 
and  its  connexion  with  Trigonometrical  f  ormulce. 

The  general  form  of  the  cubic  equation  is 

AX^-\-£X^-\-CX  +  D  =  0. 

If  here  we  write  for  X,  »— q7>   the   coefficient  of  t?  will 

vanish. 

We  may. thus  reduce  any  cubic  equation  to  the  form 

It  is  convenient  to  express  this  in  the  following  homogeneous 
form : 

where,  a  and  h  being  real  (i.e.  positive  or  negative),,  the  upper  or 
lov)er  sign  is  taken,  according  as  the  coefficient  of  a;  is  arith- 
metically positive  or  negative. 
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396.  To  find  the  real  valtie  of  x  which  satisfies  the  equation 

a?  -  Za^x  =•  2b^ 
where  b  is  numerically  greater  than  a. 

Put  x  =  y  +  a^jy  (a  homogeneous  expression), 

f  +  3aV  +  3a7y  +  a^jy^  -  ^a^y  -  ^a^jy  =  26^ 
.*.  (multiplying  by  f) 

y«-2fty  +  ft«  =  6«-a« 
f  =  l^^J{¥^a% 

Since  6^  >  a^,  ^  is  real ;   .\  y  has  one  and  only  one  real  value 
[Art.  230]  corresponding  to  each  of  the  values  of  y^, 

Now  _a^h-^J(h^^a^)} 

=  b^-,^J{b^-a'). 

Substituting  for  y  to  find  x,  we  have 

X  =  ^{6«  +  J{b'  -  a')}  +  i/{b'  -  J{¥  -  a% 

397.  Similarly  to  solve 

a^  +  Sa^'x  =  26» . 
put  aj  =  y  —  a^/y,  and  we  have 

398.  By  the   last  two  articles,   we   have  found   one   real 
solution  of  the  equation 

a^—px-^q  =  0 
in  the  case  when  ['^  j  is  algebraically  less  than  ( I)  • 

Example  1.    Solve  a;^  -  iso?  =  35. 
Example  2.     Solve  Aa^  =  5^-6. 
Example  3.     Solve  a^  =  36x  +  91. 

399.  To  find  three  valu^es  o/xto  satisfy  the  equation 

a^--3a^x  =  2b^ 
where  b  is  numerically  =  or  <  a. 
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Put  x=2a  cos  0, 

.\  .  8a^  cos*  e  -  6a»  cos  6  ^  W, 

4  cos*  tf  -  3  cos  tf  =  67a*, 
i.e.  C0&  36  =b^/a\ 

"Now  since  ft*  is  numerically  not  greater  than  a*,  there  are 
real  values  of  30  which  satisfy  this  equation. 

Let  the  series  of  values  be  3a,  360**  -  3a,  360°  +  3a,  &c. 

Then  x=  2a  cos  0 

=  2a  cos  a  or  2a  cos  (120°  —  a)  or  2a  cos  (120°  +  a)  &c. 

giving  three  and  three  only  real  values  of  x. 

Exam/pie,    Solve  2^*  =  3y  —  1. 

400.  By  the  last  article  we  have  shcrwn  how  three  real  roots 
of  the  equation  aj* -jpa;  +  5^  =  0  can  be  found  when  ('^j  is  alge- 
braically not  less  than  (  ^  )  . 

Thus  we  should  find,  by  means  of  Trigonometrical  tables  if 
necessary,  the  angle  whose  cosine  =  —  ^-j-     /(^)' 

Then,  also  with  the  help  of  Trigonometrical  tables  if  necessary, 
we  should  find  the  cosine  of  \  of  this  angle. 

FinaUy    .  =  2  ^ (f )  cos  i  cos- (  -  ^ (^)}  . 

Thus,  instead  of  finding  the  ratios  of  ^  -4  from  those  of  A  hy 
solving  a  cubic  equation,  we  do  the  reverse ;  i.e.  we  solve  a  cubic 
equation  by  finding  (with  the  help  of  tables  if  necessary)  the 
ratios  of  ^  -4  from  those  of  -4. 

401.  A  geometrical  mode  of  solving  the  equation 

a^  -  px  +  q  =  0 

thus  requires  us  to  trisect  the  angle  whose  cosineis— ;y(27g'^-r4;?*). 

An  angle  cannot  be  trisected  by  ruler  and  compass.  But  the 
following  explanation  indicates  how  a  simple  instrument  may  be 
used  for  the  trisection  of  an  angle. 


^       ) 
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Let  lOF  be  the  given  angle. 

Let  a  rod  OR  revolve  round  0^  so  that  R  describes  a  circle 
which  cuts  10  produced  in  /'. 

Let  MY — rigidly  attached  to  OR — bisect  OR  at  right-angles 
at  M ;  and  suppose  it  to  be  slit  along  its  central  axis. 

Also  let  RT — pivoted  at  R  to  OR — be  slit  along  its  central 
axis,  and  always  pass  through  a  pin  fixed  at  /'. 

Thus  a  pin  P,  through  each  of  the  slits,  will  mark  the  point 
of  intersection  of  MY  and  RF, 

.  Then,  if  OR  rotates  until  F  is  on  OF,  OR  shall  trisect  the 
angle  lOF, 

For    •/    OR^Or,    .\  lORF^iOFR,   and   exterior  angle 
lOR  =  twice    interior  angle    ORI'  =  tunce   angle   ROF  (because 
A 's  MOP,  MRP  are  equal  in  all  respects). 

.'.  L  ROF  =  \l  lOF.  Q.E.D. 

Ratios  of  Particular  Angles, 

402.  We  may  find  the  ratios  of  angles  which  have  a  simple 
relation  to  a  right-angle  by  means  of  the  general  formulae  of  this 
and  the  preceding  chapter,  without  the  special  geometrical 
constructions  of  Chapter  IV.     Thus 

403.  To  find  sin  45^ 

Since  46°  is  its  own  complement, 

sin»  45°  =  cos*  45°,  i.e.  1  -  sin*  45° ; 

.-.  2  sin*  46°  =  1,  /.  sin  45°  =  -i^ . 

404.  To  find  sin  30\ 

The  complement  of  30°  is  60°,  i.e.  2.30°; 

.-.  cos  30°  =  sin  60°,  i.e.  2  sin  30°  cos  30°. 
But  cos  30°  is  not  0 ;   .'. ,  dividing  by  cos  30°, 

2  sin  30°  =  1,   .-.  sin  30°  =  |. 
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405.  To  find  tan  22^^ 

^  tan  45 

406.  To  find  tan  \b\ 

tan  16^  =  V(l  +  W  30-)  -  1  ^  ^^^  ^         ^^^  ^^. 

tan  oO  ^  ^  ' 

=  V(3  +  1)-V3  =  2-V3. 

407.  ro^M^OTwlS". 

The  complement  of  36°  (i.e.  2.18°)  is  54°  (i.e.  3.18°)  j 

.'.  sin  36°  =  cos  54°, 
.-.  2  sin  18°  cos  18°  =  cos^  18°  -  3  cos  18°  sin'  18°. 

But  cos  18°  is  not  0  :   .*. ,  dividing  by  cos  18°, 

.-.  2sinl8°  =  cosM8°-3sinM8° 

=  l-.4sinM8°; 
.-.  8in2  18°  +  isinl8°  +  3V  =  A» 

.         _•  1  QO  \/5  —   1 

. .  sm  lo  = — -. — 

4 

(the  positive  sign  of  the  radical  being  taken  to  make  sin  18° 
positive). 


Examples  XV. 

1.  Draw  and  explain  a  figure  giving  all  values  of  6  which 
satisfy  the  equations : 

a.  sin  26  =  sin  60°.  6.  cos  2$  =  sin  60°. 

c.  tan  2^=  tan  75°.  d,  cot  2^  =  tan  75°. 

e.  sec  3^  =  2.    .  /.  cosec3^  =  <y5  + 1. 

g,  sin  3^  =  siii  1 36°.  A.  tan  3^  =  —  ^3. 

k,  cos  3^=1.  I  sin  3^  =  0. 

2.  Find  the  ratios  of  9°,  4^°,  6°,  7^°,  3°. 

3.  Express  cos  -4/2"  in  terms  of  cos  A, 
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4.  Trace  the  changes  in  sign  and  magnitude  of  sin  ^A  +  cos  ^A 
and  of  sin  ^A  —  cos  ^A,  as  A  varies  from  0  to  360**. 

5.  Show  that  cos  ^A  -aia^A  ={-1)^  J(l-  sin  A)  where  m 
is  the  integral  part  of  {A  +  270°)  4-  360". 

6.  Given  cotA=k,  show  that  cotJ-4  or  tan  ^^  may  be 
obtained  from  the  equation 

cot  lA  -  tan  Jil  =  2A;  ±  2^(1  +  k^). 

Show  how  the  sign  of  the  radical  must  be  determined :  and 
also  the  sign  of  the  radical  in  the  expression  obtained  by  solving 
for  cot  Jil. 

7.  If  sin  4il  =  8y  show  that  the  four  values  of  tan  A  are  given 

8.  Find  when  sin  B  is  arithmetically  and  when  it  is  alge- 
braically greater  or  less  than  cos  B,  Hence  deduce  the  variations 
in  sign  of  cos  B  -  sin  B,  and  cos  B  +  sin  B. 

9.  Show  that  the  three  roots  of  the  equation 

35  (05  —  3)*  =  4  sin^  a 

are  positive^  and  that  the  difference  between  the  greatest  and  least 
of  them  is  >  3  and  <  2  ^/3. 

10.  Given  ^,  construct  <^  geometrically  from  the  equation 

sin<^y(l-fsin»2)=sm|. 

11.  Show  that  a  root  of  the  equation 

aj8/7=3a;-l 
is  6sin(|of  90'')-L 

12.  Show  that  cot^tf>l  +  cot^  for  all  values  of  0  from  0 

to  IT. 

13.  If  tan  ^  =  • ;; ^,  show  that  w  cannot  lie  be- 

2     tan  tf  +  m  +  1 

tween  +  1  and  -  1. 
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14.     Show  that 

.         cos  iA  sin  iA 

secil=  ^  •  ^      - 


J(l +  sm  A)     J{1 -sin  Ay 
and  show  how  the  signs  of  the  radicals  must  be  detennined. 

15.     Show  that,  for  any  value  of  a, 

(i)     cos  a  +  cos  (120'*  -  a)  +  cos  (120°  +  a)  =  0, 

(ii)    cos  a  cos  (120°  -  a)  +  cos  a  cos  (120°  +  a) 

+  cos  (120°  -  a)  cos  (120°  +  a)  =  --  f , 

(iii)    4  cos  a  cos  (120°  —  a)  cos  (1 20°  +  a)  =  cos  3a. 

What  relations  between  the  roots  and   the  coefficients  of  a 
cubic  equation  follow  from  the  above  1 

Prove 

--  A_         //2sin^-sin2il\ 

lb.    ^^^2-'^s/\2~s^TVii^^A)' 

-  ^        .     2ir       .    4ir       .    6w      .    .    «•  .    Stt  .    6ir 

17.  sin  ^=-  +  sin  -= —  sin  -sr-  =  4  sin  -=  sin  -=-  sm  -=- . 

7     -7      7      7    7    7 

-f.     2'7r     47r     6ir    -   .    w   3ir   5ir 

18.  cos  -=-  +  cos  -=-  +  cos  -=-  =  "  1  —  4  cos  =cos  -=- cos  -=- . 

7  7  7  7        7         7    • 

19.  \i  A-^-B+G  he  an^odd  multiple  of  tt, 

cot  J(7(l  -  tan|^  tan|5)  =  tan  |il  +  tan  |A 

20.  Iftan|(.B  +  C-^)tan|(6Vil-5)tanJ(il  +  5-C)=l, 
then  sin  2A  +  sin  2J5  +  sin  2(7  =  4  cos  A  cos  B  cos  (7. 

21.  If  tan>  <^  =  sin  tf  sin  y  sec>  I  (^  +  ^), 
then  tan*  J«^  =  tan  ^tf  tan  1^. 

22.  If  cot  Ja  +  cot  J/J=  2  cot  6, 

then  {1  - 2  sec  tf  cos  (a  -  tf)  +  sec" «}  {1  - 2 sec  tf  cos  (/3-  tf)  +  sec'^ tf} 

=  tan*tf» 

23.  If 

cos*|(a~/3)-sin'^()8^-y)      cos4(a-)8)-sin'^(a  +  Y) 
cos^l^a-sin'^y  cos' ^ )8  -  sin*  ^y  ' 

then  sin  a  +  sin/?  +  sin  y  =  0, 
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provided  the  sum  or  difference  of  no  two  of  the  angles  a,  )8,  y  is 
any  multiple  of  tt. 

24.  tan"^  a  —  tan~^ », 

=  tan-^  -1 i+  tan~^  - — =-  +  &c.  +  tan"^  ^ 

l+a6  l  +  oc  \  -^yz 

25.  tan-^  J  +  tan"^  ^  =  i^. 

26.  tan-^  J  +  tan"^  ^  +  tan"^  f  +  tan"^  i  =  i  't. 

27.  If  4costf  +  3sintf=l,  dnd  By 

given  sin  63°  7'  51"  =  -8,  sin  ir  31'  10"  =  -2. 

28.  If  a  cos  6  +  h  sin  6/  =  c,  show  that 

e  =  tan-^  -  +  cos-^  . 

•  2  sin  20  ""  cos  (SO**  +  6)     sin  (30°  +  tf) ' 

30.  If    cos  (tf  +  a)  =  sin  <^  sin  /J,   and    cos  (<f>  +  P)  =  sin  tf  sin  a, 
£nd  tf  and  ^ 

Show  that  if  ^,  <^2  ^  ^^<>  values  of  ^  (whose  tangents  are 
unequal),  then 

2  cot  (^  +  <^2)  =  tail  /5  -  sec^  a  cot  /3. 

31.  If  15(l-cos2tfcos2«^)  =  17sin2tfsin2<^ 
and  sin  (tf  -  <^)  +  J  ^{sin  (tf  +  <^)  sin  (tf  -  <^)}  =  (tan  tf  -  1)  cos  tf  cos  <^, 
then                             tan  tf  =  5  and  tan  <^  =  3. 

32.  If  cos  tf  +  cos  <^  +  cos  l/r  =  1 
and  sin  tf  +  sin  if>  +  sin  i/r  =  0 
and  tf  +  ^  +  i/r  =  IT, 
find  tf,  <^,  i/r. 

33.  If  y*  +  ar*  —  22/«  cos  a  =  cP  sin^  a 
and  s^-ha^-2zxcos^p  =  (p8in^fi 
and  fic^  +  y*  —  2ac2/ cos  y  =  fl?*  sin^  y, 
find  Xy  y,  z,  i  '    :        '    .  ,     " 


CHAPTER  XVI. 

TRIGONOMETRICAL  FACTORS. 

§  1.    Algebraical  Theorems. 

408.  Def.  I.  A  (rational)  integral  function  of  any 
quantity  is  a  finite  sum  of  a  fbiite  number  of  terms,  involving 
only  positive  integral  powers  of  that  quardit/y, 

O  *1  T 11 

Thus  oT^ ^ -^ >J ^^)^'^  —R — is  a  (rational)  integral  function 
of  ^. 

But  — \'ijx'\rciii^-\'hx~^  is  vk>t  a  rational  integral  function  olx\  for 
the  terms  contain  negative  or  fractional  indices  of  x. 

Nor  is  — '• :  for  the  value  of  this  fraction  found  by  division 

px  +  q  '' 

would  contain  an  xnjmUe  number  of  terms  (except  for  special  values  of 

409.  Def.  II.  If  Q  and  F  -r-Q  can  each  be  expressed  as  a 
(rational)  integral  function  of  x^  then  Q  is  called  an  x -factor  of 
Fy  and  P  is  called  an  x-multiple  of  Q. 

Thus 

^* — a  is  an  x-f actor  of  a;*  —  a*, 

•. •  (x^-  a^)  -i-  (^  -  o) = a?  +*rt  (an  integral  function  of  x) ; 

Again  oo?  -  d^  is  an  x-f  actor  ot  a^  —  a\ 

V  (a^-  a^)  -r  {ax — a^) =-  + 1  (an  integral  function  of  x), 

a 

'  But  (s^-ay'^  IB  not  on  x-f  actor  of  ^+ <» ;  because  although 

(a7+a)-r(47-a)~i=*ir*-a*  (ail  integral  function  of  ^),'  c 

yet  (iP— a)  "^  is  not  i^«c(^  an  integral  function  of  ^. 
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410.  The  ordinary  terms /actor  and  multiple  may  be  sub- 
stituted for  x-factor  and  x-multiple  respectively,  if  it  is  always 
remembered  that  an  algebraic  expression  can  be  regarded  as 
integral  or  not,  only  in  reference  to  some  apecijied  symbol  of 
quantity  which  it  contains. 

The  expression  rational  integral  function  is  usually  abbreviated 
into  integral  functio7i ;  and  the  term  polynomial  is  another  equivalent. 

411.  The  symbol  /(x),  read  function  x,  denotes  any  ex- 
pression involving  x;  where  it  is  understood  that/(a),/(6),y(3), 
(fee.  represent  the  values  obtained  by  writing  a,  6,  3,  <fec,  re- 
spectively, instead  of  Xy  in  the  expression  denoted  hjf(x). 

Other  symbols,  such  as  f  (oj),  <^(a5),  &c.,  denote  other  ex- 
pressions involving  x,  in  which  the  substitution  of  a  for  x  is 
denoted  by^i  (a),  ^  (a),  &c. 

412.  Theorem  I.  If  f{x)  be  any  integral  function  of  x 
arranged  in  descending  powers  of  x  and  divided  by  a; -a,  the 
remainder  which  is  independent  of  x  will  hef(a). 

For  the  process  of  division  consists  in  choosing  such  terms  in 
the  quotient  as  shall  make  each  successive  remainder  of  lower 
degree  than  the  last.  Hence  in  this  way  we  may  always  obtain 
a  remainder  which  does  not  contain  aj;  and  which  tvill,  thereforey 
he  unaltered  by  any  cha/nge  in  the  value  ofx. 

Let  then  ^  {x)  be  the  quotient  and  R  the  remainder  obtained 
by  dividing/(aj)  by  aj  -  a. 

Thus  f{x)^4>{x).{x^a)  +  R ...'. (1). 

In  (1)  put  a;  =  a,  then  By  which  does  not  contain  aj,  will  be 
unaffected. 

.'./(«)  H<^(a).(a-a)+i2..... ..........(2). 

Now  since  <^  (a)  must  be  finite,  <^  (a) .  (a  -  a)  =  0, 

:.  f{a)^RoTR^f{a). 

Substituting  for /2  in  (1),  we  have 

f{x)^4^{x).{x^a)+f{a),. ;.... (3), 

where  <i>(x)  being  the  quotient  is  an  integral  function  of  a: 
as  well  BAf{x), 
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Cor.     0?  -  a  is  always  a  factor  of  f(x)  —/(a). 
For,  by  the  above, 

f{^)  -/(«)  =  <^  (a?) .  («-  a) 
where  <^  (x)  is  an  integral  function  of  x, 

413.     Theorem  II.      If  f{(h)=f{<^=^f{<h)= and   if 

Ou  a^  «»...  are  all  different,  then  / (a;) -/(oi)  is  divisible  by  the 
product  {x  —  ar^{x  —  a^  (x  —  a^) 

For,  by  Theorem  I.,  dividing /(a;)  -/(oi)  by  a-  Oj, 

/(^)  -/(«i)  =  <^  («)•(«  -  ai)  +/K)  -/(«i) 
where  ^  (a;)  is  integral. 

•••/(«) -/(«i)  =  ^i(«).(*-«x)     (1). 

Again,  dividing  this  quotient  ff>i{x)  by  a;  — Oj, 

<^  (a:)  =  <^2  (a) .  (a  -  aa)  +  <^  (a^) 

where  ^  (a?)  is  integral. 

But.by(l)..^(«,)E-^M^ 

=  0,  «^7^C6  02  — (h^  '^^  0. 
.'.  <^(a)  =  ^(a).(a-a2). 
Substituting  in  (1), 

/(«^)-/(«i)  =  <^2(i»)-(«-ai)(a^-a2)    (2). 

Again,  dividing  this  quotient  ^  (a?)  by  aj  —  Og, 

4>2  {x)  =  <^  (a) .  (a  -  ^b)  +  ^  (oj) 
where  <^  (a;)  is  integral. 

But,  by  (2),  4^2  K)  =  ,  -^^^^-y^^)  ^  =  0, 

^inc^  Oj,  —  Oi  ones?  a,  —  a^  a/re  neither  =  0. 

.'.  ^(a;)  =  <^  (a;) .  {x-a^. 

Substituting  in  (2), 

/(a?) -/(oi)  =  <^8  (aj) .  (aJ-  «i)  (a^-Oa)  («-  Og)  (3). 

In  this  way  we  may  go  on  dividing  each  successive  quotient 
by  any  number  of  factors,  which  wre  all  differervt^  as  long  as  the 
quotient  contains  x  at  all. 

J.  T.  20 
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Cor.  If  the  highest  term  in/(x)  i&  p  ,  af^,  and  if  there  are  n 
quantities  Oi,  aav^n*  ^^^  different  and  such  that 

then /(a;)  — /(oi)  =  /?  («  -  Oi)  (a;  -  Oj). . .  (a?  —  a„). 

For  each  successive  division  reduces  the  quotient  by  one 
degree,  so  that  the  highest  terms  in  the  successive  quotients  are 
px^~\  px^~\...p, 

414.  Theorem  III.  If  two  integral  functions  of  x  of  the  n^ 
degree  are  equal  to  one  another  for  more  them  n  different  values 
of  aj,  then  the  coefficients  of  the  different  powers  of  a;  in  the  two 
functions  are  severally  equal  to  one  another. 

For,  let  poi^  +p'x^-^  +  . . .  =  qaf^  +  q'af^-^  +  . . . 

for  the  71+1  different  values  Oiaa-'-^w  «n+i* 

Then  writing  f{x)  for  {p  -  q)  x^  +  {p'  -  q')  x^"^  +  . . . 

we  have  /(%)  =/((h)=-  ...  =f(a^)  =/(««+i)  =  0 ; 

•'•  /(«)  -/(oi)  =(p-q){^-  «i)  {X'-a^),..(x-  a„) 
/or  all  values  of  x.     Put  x  —  a„+i, 

•'•  /K+i) -/(oi)  =  (^  '  ^)  K+i  -  Oi)  K+i  -  a3)-..K+i  -  ««). 
But  /(a«+i)-/(ai)  =  0,  while  none  of   the  factors  a^+i-Oj, 
^n+i  —  ^a-  •  -is  zero. 

.*.  ^  -  y  =  0,  i.e.  p  =  q, 

f{x)  is  now  reduced  to  the  {n  - 1)***  degree :  and  the  same  proof 
shows  that  p'  -q'  =  0,  i.e.  p'  =  q'  and  so  on. 

Cor.     Since p  =  q'y  p'  =  q\  &c. 

.'.  px""  +/aj"-^  +  ...  =  g'a;**  +  q'jif'-^  +  ... 

for  all  values  of  x.  Thus,  if  two  functions  of  the  n^  degree  are 
equal  for  more  than  n  values  of  the  variable,  they  are  equal  for 
all  values  of  the  variable. 
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§  2.     Application  to  Teigonombtrical  Formula. 

415.  The  relation 

2  cos  (71+  1)  ^  +  2cos(n-  1)  ^  =  2  cos  ^.2  cos 71^ 

shows,  by  induction,  that  2  cos  nO  is  an  integral  function  of 
2  cos  $y  having  (2  cos  6)^  as  highest  term. 

For,  assuming  this  true  for  n  and  n-l,  we  have,  by  above, 
2  cos  (n+l)  0  =  2  cos  0 .  2  cos  n6-2  cos  (n-l)$ 

=  2  cos  6  {{2  cos  0)^  +  lower  powers} 

—  {(2  cos  ^)'*~*  +  lower  powers} 
=  (2  cos  Sy'^^  +  lower  powers. 

Now  2  cos  ^  =  (2  cos  Of  and  2  cos  2$  =  (2  cos  Of  -  2. 

Hence,  for  all  positive  integral  values  of  n, 
2  cos  n0  =  (2  cos  ^)'*  +  terms  involving  lower  powers  of  2  cos  6*, 

Cob.  Since,  of  course,  2  cos  na  is  the  same  function  of  2  cos  a, 
that  2  cos  71^  is  of  2  cos  0, 

,\  2  cos  nB  -2  cos  /la  is  divisible  by  2  cos  0  —  2  cos  a, 
or  cos  nO  -  cos  wa  w  divisible  by  cos  ^  —  cos  a. 

416.  The  relation 

(aj»+i  +  iB-»-^)  +  (a;»-i  +  a;-«+i)  =  (a?  +  a;-^)  (a;*  +  aj-«) 

shows  precisely  as  in  the  last  article,  by  induction,  that  aJ*  +  x~^ 
is  an  integral  function  of  a;  +  a;"^,  having  (aj  +  a;"-^)**  as  highest 
term. 

For  X  +  x'^  =:  (a:  +  x~^y  and  t?  +  x~^  =  (aj  +  a;~^)^  -  2. 

Cor.  Since  the  successive  expressions  of  x^  +  x~^  as  functions 
of  a;  +  x~\  and  those  of  2  cos  ti^  as  functions  of  2  cos  6  are  found 
l>y  the  same  formula,  and  since  a?  +  x~^  is  the  same  function  of 
x  +  aj~^  as  2  cos  2^  is  of  2  cos  ^,  it  follows  that,  for  all  positive 
integral  values  of  7i,  a;*  +  x~^  is  the  same  function  of  aj  +  x~^  as 
2  cos  710  is  of  2  cos  0. 

Hence,  for  oM  positive  integral  values  of  7i, 

a;**  +  x~^  —  2  cos  7ia  is  divisible  by  x  +  x~^  -  '2  cos  a. 

*  This  result  was  of  course  proved  in  Chap.  XIY. 

20—2 
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417.     The  relation 

2  sin  (w  +  1)  ^  +  2  sin(7i-  1)  ^  =  2  cos  ^.  2 sin wtf 

shows,  by  induction,  that  2  sin  w^  -=-  2  sin  ^  is  an  integral  function 
of  2  cos  Oj  having  (2  cos  6')'*"^  as  highest  term. 

For,  assuming  this  true  for  n  and  w-  1,  we  have 

2sin(n+l)^     ^        .    2sin«^     2sinrw+l)^ 

^\    ^  ^     =2cosg.    _   .    ^ ^^.    ,, 

.  2  sin  ^  2  sin  6^  2  sin  6/ 

=  2  cos  6  {(2  cos  ^)**~^  +  lower  powers} 

-  {(2  cos  0)^~^  +  lower  powers  J 

=  (2  cos  0)^  +  lower  powers. 

Now  J^  =  l  =  (2cos^)^ 

2  sin  ^  ^  ' 

,  2  sin  2^  . 

and  ^   .    ^  =  (2  cos  ^)\ 

2  sin  ^      ^ 

Hence,  for  all  positive  integral  values  of  w, 

2  sin  nO 
2sin0 


=  (2  cos  Bf''^  +  terms  involving  lower  powers  of  2  cos  0*. 


CoR.     Hence 

2sinw^      2sinna  .,...,,70        an 

-zr—. — ^  — rr—. IS  divisible  by  2  cos  &—2  cos  a, 

2  sin  e'         2  sin  a 

sin  71^     sinna  .     ,.  .  .,,   ,  /i 

or  — ; — TT = **  atws*ofe  6w  cos  Cf  —  cos  a. 

sm  0       sin  a 

418.     The  relation 

shows,  precisely  as  in  the  last  article,  by  induction,  that  ^j- 

a>  "^  fic 

is  an  integral  function  of  x  +  x~\  having  {x+x~^)^~^  for  highest 

term. 

For  ^  =  (a  +  aj~^)^  and   —,  =  (cc  +  a;"*)^ 

05  —  05  05  —  05 

*  This  result  was  of  course  proved  in  Chap.  XIV. 
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Cor,     Since  the  successive  expressions  of ::j-  as  functions 

•C  "~  M/ 

of  05  +  a;~\  and  those  of  -^r—- — tt  as  functions  of  2  cos  d  are  obtained 

2sm  ^ 

by  the  same  formula,  and  since r  is  the  same  function  of 

•^  '  05-0?-^ 

9  Hin  9/3 

4B  +  a;"^  as  -s— ^ — -^  is  of  2  cos  0.  it  follows,  that  for  cUl  positive 
2  sin  ^ 

integral  values  of  n, zj-  is  the  same  function  of  a  +  a;~^  that 

•B  "~"  aj 

:2  sin  71^  .  ,  ^  . 
,  .  ^  18  of  2  cos  ^. 
2sin^ 

.  35*  — as"**     sinna  .     ,.  .  .tt    ,  ^     a 

. . ri .  —    w  atvisiole  by  x  +  x'^  —  2  cos  a. 

05  — a;  ^        sin  a 

419.     5^0  completely  factorise 

2  cos  71^—2  cos  wa  cmd  x^  +  a;"**  -  2  cos  wo, 
'when  cos  wa  =  0. 

Since  cos  wa  =  0,  .*.  wa  =  ^  (2X  +1) 

'where  X  has  any  integral  value  whatever. 

Hence,  by  Arts.  415,  416,  Cor., 

2  cos  TiB  is  divisible  by  2  cos  ^  -  2  cos  jr-  (2X  +  1), 

and       05*  +  05~*  is  divisible  by  x  +  x~^  -  2  cos  ^r—  (2X  +  1). 

Now  two  values  of  cos  (2X  +1)  ir/2w,  obtained  by  giving  to  X 
different  values  /u.  and  //,',  cannot  be  equal,  unless  the  sum  or 
•difference  of  the  two  angles  is  a  multiple  of  2?r :  i.e.  unless 

(2fx  +  1)  ^/2n  +  (2fi'  +  1)  ir/2n  or  (2ft  +  1)  ir/'2n  -  (2/  +  1)  ^/2w 

is  a  multiple  of  2^ ; 

i.e.  unless  /a  +  /a'  +  1,  or  fi-^  fi,  is  a  multiple  of  2w. 

If  then  X  assumes  the  n  values  0,  1,  2...(w—  1),  these  condi- 
tions will  be  excluded,  so  that  aU  the  factors  so  obtained  will  be 
different.     Hence 
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2  COS  n$  = 
(  2cos^-2cos^  j  (2  cos ^-2  cos^  j  ...(2  cos  ^-2 cos — ^-—  'r) 

420.     To  completely/ /actorise 

sin  n$     sin  na        ,  as*  -  jc"**     sin  Tia        ,      sin  na     ^ 

—, — yr  —     .     -  and r ; ,  w/ien     .        =  0. 

sm  (f        sin  a  X"  x~^        sin  a  sm  a 

Since  sin  na/sin  a  =  0,  /.  na=X'7r 

where  X  has  any  integral  value,  except  0  or  a  multiple  of  n^ 
These  values  must  be  excluded  or  sin  a  would  vanish. 

Hence,  by  Arts.  417,  418,  Cor., 

sin nB  is  divisible  by  2  cos 0-2 cos  —  , 

and  a;**  -  a:"**  is  divisible  by  x  +  x~^  —  2  cos  —  . 

Now  two  values  of  cos  Xir/w,  obtained  by  giving  to  X  different 
values  fi  and  /u.',  cannot  be  equal,  unless  the  sum  or  difference  of 
the  two  angles  is  a  multiple  of  27r:  i.e.  unless    - 

fiir/n  +  fiir/n  or  fnr/n  --  fiir/n  is  a  multiple  of  27r, 

i.e.  unless  /x  +  /a'  or  ft  -  /a'  is  a  multiple  of  2n, 

If  then  X  assumes  the  n-1  values  1,  2...W-1,  these  conditions 
will  be  excluded,  so  that  all  the  factors  so  obtained  will  be 
different.     Hence 

sin  nO  = 
sin^(  2cos^-2cos-j  (  2cos^-2  cos  —  J...  (2cos^-2cos ttJ  , 


x^-x~^  = 


(a;-aj~^)(a:+a3""^— 2 cos- j(a;+a;""^- 2 cos-   j...  f  a;+ a;"^  —  2  cos  irj 


APPLICATION  TO  TRIGONOMETRICAL  FORMULA.        311 

421.  To  completely  factoriae  2  cos  n^  —  2  cos  na  and 
^  +  a?"*  -  2  cos  wo,  when  cos  na  is  viot  equal  to  +  \  or  -  1. 

Since  cos  wa  =  cos  (2Xir  +  wa),  where  X  is  integral, 

/.  2  cos w^ -  2  cos rwx  w  divisible  by  2  cos  tf  —  2 cos  [a  + ) , 

05*  +  a;~" -  2  cos  wa  is  divisible  by  a5  +  a;~^-2cosf  a  + J. 

Now  two  values  of  cos  (a  +  2Xir/n),  obtained  by  giving  to  X 
different  values  //,  and  /x',  cannot  be  equal,  unless  the  sum  or 
difference  of  the  two  angles  is  a  multiple  of  2?r :  i.e.  unless 

(a  +  2ftir/7i)  +  (a  +  2/AV/n)  or  (a  +  2/Air/w)  -  (a  +  2/a'w/w) 

is  a  multiple  of  27r, 

i.e.  unless  ria  is  a  multiple  of  ir,  or  fi'-'  ft  is  a  multiple  of  n. 

But  if  na  were  a  multiple  of  tt,  cos  na  would  be  + 1  or  —  1, 
which  we  have  excluded. 

Hence,  if  X  assumes  the  n  values  0,  1,  2...(7i-l),  all  the 
factors  so  obtained  will  be  different. 

Hence,  if  cos  na  is  not  +  1  or  -  1, 

(1)  2  cos  n6-2  cos  na 

=  (2  cos^-  2cosa)  y2  costf-2cos  (a  +  — )^... 
j  2  cos  ^  -  2  cos  [  a  +  27r  J  i  , 

(2)  33*  +  a"*  -  2  cos  na 

=  (a3  +  a;~^  —  2  cos  a)  Jaj  +  a:"^  -  2  cos  (a  +  — j[... 

jaj  +  a3"^-2cos  (a  + ^'^Jr  • 

422.  To  eoctend  the  results  of  the  last  article  to  the  excluded 
ca^es, 

I.     Let  a  =  0,  then  cos  tmi  =  +  1.     Thus 

2  cos  n^  -  2  cos  na  =  2  cos  n6f  -  2  =  4  sin*  w .  J  d, 

«*  +  «-* -  2  cos  wa  =  »*+  a:-*-  2  =  (  Ja^-  Jx'^y, 
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Then,  by  Art.  420, 

(1)     2sin^  = 


2  sin  t;!  2  cos  TT  -  2  cos  -  )(  2  cos  jr  -  2  cos  —  ) . . .  (  2  cos  ^r  -  2  cos ir  ] . 

2\2  n/\2  nj\  2  n       J 

(2)  ^a^  -  Va^""  == 

(Jx-Jx'^)  (jx  +  Jx-^-2cos-j,..  (jx-^  Jx-^-2  cos tt  j  . 

II.     Let  a  =  ir/w,  then  cos  wa  =  - 1.     Thus 

2 cos n^  -  2  cos ria  =  2  cos  n0+2  =  4:  cos' w .  ^0, 
a5*  +  a5-**-2cosria=iB*  +  a5-"+2  =  (^iB*+  Jx'^)\ 

Then,  by  Art.  419, 

(3)  2cos^  = 

(2cos| -2cos^)  (2cos ^ -2cos ?^)...  (2 cos| - 2 cos^-!|^^ 

(/s/aJ  +  /s/a"^-2cos  ^V..r^a;+  ^a;"^-2cos-^ —  irj. 

Now,  since  cos  Xv/2n  =  -  cos  {2n  -  X)  7r/2n, 
:.  (2  cos^  -  2  cos 2^j  (2  cos  ^  -  2  cos-^^  ^j 

=  4 cos*  jr - 4  cos'  o"  =  2 COS 6-2  cos  — , 

^  Va+  Jx-^^2co8-^^(^  Jx+  ^a;-^-2cos-^^  ttJ 

=  05  +  2  +  05"^  —  4  cos'  j^  =  a:  +  a;~^  -  2  cos  —  . 

2n  n 

Hence,  by  multiplying  each  of  the  above  four  series  of 
factors  by  the  same  series  inverted,  we  see  that  the  results  of 
the  last  article  are  applicable  to  the  excluded  cases  in  which 
co8na  =  :^l. 
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423.     From  Arts.  419,  420,  we  have 

(x+a:-^-2cos^)(a:+a5-^-2cos^)...  (a:+«--2cos^  ^)  , 

(05  +  x"^  —  2  cos  —  I  f  35  +  x~^  -  2  COS  —  ) . .  •  ( sc  +  a;~^  -  2  cos ir ) . 
m/\                           mj      \                            m        J 

Multiply  both  sides  of  these  equations  by  af^ ;  and  let  n=  2m. 
Thus,  (/*n  w  even^ 

(1)  a;«+l  = 

(as*—  2a5Cos-  +  l  J  {  a;*  — 2a5cos —  +  1 )  ...f  a3*-2ajcos ir+lj. 

(2)  aj»-l=(a^-l)x 

(a^-2a;cos —  +1)  fa*-2ajcos—  +  1  j  ...(a:*-2a;cos 7r+  1  j  . 

Now  (a:*  +  1  —  2a;  cos  Xtt/w)  {a;*  +  1  -  2aj  cos  (n  —  X)  irjn} 

=  (aj*  +  1)*  -  40=  cos*  Xir/w  =  aj*  -  2aj*  cos  2Xir/7i  +  1. 

Hence  we  may  combine  the  first  and  last,  second  and  last 
but  one,  <fec.  of  the  factors  in  (1)  and  (2)  which  involve  a  cosine. 

If  then  we  suppose  ^w  or  w  to  be  odd,  there  will  be  an 
unpaired  factor  in  (1) :  viz.  ar^--2a;cos^ir+l  =  a*+l. 

Putting  a:*  =  y,  we  have 
If  mis  odd, 

(3)  2r+l  =  (y  +  l)x 

f  y*-2ycos  -  + 1  Vy*  -  2y  cos  —  + 1 J  ...(y*-  2y  cos  ^JZ-  ^  +  A 

(4)  y--l  =  (y-l)x 

(y^-2ycos  — +  l)  (y*-2ycos  — +  1  j  ...ry*-2ycos^  "     w-^  lY 

The  formulae  (1),  (2),  (3),  (4)  are  highly  important. 
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424.     Again,  from  Arts.  419,  420,  we  have 

(1)  co8nO  = 

2'*~^(cos^  — cos^j  f  costf —  cos^j  ...(cos^  — cos— ^ — •  «- j. 

(2)  sin  w^  = 

2**~^sin^  ( cos ^- cos  -Vcos^-cos  —  j...  f  costf-cos ir  j. 

These  factor-formulae  may  be  put  into  other  forms. 

For       (cos  $  -  cos  Xirj^n)  {cos  B  -  cos  {2n  -  X)  ir/2w} 
=  (cos  B  -  cos  Xirj^n)  (cos  B  +  cos  Xirj^n) 
=  cos*  $  -  cos*  X'7r/2n  =  sin*  Xir/27i  -  sin*  B. 

If  then,  in  (1),  n  w  even:  and  if,  in  (2),  nis  odd,  each  of  the 
binomial  factors  can  be  paired.     Thus 

(3)  n  even,  cos  nB  = 

2«-i  ^sin*  ^  -  sin*  b\  ^sin*  |^  -  sin*  ^V . .  ^sin*  —^  ir  -  sin*  b\  . 

(4)  7i  odd,  sin  nB  = 

2«-^sin^('sin*  - -sin*^^  Z^sin*  -'^  -sin*^)  ...(sin*  ^^  ^  -  sin*  bY 

But  if,  in  (1),  n  is  odd:  and  if,  in  (2),  n  is  even,  each  of  the 
binomial  factors,  except  the  middle,  can  be  paired.     Thus 

(5)  n  odd,  cos  n$  = 

2«-i  cos  ^  (sin*  ^  -  sin*  tfVsin*  ^^ -sin*^Y..  (sin*^ir--sin*tfy 

(6)  n  even,  sin  nB  = 

2«-i  sin  B  cos  ^  (sin*  ^  -  sin*  ^)  (sin*  -^  -  sin*  ^ V . . 

•  Lastly,  since  sin*  X7r/2w  -  sin*  B  =  sin  (Xir/2w  +  B)  sin  (Xir/2»  —  tf) 

=  sin  (X7r/27i  +  B)  sin  {(2n  -  X)  ir/2n  +  ^}. 
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And  since  in  (5)  and  (6),  cos  ^  =  sin  (^tt  +  ^), 
we  have,  for  all  values  of  w, 

(7)  cosn^  =  2-sin(^  .  ^)  sin  (o  ^  g)...  ^n(e^^  .). 

(8)  sinn^  =  2«-Uin^sin^^  +-)sin^^+ ^V..  sin^^  +  ^^  irV- 

The  formulae  (1),  (2),  (7),  (8)  can  easily  be  remembered,  by 
giving  to  0  the  several  values  which  will  make  both  sides  of  the 
identity  vanish. 


§  3.     Deductions  from  the  Factor-Formula. 

425.  By  comparing  the  expansions  for  2  cos  nO  and  for 
sin  nO/sm  $  in  the  last  chapter,  with  the  expansions  obtained  by 
the  factor-formulae  of  the  present  chapter,  we  inay  obtain  many 
important  results. 

Thus,  equating  coefficients  (by  Art.  414)  of  the  powers  of 
2  cos  0  in  the  two  expansions  of  sin  nO-r-  sin  0, 
the   (n—l)   quantities  2  cos Tr/n,   2  cos  27r/n,    ... 2  cos  (n  -  1) ir/n,. 
are  such  that  their  sum  =  0; 

the  sum  of  their  products,  two  together  =  —  (w  -  2) ; 

the  sum  of  their  products,  three  together  =  0 ; 

the  sum  of  their  products,  /(yu/r  together  =  ^  (rj  —  3)  (n  -  4) ; 

and  so  on. 

Equating  the  coefficients  of  the  powers  of  2  cos  0  in  the  two 
expansions  of  2cos7i^, 

the    n    quantities  •2cos7r/27i,    2  cos 37r/27i, . . .  2  cos(2w— 1)  7r/2n. 
are  such  that  their  sum  =  0; 

the  sum  of  their  products,  two  together  =-n; 

the  sum  of  their  products,  three  together  =  0; 

the  sum  of  their  products, /owr  together  =^n(n-3); 

and  so  on. 


_^  =  aj«-i  +  fic»-8  +  . . .  +  x-^-^\ 
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426.  In  Arts.  419,  420  put  a;  =  1. 
Then  since 

x-x' 

.'.  writing  ^  for  one  nth  of  a  right-angle, 

2  =  (2  -  2  cos  </»)  (2  -  2  cos  3</»). . .wp  «o  {2  -  2  cos  (2n  -  1)  </»}...(!), 
71=  (2  -  2  cos  2<f>)  (2-2  cos ^<f>)„.v/p  <o  {2  -  2  cos  {2n-2)  </»}.. .(2). 

Take  the  square  root.     Thus 

J2,  =  2"  sin  ^  <^ .  sin  |  30. .  .u/>  to  sin  ^  (2n  -  1)  <^ (3), 

Jn  =  2**~^  sin  1 2<^ .  sin  ^  4<^. . ,up  to  sin  ^  (2n  -  2)  0. . .(4). 

Now  sin  \\<f>  =  cos  J  (2w  —  X)  0.     Thus 

^2  =  2**cos^0.  cos|3<^...i£^  to  cos  J(2/i—  1)  ^ (5), 

Jn  =  2**~* cos  \  2<t> .  cos ^  iff),.. up  to  cos  ^  (27i  -  2)  <f>. . .(6). 

Hence,  multiplying  (3)  by  (5);  and  (4)  by  (6); 

1  =  2*~^sin<^sin3<^...ifp  to  sin(2w-  1)  <^ (7), 

n  =  2**~^ sin  20'sin  4:<l>,.,up  to  sin(27i-2)0 (8). 

Again,  sin  X<^  =  sin  {2n  —  X)  <^. 

Hence,  taking  the  square  root, 

1  =  ^2**-^  .  sin  <^  sin  3if>  sin  5^. .  .<fec (9), 

Jn=  ^2*"^ .  sin  2<^ sin  4<^  sin60...<$rc (10), 

where  the  coefficients  of  <^  have  every  odd  or  even  value  less  than 
n.     For  the  unpaired  factor  sin  n<f>  (when  it  occurs)  =  1. 

427.  To  apply  geometrically  the  factorisation  of 

2  cos  n$—2  cos  na  and  a^  +  05"**  -  2  cos  no.. 

Take  any  circle  with  centre  0,     Draw  the  radius  01, 

Let  A  be  any  point  on  the  circumference,  and  angle 
10 A  =  a. 

Divide  the  whole  circumference  into  n  equal  arcs,  A  By  BC, 
CD  . . .  beginning  at  ^ :  so  that,  if  Z  is  any  one  of  the  points  of 
<livision, 

angle  lOL  =  a  +  iXw/n, 

Also  OA=-OB=,..  =OL  =  ...  =  OI. 
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I.  Let  Q  be  any  point  on  the  circumference,  such  that  angle 
lOQ  =  $ :  and  let  Qq,  A  a,  Bh, ...  be  perpendiculars  upon  01.  Then 
will 

07** (cos 71^  —  cos Tia)  =  2**"^.  ctq ,hq.  eg  ...  to  n  factors  ..(1). 
For  OQ  cos  $-0L  cos  (a  +  2\Tr/n)  =-0q-0l^lq, 
.'.,  multiplying  cosn^  -  costui  by  01%  we  have  (1). 

II.  Let  P  be  any  point  on  07,  such  that  OP  =  x .  01)  and 
join  PA,PB,PC...,     Then  will 

0P^-20P^.0I''co8na+0r^=PAK  PB",  PC\„toni&ctoTS..,{2). 

For  PL^  ^OP'^  OL^  -  20P .  OL  cos  /OZ 

=  0P{a?+\-2x  cos  (a  +  2X7r/ri)}. 

.'. ,  multiplying  a?**  +  «"**  -  2  cos  wa  by  a;** .  O-P*,  we  have  (2). 

428.  Particular  cases  of  the  two  theorems,  proved  above> 
should  be  noted.     Thus 

(1)  Let  Q  and  P  coincide  with  /. 
Then  tf  =  0  and  a;  =  1.     Thus 

Oi** .  sin^ ^  na  =  2**"* .  a/.  6/.  c/ ...  to  n  factors. 
207".  sin^m=  il/.  J5/.  0/ to  n  factors. 

(2)  Let  A  coincide  with  /. 
Then  a  =  0.     Thus 

~  0/* .  sin*  \nB  =  2""**  ,aq,hq,cq,.,\x>n  factors. 
OP^  -  OP'^AP .  5P.  CP ...  to  n  factors, 

(3)  Let  the  arcs  AB,  BG,  CB  ,„  in  (2)  be  bisected  in  A\  By 
C"....     Then 

-'OI^.  sin* nd  =  2^-* .  og' .  a'q.  bq,b'q  ,..  to  2n  factors. 
OP^  -  01^  ^AP.  A' P.  BP,  BP  ...  to  2n  factors. 

.*.  by  division, 

OP"  cos*  I  ntf  =  2"-* .  a'g' .  ft'g' .  c'g' . . .  to  n  factors. 
OP^  +  OP  =  A'P.B'P.  G'P  ...  to  w  factors. 

429,  The  result  (2)  of  Art.  427  is  called  De  Moivr^s  'property 
of  the  cvrcle:  and  the  particular  cases  of  it  in  Art.  428  are  called 
Gates's  properties  of  the  cvrcle. 
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430.  We  have  shown  that  x^  +  ar^  is  the  same  function  of 
^  +  05"^  as  2  cos  nB  is  of  2  cos  6. 

It  follows  that  (2cos^)*  can  be  expanded  in  cosines  of 
multiples  of  6  according  to  the  same  formula  by  which  (x  +  a;"*)** 
<5an  be  expanded  in  functions  of  the  form  x^  +  as"**.  Thus,  by  the 
binomial  theorem, 

{x  +  x-^Y  =  05**+  na"-^ .  x-^  ->f\n{n-\  )af -* .  ic*  +   . . 

+  ^n  (w  -  1)  a' .  a;-'*+2  +  nx ,  x-^-^^  +  «'**. 

Writing  the  series  again  in  the  reverse  order;  and  adding,- 
we  have 
2{x  +  x-f  = 

{a^  +  «-«)  +  w  (a;«-2  +  a;-«+2)  + 1^  (^  _  i)  (ajn-4  ^  ^-n+4)  ^ 

Hence 
(2  cos  By*'  =  cos  w^  +  w  cos  (n  -  2)  ^  +  . .,  +  »  cos(-:W  -i-  2)  ^  +cos(-n^). 

This  is  another  mode  of  proving  the  result  of  Art.  362. 

Examples  XVI. 

1.  Show  that,  if  f{x)  is  an  integral  function  of  degree  not 
less  than  n^  then 

f{x)  =  4»  (x)  {x  -  a^)  (x  -a^...{x^  a^) 

•^^  '^(ai-a2)(ai-a8)--(«i-»n) 

^  (oa  -  Oi)  (a2-«8)...(«s  -  ««) 
where  <^  {x)  is  some  integral  function  of  a?,  and  o^,  Oj,  a^,.,a^  are 
any  n  quantities,  all  different. 

2.  Show  that  the  sum  of  the  coefficients  oi  f{a^^/(a^,,, 
/(a^)  in  the  above  question  is  unity. 

3.  If  a  =  one  nth  of  half  a  right  angle, 

sin  a  sin  5a  sin  9a. ..sin  (4n  -  3)  a  =  J2 ,  2"**. 

4.  The  product  of  all  the  lines  that  can  be  drawn  from  one 
of  the  angles  of  a  regular  polygon  inscribed  in  a  circle  whose 
radius  is  a  to  all  the  other  angular  points  is  na^''\ 
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6.  If  pi,  P2, . .  .psn-ii  P^  ^  *^®  perpendiculars  drawn  from  any 
point  in  the  circumference  of  a  circle  of  radius  a  on  the  sides  of 
a  regular  circumscribing  polygon  of  2n  sides,  then 

PiPsP5' .  'P^-i  +  PiP4' .  P^n  =  a** .  2-**+^. 

6.  A  polygon  is  described  about  a  circle  touching  it  at  the 
angular  points  of  an  inscribed  polygon :  the  product  of  the 
perpendiculars  drawn  to  the  several  sides  of  the  inscribed  polygon 
from  any  point  in  the  circumference  of  the  circle  is  equal  to  the 
product  of  the  perpendiculars  drawn  from  the  same  point  to  the 
several  sides  of  the  circumscribed  polygon. 

7.  AB  is  the  diameter  of  a  circle  of  centre  0,  and  Qq  any 
point  on  the  circumference;  Qi,  Q2,  ©3... are  the  points  of  bisec- 
tion of  the  arcs  AQof  AQi,  AQ^...y  prove  that 

BQ^ .  BQ^ .  BQ,.„BQ^  =  OA"" .  AQ^/AQ^, 

8.  Prove  that 

IT     ,     Sir    ,     brr      1  ,     .    tt   .     2??    .     S-n*       ^7 

sin  jj  sin  —  sin  j^  =  g ,  and  sin  ^  sin   ^    sin  y  =  -^  . 

9.  Find  the  equations  whose  roots  shall  be 

(a)     2  cos  1^  TT,  2  cos  y  ir,  2  cos  4  ^.     (b)     sin^  \  ir,  sin^  ^  w,  sin^  ^  ir, 

10.  Show  that     ix^  +  ic''' -^  a^ -^  afi -^  ai^  +  a^ -^  1 

=  fa^-2xcoa  y  +  l)  (a*-2a5COS-^  +  1  j...  (a:^-2a:cos-^  +  1 ). 

11.  Iie  =  -^^^,  2*cos^cos2tfcos2«^,..cos2«-i^  =  l. 

12.  If  w  is  even,  and  if  n<f>  =  ir, 

n 

tan  a  tan[(a  +  <^)  tan  (a  +  2^)... tan  {a  +  (n-  1)  <^}  =  (-l)2. 

13.  Prove  that 

IT         2v        Sir        47r        ^w        G-n*         Tt       1 
cos  yk  cos  Tr=  cos  7^  cos  ^^  cos  =-=^  cos  r-=^  cos  =-f  =  -s? . 
15        15        15        15        15        15        15      2' 

14.  From  Ex.  26,  p.  278,  show  that 

cot^  +  cot(tf+  -j  +  ...+cot(tf+ 'jrj  =  ncot7i^. 


CHAPTER  XVII. 

SUMMATION  OF  SERIES. 

The  difference  method. 

431.  To  find  the  sum  of  the  sines  or  cosines  of  angles  in 
Arithmetical  Progression. 

1.  Let  aS'=  sina  +  sin  (a  +  8)+ ... +sin{a  +  (n— 1)8}. 
Multiply  each  term  by  2  sin  (^  the  common  difference). 
Thus         2  sin  a  sin  ^8  =  cos  (a  -  ^8)  -  cos  (a  + 1^8), 

2  sin  (a  +  8)  sin  \h  «  cos  (a  +  ^8)  -  cos  (a  +  ^  38) 
and  so  on,  up  to 

2sin{a  +  (w-l)8}sin^8=cos{a  +  J{2w-3)8}-cos{a  +  ^(2w--l)8)} 
.*.  by  addition 

2S.  sin  ^8  =  cos  (a  -  \h)  -  cos  {a  +  J  (2n  -  1)  8} 
=  2  sin  {a  +  |(w  ~  1)  8} .  sin  ^7i8, 
.    ^  _^  sin  {a  +  ^  (n  -  1)  8} .  sin  |^8 

sin^o 

2.  Let  S=.  cosa  +  cos  (a +  8)  +  ...  +  cos{a+  {n-  1)8}. 

As  before,   multiply  each    term   by    2  sin  (|r   the   common 
difference).     Thus  w^tihaU  find 

^  _  cos  {a  +  ^  (n  —  1)  8} .  sin  ^  n8 

432.  To  jmd  the  swm  of  the  svnes  or  cosines,   alternately 
negatived,  of  cmgles  in  a/rithmetical  progression, 

1.     Let 

aS'e  sin  a  -  sin  (a  +  8)  +  sin  (a-f  28)...+  (-l)""'  sin  {a+  (w-  1)  8}. 
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Multiply  each  term  by  2  cos  (J  the  common  difference). 
Thus         2  sin  a  cos  ^8  =  sin  (a  +  |8)  +  sin  (a  -  ^) 

2  sin  (a  +  8)  cos  ^8  =  sin  (a  +  ^8)  +  sin  (a  +  ^8) 
and  so  on,  up  to 

2sin{a  +  (n-l)8}cosJ8  =  sin{a+i(2n-l)8}  +  sin{a  +  ^(2n-3)8} 
/.  2.S' .  cos  ^8  =  sin  (a  ~  J8)  +  (-  l)"-^  sin  {a  +  ^  (27*  -  1)  8}, 
/.  aS'  .  cos  ^8  =  sin  {a  +  ^  (w  —  1)  8}  cos  ^7i8,  if  n  is  odd^ 

=  ~ cos  {a  +  |(n  -  1)  8}  sin  ^8,  ifnis  even. 
2,     Let 
/Je  cos  a-  cos  (a  +  8)  +  cos  (a-f  28)..,+  (-  l)""^  cos  {a+  (ti-  1)  8}. 
Then,  as  in  (1), 

aS'  .  cos  J8  =  cos  {a  +  ^  (n  -  1)  8}  cos^7t8,  ifnis  odd, 
=  sin  {a  +  ^  (n  -  1)  8}  sin  ^8,  {/*w  w  even. 

433.  To  find 

aS'  =  cosec  2a  +  cosec  2^a  +  . . .  +  cosec  2*  a. 

We  have  (see  also  p.  79) 

rt  ^  ^       1  +  cos  2a         2  cos^  a 

cosec  2a  +  cot  2a = — : — rr —  =^7—- =cota. 

sin  2a    2  sin  a  cos  a 

.*.  cosec  2a  =  cot  a  —  cot  2a, 

/.  cosec  2^a  =  cot  2a  —  cot  2*a, 
and  so  on,  up  to 

cosec  2"a  =  cot  2'*-^a  -  cot  2*a, 
/.  by  addition,  aS'  =  cot  a  —  cot  2**a. 

434.  To  find 

.S  =  tan  a  +  2  tan  2a  +  2^  tan  2\+...+  2'*-'  tan  2«-ia. 

We  have  (see  also  p,  79) 

cos*  a  -  sin*  a      2  cos  2a     ^      ,  ^ 

cot  a  —  tan  a  =  — ; =  — ; — ^r—  =  2  cot  2a. 

sin  a  cos  a  sin  2a 

.*.  tan  a  =  cot  a  —  2  cot  2a, 

2  tan  2a  =  2  cot  2a  -  2«  cot  2*a 

J.  T.  21 


322  .SUMMATION   OF   SERIES. 

and  so  on,  up  to 

2"-^  tan  2''-*a  =  2*"^  cot  2*"^  a  -  2'*  cot  2% 
.*.  by  addition,  *S'  =  cot  a  -  2"  cot  2*a. 

435.  To  find 

»S'=sin(a  +  ^)  +  2sin(a  +  2^)  +  ...  +  r&in{a  +  rp)  -^ . .  .+nsixi{a  +  n/3). 
Multiply  each  term  by  2  -  2  cos  p.     Thus 

(2-2  cos  p)  r  sin  (a  +  r^)  =  -  r  sin  {a  +  (r  -  1)  fi}  +  2r  sin  (a  +  ryS) 

-  r  sin  {a  +  (r  +  1 )  yS}. 

Thus,  adding  all  the  terms,  we  have 
28  (1  -  cos  ^)  *  -  sin  a  +  (w  +  1)  sin  (a  +  n^)  -  n  sin  (a  +  w^  +  ^). 

436.  Similarly,  if 

AS'=cos(a  +  )8)  +  2cos(a  +  2)S)+  ...  4-rcos(a+r^)+  ...  +  n6o^{a^np) 
2S  (1  -  cos  p)  =  -  cos  a  +  (n  +  1)  cos  (a  +  n^)  -  n  cos  (a-hnp  +  fi). 

Recurring  Metlwd. 

437.  To  JiTid  tJie  8um  of  the  following  series  : 

Let  aS' =  sin  a  +  a;  sin  (a  +  ^)  +  . .. 

+  a;'-+^  sin  {a  +  (r  +  1)  ^}  4- . . .  +. a;^-^  sin{a  +  (n  -  1) ^}. 

Then  S .  2x  cos p  =  2x sin  a  cos  p  +  ... 

+  2x^-^^  sin  {a  +  r/S)  cos  p  +  ...  +  2aj'* sin  {a  +  (w  -  l))8}cos^. 

And  AS'.ar'-...  +af+^sin  {a +  (r- 1)  ^}  +  ... 

4-  a:»  sin  {a  +  (w  -  2)  ^}  +  a^^^  sin  {a  +  (n  -  1)  fi}. 

.-.  AS'(l-2ajcos^  +  ar')  = 
sin  a  -  £C  sin  (a  -  ^)  -  a"  sin  (a  +  nfi)  +  a;**+^  sin  {a  +  (w  -  1)  fi\. 

438.  To  find  the  sum  of  tlie  following  aeries  : 

Let  /S'  =  cos  a  +  a;  cos  (a  +  )S)  +  ... 

+  «*•+* cos  {a  +  (r  +  1)  )S}  +. ...  +  a;»-i  cos  {a  +  (w  -  1)  )8}. 

Then  S,  2(r  cos  )9  =  2a:  cos  a  cos ^  +  ... 

+  2af +* cos  (a  +  r)S)  cos  )S  +  ...  +  2aj'*co8{a+ (w- 1)^}  cos/S. 
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And>S'.ar'  =  ...+a;'-+^cos{a+(r-l)^}+... 

+  aj"  cos  {d  +  (/i  -  2)  ^}  +  05"+^  cos  {a  +  (w  -  1)  ^}. 

.-.  *S'(l-2a;cos^  +  ar^)  = 

cos  a-  X cos  (a  -  )8)  -  as"  cos  (a  +  nfi)  +  05**"^^ cos  {a  +  (w  -  1)  fi). 


Examples  XVII. 

1.  If  </»  =  27r/n, 

sin  a  +  sin  (a  +  <^)  +  ...  +  sin  {a  +  (m  -  1)  ^}  =  0, 
cos  a  +  cos  (a  +  0)  4- ...  -f  cos  {a  +  (n  -  1 )  <^}  =  0. 

2.  If  ^  =  tt/w,  and  n  is  odd, 

sin  a-  sin  (a  +  <^)  +  ...  +  sin  {a  +  (ri-  1)  <^}  =  0, 
cos  a  -  cos  (a  +  <^)  4-  . . .  +  cos  {a  +  (w  -  1)  <^}  =  0. 

-  ',        - .         sin  a  +  sin  2a  +  sin  3a  +  ...  +  sin  na  • 

3.  tan*(n  +  l)a  = ^ 5 . 

^  ^  ^        cos  a  +  cos  Za  +  cos  oa  +  ...  +  cos  no. 

.       ^  sin  a  -f  sin  3a  +  sin  5a  +  ...  +  sin  (2/1  —  1)  a 

4.  tanna= ^ ^ 17. tt  .- 

cos  a  +  cos  oa  +  cos  Oa  +  ...  +  cos  (27*  —  1 )  a 

-  ,        - .  ,         .     sin  a  -  sin  2a  +  sin  3a  — ...  to  7i  terms 

5.  tan  *  m  +  1)  (tt  +  a)  = ^r 5 7 

^  ^         '  ^         '     cos  a  -  cos  2a  +  COS  3a  - ...  to  n  terms 

Sum  to  n  terms  the  following  series  : 

6.  cos*  a  +  COS*  (a  +  ^)  +  cos*  (a  +  2^)  +  . . .. 

7.  sin*  a  +  sin*  (a  +  ^)  +  sin'  (a  +  2^)  +  . . .. 

8.  cos*  a  +  cos*  (a  +  )8)  +  cos^  (a  +  2^)  +  .... 

9.  cos  0  cos  (^  +  a)  +  cos  {B  +  a)  cos  {$  +  2a) 

+  cos  {6  +  2a)  cos  (^  +  3a)  +  . ... 

10.  sin  20  cos  $  +  sin  3^  cos  26  +  sin  4^  cos  3^  +  ... . 

1 1.  sec  a  sec  2a  +  sec  2a  sec  3a  +  sec  3a  sec  4a  +  ... 

j2  1  ^  1  ^ _1^ ^ 

cos  a  -»-  cos  3a     cos  a  +  cos  5a     cos  a  +  cos  7a 

13.     sin*  a  sin  2a  +  ^  sin*  2a  sin  4a  +  ^  sin*  4a sin  8a  +  .... 

21—2 
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and  so  on,  up  to 

2*-^  tan  2''-*a  =  2**"^  cot  2«-^  a  -  2»*  cot  2«a, 
.*.  by  addition,  aS'  =  cot  a  -  2'»  cot  2V 

435.  To  find 
»S'=8in(a  +  ^)  +  28in(a  +  2^)  +  ...  +  r8m{a  +  rfi)  + . .  .  +  nsin(a  +  nfi). 

Multiply  each  term  by  2  -  2  cos  p.     Thus 

(2-2  cos  p)  r  sin  (a  +  rfi)  =  -  r  sin  {a  +  (r  -  1)  ^}  +  2r  sin  (a  +  r/B) 

-  rain{a  +  (r+ 1)^}. 

Thus,  adding  all  the  terras,  we  have 
2S  (1  -  cos  )S)  «  -  sin  a  +  (n  +  1)  sin  (a  +  nfi)  -  n  sin  (a  4-  w^  +  ^). 

436.  Similarly,  if 
AS'=cos(a  +  ^)  +  2cos(a  +  2^)+  ...  +rcos(a+r^)+  ...  +  wCos(a+?i^) 

2S  (1  -  cos  fi)  =  -  cos  a  +  (n+l)  cos  (a  +  n^)  -  n  cos  (a  +  w^  +  ^). 

Recit^rring  Metlwd, 

437.  To  find  tlie  sum  of  the  folloimng  series: 

Let  iS  =  nin  a  +  a:  sin  (a  +  ^)  +  . .. 

+  a5''+*sin{a  +  (r  +  l)j3}  +  ...  +.  a?**"^  sin  {a  +  (n  -  1)^}. 

Then  S .  2x  cos  p~2x  sin  a  cos  j3  -f  . . . 

+  2a;''-*-*sin(a  +  r^)cosj3+  ...  +  2a5" sin  {a  +  (w  -  \)P)co^fi.       \ 

AiidiS.a?^...  +af+isin{a+(r-l)^}+  ... 

+  a;«  sin  {a  +  (n-  2)  ^}  +  a;«+i  sin  {a  +  (w  -  1 )  ^}.       ^ 

.*.  *S^(l-2ajcos^  +  a;*)  = 
sin  a  -  a;  sin  (a  -  ^)  -  x^  sin  (a  +  w^)  +  a?***^  sin  {a  +  (w  -  1)  ^}. 

438.  To  find  the  sum  of  t/ie  foUotvin^  series : 

Let  /S  =  cos  a  +  x  cos  (a  +  )3)  +  ... 

+  af +^ cos  {a  +  (r  +  1)  ^}  +. ...  +  a;*"*  cos  {a  +  (w  -  1)  ft}. 

Then  /S .  2aj  cos  )3  =  2a;  cos  o  cos  )3  +  . . . 

+  2af* +^ cos  (a  +  r^)  cos  ^  +  ...  +  2a;*cos{a  +  (7i- 1))3}  cos)8. 
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AndS .  ar'  =  ...  +aj*'+^cos{a  +  (r- 1)  j3}  +  ... 

+  05^  cos  [a  +  (7i  -  2)  j3}  +  0?**+^  cos  {a  +  (n  -  1)  ^}. 

.-.  *S'(l-2ajcosj3  +  a?')  = 

cos  a  -  a;  cos  (a  -  ^)  -  a*  cos  (a  +  nj3)  +  a?""^*  cos  {a  +  (w  -  1)  fi}. 


Examples  XVII. 

1.  If^=27r/n, 

sin  a  +  sin  (a  +  ^)  +  ...  +  sin  {a  +  (/* -  1)  ^}  =  0, 
cos  a  +  cos  (a  +  ^)  +  . . .  +  cos  {a  +  (n  -  1)  </>}  =  0. 

2.  If  ^  =  ir/n,  and  n  is  odd, 

sin  a  -  sin  (a  +  ^)  +  ...  +  sin  {a  +  (r*  -  1)  </>}  =  0, 
cos  a  -  cos  (a  +  ^)  +  . . .  +  cos  {a  +  (n  -  1)  <^}  =  0. 

^  '.        ^ .         sin  a  +  sin  2a  +  sin  3a  +  ...  +  sin  na  - 

o.     tan  ^(n  +  1)  a  = ^ 5 . 

-^  ^  ^        cos  a  -h  cos  2a  +  cos  6a+  ...  +  cos  na 

.  sin  a  +  sin  3a  +  sin  5a  +  ...  +  sin  (2n  —  1)  a 

4.  tanwa= ^ i h: tt-.- 

cos  a  +  cos  oa  +  cos  5a  +  ...  4-  cos  (2n  -  1)  a 

,  ,        _ .  .         .     sin  a  -  sin  2a  +  sin  3a  — ...  to  w  terms 

5.  tan  i  (w  +  1)  (ir  +  a)  = ^ 5 

^  ^  ^  ^  cos  a  -  cos  2a  +  cos  oa  - ...  to  w  terms 

Sum  to  n  terms  the  following  series  : 

6.  cos*  a  4-  cos*  (a  +  j3)  +  cos*  (a  +  2fi)  +  .... 

7.  sin*  a  +  sin*  (a  +  ^)  +  sin*  (a  +  2^)  +  . . .. 

8.  cos*  a  +  cos*  (a  4- )S)  +  cos*  (a  +  2^)  +  .... 

9.  cos  0  cos  ($  +  a)  +  cos  {0  +  a)  cos  (0  +  2a) 

+  cos  (^  +  2a)  cos  (^  +  3a)  +  .... 

10.  sin  20 cos  0  +  sin  3^ cos  20  +  sin  ^$  cos  30+  .... 

11.  sec  a  sec  2a  +  sec  2a  sec  3a  4-  sec  3a  sec  4a  +  ... 

12  1  ,  1  ,1 

cos  a  4.  cos  3a      cos  a  4-  cos  5a      cos  a  +  cos  7a 

13.     sin*  a  sill  2a  4-  J  sin*  2a  sin  4a  4-  J  sin*  4a  sin  8a  4-  .... 

21—2 
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-  .  sin*  a      sin*  3a      sin*  3^a 

cos*  a      cos*  3a      cos*  3V 

16.  sin  ^sin  36  +  sin  26  sin  2  .  3^+  sin  22^sin  2^,  3^  +  .... 

17.  cot  ^  cox  ^+  2  cot  26  cox  2^  +  4  cot 4^  cox  4^  +  .... 

18.  sec  a  sin  2a  sec  3a  +  sec  3a  sin  4a sec  5a  +  .... 

19.  tan  a  +  cot  a  +  tan  2a  +  cot  2a  +  tan  4a  +  cot  4a  +  .... 

20.  sin  3a  sec^  a  sec^  2a  +  sin  5a  sec^  2a  sec^  3a  +  .... 

21.  sin  ^  +  4  sin  3^  +  7  sin  5^  +  10  sin  7^  +  .... 

22.  tan  x  sec^  a;  +  ^  tan  ^  sec^  o  "^  02  ^^  92  ®®^^  92  +  •  •  •• 

23.  sin  a  cos  a  +  sin  3a  cos  2a  +  sin  5a  cos  3a  +  .... 

24.  sec  a  +  ^  sec  a  sec  2a  +  ^  sec  a  sec  2a  sec  4a  +  . . .. 

1  3  32 

.    25. 


26. 


cot  a  —  3  tan  a      cot  3a  —  3  tan  3a      cot  3^a— 3  tan  3V 
1  3  32 


3  cot  a  -  tan  a      3  cot  3a  —  tan  3a      3  cot  3^a— tan  3^a 

27.  sin  a +  05  sin  2a +  05^  sin  3a  +  ... 

28.  cosa  +  a5COs2a  +  ar*cos3a+ .... 

29.  sin  a  +  x  cos  2a  -  ar*  sin  3a  -  03*  cos  4a  +  ... 

30.  cos  a  +  x  sin  2a  —  ar*  cos  3a  -  a:^  sin  4a  +  . . . 

31.  sin  a  +  2  sin  2a  +  3  sin  3a  +  . . . 

32.  cos  a  +  2  cos  2a  +  3  cos  3a  +  ... 

00,  TT—.        ;     .         r- 0-^-7  7  + 


cos^  </>  cot  <^  -  sin*  <^  tan  <^      cos*  3<f}  cot  <f}  -  sin'  3^  tan  <t> 

1 


+  ... 


cos*  5^  cot  <^  -  sin*  5^  tan  ^ 
34.     tan  <^  sec  2<t>  +  tan  2<^  sec  4<^  +  tan  4<^  sec  8<^  +  . . . 


CHAPTER  XVIIL 
ENDLESS  SERIES. 

§    1.      CONVERGENCY  AND   DlVBRGENCfT. 

Limits, 

439.  If  two  quantities  x  and  y  vary  together  in  such  a  way 
that  the  difference  of  x  from  a  may  be  made  less  than  any  assign- 
able value  by  taking  y  near  enough  to  6,  while  the  difference  of  y 
from  b  may  be  made  less  than  any  assignable  value  by  taking  x 
near  enough  to  a;  then  we  say  that  in  the  limit  x  =  a  when 
y  =  6,  or  y=b  when  x  =  a. 

If  X  and  y  so  vary  that  x  may  be  made  greater  than  any  as- 
signable value  by  taking  y  near  enough  to  b,  while  the  difference 
of  y  from  b  may  be  made  less  than  any  assignable  value  by 
taking  x  large  enough;  then  we  say  that  in  the  limit  x  =  oo 
when  y  =  b,  or  y  =  b  when  a;  =  oo  . 

If  X  and  y  so  vary  that  either  may  be  made  greater  than  any 
assignable  value  by  taking  the  other  large  enough;  then  we  say 
that  in  the  limit  as  =  oo  when  y  =  oo  or  y  =  oo  when  oj  =  oo  . 

440.  A  sum  of  an  endless  number  of  terms  can  be  used  for 
arithmetical  purposes,  only  if  it  is  convergent. 

Def.  1.  An  endless  series  is  said  to  be  Convergent  if 
there  is  some  one  finite  quantity  towards  which  the  sum  of  its 
terms  approximates,  in  such  wise  that  by  increasing  the  number 
of  these  terms  we  may  make  the  difference  between  their  sum 
and  the  finite  quantity  less  than  any  assignable  value. 

And  this  finite  quantity  is  called  the  Sum  of  the  endless 
series. 
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Dep.  2.  An  endless  series  is  said  to  be  Divergent  if  the 
sum  of  any  number  of  its  terms  may  be  made  greater  than  any 
assignable  finite  quantity  by  sufficiently  increasing  the  number  of 
terms. 

441.  According  to  the  above  definitions  there  are  two  kinds 
of  series  which  are  neither  convergent  nor  divergent. 

Thus  a  series  which  is  such  that,  when  n=/(r)  the  sum  tends 
towards  some  limit  A  when  r  is  indefinitely  increased,  and  when 
n  =  <f>  (r)  the  sum  tends  towards  some  other  limit  B  when  r  is 
indefinitely  increased,  and  so  on :  then  the  series  is  neither  con- 
vergent nor  divergent. 

For  example, 

a-  a  +  a  —  a  + =Oora, 

according  as  w  =  2r  or  2r  +  1. 

1-1+2-2  +  3-3  + =0or  00, 

according  as  n  =  2r  or  2r  +  1. 

If  all  the  different  limits  are  finite,  the  series  may  be  called 
Indetermmately  finite:  if  one  of  the  limits  is  infinite,  the  series 
may  be  called  Indeterminately  infinite. 

442.  The  above  distinctions  may  be  expressed  by  the  use  of 
the  term  Limit;  thus 

An  endless  series  is  convergent,  if  the  sum  of  n  terms,  when 
n  =  00  ,  has  some  single  finite  limit. 

It  is  divergent,  if,  in  the  limit,  its  sum  =  oo  when  w  =  oo  . 

It  is  indeterminately  finite,  if  the  sum  of  n  terms,  when 
w  =  00  ,  has  more  than  one  limit  which  is  always  finite. 

It  is  indeterminately  infinite,  if  the  sum  of  n  terms,  when 
71  =  00  ,  has  infinite  and  finite  limits. 

443.  Since  the  nth.  term  of  a  series  is  equal  to  the  difference 
between  the  sum  of  n  terms  and  of  w  -  1  terms,  a  series  cannot  he 
convergent  unless,  when  n  is  infinite,  tJie  limit  of  the  nth  term  is 
zero.  This  is  a  necessary  but  not  a  sufficierU  condition  for  con- 
vergency. 
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If  the  limit  of  the  nth  term  is  not  zero,  but  finite,  the  sum  of 
the  series  may  be  finite  for  all  values  of  n  however  great,  but  it 
cannot  have  a  single  limit.     Thus  the  series 

—  1  +  ^  —  |^  +  ^— ...+(— 1)** — - —  +  ••• 

71 

is  finite,  but  it  has  a  different  limit  according  as  n  is  even  or  odd. 

If  the  limit  of  the  nth  term  is  infinite,  the  sum  of  the  series 
may  be  finite  for  some  •values  of  n  however  great,  but  it  cannot 
be  finite  for  cUl  values  of  n.     Thus  the  series 

A     1     6      7      14     17  2n2-n-l      2n^-l 

is  finite  for  even  values,  but  infinite  for  odd  values  of  the  number 
of  terms  taken. 

444.  A  series,  all  of  whose  terms  have  the  samie  sign,  must  be 
either  convergent  or  divergent. 

For  if,  for  some  forms  of/ and  <f>,  the  sum  oif{r)  terms  differs 
from  that  of  ^  (r)  terms  by  a  quantity  whose  limit — when 
r  is  00  — is  not  zero,  the  series  must  be  infinite  for  all  values  of  n, 
when  n  is  infinite.     Compare  Art.  449. 

But  if,  for  all  forms  of  /  and  <^,  the  sum  of  f(r)  terms  differs 
from  that  of  <^  (r)  terms  by  a  quantity  whose  limit — when  r  is  oo 
— is  zero,  the  series  cannot  have  m^ore  than  one  finite  limit. 

445.  If  a  series,  all  of  whose  terms  have  the  same  sign,  is  con- 
vergent, the  series  obtained  from  it  by  changing  the  sign  of  any 
of  the  terms  will  be  convergent. 

For  the  new  series  cannot  have  a  larger  arithmetical  value 

than  the  old.     And  if,  in  the  new  series  the  difference  between 

/(r)  terms  and  <^  (r)  terms — when  r  is  oo  — were  not  zero,  it  could 

not  be  zero  in  the  old :  hence,  as  shown  in  the  last  article,  the 

old  series  would  be  divergent,  which  is  contrary  to  the  hypothesis. 

Similarly,  if  a  series,  some  of  whose  term^  a/re  different  in  sign, 
is  divergent,  the  series  obtained  by  making  the  sign  of  every  t^rm 
the  same  will  be  divergent. 
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Theorems  on  Alternately  signed  series. 

446.  (I.)  A  series  which  is  arromged  in  groubps  alternately 
signed  will  he  finite  for  all  values  of  taif  every  group  is  a/rithmeti- 
cally  eqtuil  to  or  less  than  the  preceding. 

Let  Wi  -  Wa  +  Wg  —  M4  +  . . . 

be  the  given  series,  where  u^  is  always  positive  and  =  or  >  u^^^i. 

The  sum  • 

=  (t*!  —  tta)  +  (lAg  —  W4)  +  ...  and  is  therefore  positive: 

and  =  Wj  —  (mj  — 1*3)  —  (^4  -  Wj)  -  . . .  and  is  therefore  algebraically 
less  tha/n  %. 

Hence  the  series  must  be  finite  for  all  values  of  n. 

If,  however,  the  limit  of  the  nth  group  is  not  zero,  the  sum  of 
n  groups  will  always  differ  from  that  of  n  -  1  groups,  when  n  is 
infinite. 

But  we  see  by  the  first  of  the  above  forms  of  bracketing,  that 
the  series  is  equivalent  to  a  series  all  of  whose  terms  are  positive. 
Hence,  by  Art.  444,  if  the  limit  of  the  nth  term  is  zero,  there  can 
be  only  one  limit  of  the  sum;  hence  the  series  is  convergent. 

447.  (II.)  Hence,  a  series  which  is  arranged  in  groups  al- 
ternately signed  will  he  finite  for  all  values  of  n,  if  every  group  is 
a/rithmetically  greater  than  the  preceding  hut  less  than  some  finite 
quantity. 

For  let  every  group  be  less  than  the  finite  quantity  a.     Then 
-Mi+  u^-u^  +  ...  =—  (a -  Pi)  +  (a -  Va) -  (a -- Vj)  +  ... 

=  Vi  -  Va  + 1?8 ""  •  •  • 
where  Vj,  v^y  v^...  are  continually  decreasing.     Hence,  by  the  last 
theorem,  the  series  is  finite  for  all  values  of  n, 

448.  (III.)  A  series,  which  is  a/rram,ged  in  groves  aUematdy 
signed,  is  dvoergent,  if  the  ratio  of  every  group  to  the  preceding  is 
greater  than  soms  quantity  greater  than  1. 

For  let  *^ > k,  where  k:>l: 


CONVERGENGY  AND   DIVERGENCY.  329 

Then  w»+i>^*'Wi;  which  can  be  made  greater  than  any  as- 
signable quantity  by  increasing  n» 

.*.  even  if  the  sum  of  n  terms  were  finite,  the  sum  of  w  + 1 
terms  would  be  infinite. 

Also  —  w„_i  +  w,i  >  (A;  —  1)  u^^i  =  00  when  nis  co» 

Hence,  into  whatever  pairs  we  group  the  series,  it  is  always 
infinite. 

Thus,  the  series  is  divergent 

Theorems  on  Series  of  same  sign  throv^hov/t, 

449.  (I.)  A  series,  all  of  whose  terms  have  the  sama  sign,  is 
divergent,  if  every  term  is  equal  to  or  greater  than  the  preceding. 

For  in  this  case  the  sum  of  n  terms  of 

is  equal  to  or  greater  than  7i .  r^ ;  and  is,  therefore,  infinite  when 
n  is  infinite. 

The  typical  series  here  is  that  in  which  the  general  or  nth.  term 
t     .  is  a;**  where  a?  is  =  or  >  1. 

450.  (IT.)  A  series,  all  of  whose  terms  have  the  sams  sign,  is 
convergent,  if  the  ratio  of  every  term  to  the  preceding  is  less  than 
some  quantity  less  than  unity. 

Let  -""-^^ < k  where  k<\.     Then 

I  (1  —  ^)  (wj  +  ^2  +  ^3  +  . . .)  =  Wi -  hur^  +  Wj  —  ku^  +  . .. 

a  finite  series,  by  Art.  446,  since  Wn+i  <^w»,  and  ku^-^Un, 

Hence  r^  +  Wg  +  ^s  "♦•  •  •  •  '^firiite,  and  .*.  convergent. 

The  typical  series  here  is  that  in  which  the  general  or  nth  term 
.        is  x^,  where  as  is  <  1. 

The  preceding  two  theorems  say  nothing  of  the  case  in  which 
the  ratio  of  each  term  to  the  preceding  is  less  than  unity,  but 
approaches  v/nity  by  a  qiiantity  whose  limit  is  zero. 
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451.  (HI.)  -^  series,  all  of  wliose  terms  have  the  same  sigriy 
is  divergent,  i/  every  term  miUtiplied  by  its  ^serial  number'  is 
equal  to  or  greater  than  tlie  preceding  term  multiplied  by  its 
*  serial  number  J 

Let  (n  +  1)  Uf^^l  =  nUf^  =  . . .  =  2wj  =  % . 

Then,  observing  that  every  term  is  less  than  the  preceding 
but  approaches  indefinitely  near  to  it,  we  see  that 

1*3  +  M4>  2^4,  i.e.  >  W2» 
W5  +  We  + 1*7  + 1*8  >  4^8 ,  i.e.  >  U2, 
and  so  on. 

Hence,  by  (I),  the  series  is  infinite. 

A  fortioriy  if  (n  +  1)  w„+i  >  nu^,  the  series  is  divergent. 

These  conditions  may  be  expressed  as  follows: 


u 


2±J-^ ^  1  orn ( -""  -lUl. 


^  K  -  W«+i)  ^  *  ^*   "  \^,^^^^       "  '  < 

The  typical  series  here  is  that,  in  which  the  general  or  nth 
term  is  n*  where  oj  =  or  >  —  1. 

Thus  the  series  l+^  +  ^  +  :j  +  ...+-  +  ...  is  divergent. 

452.     (IV.)     A  series,  all  of  whose  terms  have  the  sams  sign, 
is  convergent,  ifthrougJwut 


Wn4.l 


k,  where  ^  <  1. 


w  (w»  -  u^^^) 
For  here 

(1  —  A;)  (%  +  ^2  + 1«3  +  . . .  +  u^ 

=  ^1  +  ^2+  . . .  +  M„ 

-A;{(wi-t*2)  +  2  (^2-^3)  +  ...  +  (n-  1)  («^»_i  -  Wn)  +  ^%}- 
This  is  clearly  less  than u^\  for  1*2 <  A;  (t^  —  v^,  Mj <  2^ (le^ -  w,), 
and  so  on. 

Hence  the  series  1^  +  162  +  ^^3+...  is  convergent. 
This  condition  may  be  written  in  the  form 


( — —  -\]'>k,  where  k->\. 


n 
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Example,     The  series  in  which  the  ratio  of  the  (n  +  l)th  to 

•2/ 

the  nth  term  is  1  —  is  convergent,  if  a5>  1.     For  here 


'which  is  always  less  than  a  quantity  -  which  is  less  than  1. 

453.  (V.)  //'uj  +  Ua  +  Uj  +  . . .  and  Vj  +  Vg  +  Vg  +  . . .  in  each  of 
which  all  the  terms  ha,ve  the  aams  sign  he  two  aeries  such  that  the 
limit  o/'Uq  :  v^  and  of  w^wx^is  finite,  then  both  series  a/re  converg- 
ent or  both  series  a/re  divergent. 

For  since'  the  limit  of  u^  :  v^  is  finite,  the  value  of  u^  :  v^  must 
always  be  less  than  some  finite  quantity  k  say. 

Thus  Wi  <  A?2?i ;  ^2  <  kv2,  &c . 

.'.  %  +  Wa  +  . . .  +  W„  +  .  .  <  ^  (l?!  +  i?2  +  •  •  •  +  ^n  +  •  •  •)• 

.'.If  the  v-series  is  finite,  the  t«-series  is  finite; 
if  the  i^-series  is  infinite,  the  tJ-series  is  infinite. 

In  the  same  way,  since  the  limit  of  v^  :  w»  is  finite,  we  may 
show  that 

If  the  i^-series  is  finite,  the  i?-series  is  finite; 

if  the  r-series  is  infinite,  tlie  t^series  is  infinite. 

454.  (VI.)  If  f  (n)  alwoAfs  decreases  as  n  increases  and  is 
always  positive,  then  according  as  the  series  whose  general  term,  is 
f  (n)  is  convergent  or  divergent  so  also  is  the  series  whose  general 

term  is  — — ^^— ^  ,  where  b  is  greater  than  1 . 

Since  5>  .1,  .'.  as  n  increases,  log^,  n  increases,  and  .'./(logbn) 
decreases. 

(1)     Take  6  to  be  integral. 

Consider  the  terms  from  '^-^^^^^  to'^^^^^^^f'"'^  excluding 
the  last.     The  number  of  these  terms  is  6**+^  —  b\ 
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Henoe  their  sum 

^(j,n.i^^n/_^S._^^  i.e.  <(6-l)/(n), 

and  >  (6~^^  -  b-)  /(^^g^f"^')  ,  i.e.  >  (1  -  l/h)/(n  +  1). 

Thus,  the  ratio  of  the  series  "^^    °^    ^  to  the  series  /(n)  lies 

n  . 

between  1  —  1/6  and  b-  I,     Hence  the  two  series  are  either  both 
convergent  or  both  divergent. 

(2)  Take  6  to  be  fractional,  and  to  lie  between  the  two  inte- 
gers i  and  J. 

Then  logj,  n  lies  between  log^  n  and  log^  n. 

Hence,  for  aU  values  of  6  >  1,  the  series  °^  ^  is  converg- 
ent or  divergent  according  as  the  series  /{n)  is  convergent  or 
divergent. 

455.  Now  the  series  05*  is  convergent  or  divergent  according 
as  a;  is  less  or  not  less  than  1. 


.*.  the  series 


i.e. i.e.  w**6* 

n  n 


is  convergent  or  divergent  according  as  x  is  less  or  not  less  than 
1 :  i.e.  according  as  log^^a;  is  less  or  not  less  than  0. 

Thus  the  aeries  w*  is  convergent  or  divergent  according  as  x  is 
less  or  not  less  than  —  1. 

The  case  of  divergency  here  was  proved  more  directly  in 
Art.  451. 


Cob.     Hence  all  the  series 

{lognf    {log  (log  7i)}*    [log  {log  (log  n)}Y 


,  &c»  <Scc., 


n      '       n  log  n      '  n  log  n  log  (log  n) 

are  convergent  or  divergent  according  as  x  is  less  or  not  less  than 
-1. 
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456.  By  means  of  the  comparative  theorem  V,  we  may  de- 
termine the  character  of  many  series. 

Thus  if  the  nth  term  of  a  series  can  be  expressed  as  a  finite 
or  convergent  sum  of  terms  involving  descending  powers  of  n,  the 
series  will  be  convergent  or  divergent  according  as  the  highest 
index  of  n  is  or  is  not  less  than  —  1. 

For  the  nth  term  an"^  +  bn^  +  . . .  where  the  indices  are  descend- 
ing has  a  finite  ratio  to  the  nth  term  n*. 

457.  It  should  be  noticed  that  the  assigned  characteristics 
in  the  above  theorems  may  be  supposed  to  begin  in  a  given  series 
at  any  term  at  a  finite  dista/nce  after  the  first.  Thus  u^  in  the 
above  theorems  means  *that  term  at  which  the  assigned  character- 
istic begins  to  hold'. 

Principle  of  Equating  Coefficients, 

458.  If  an  endless  series  in  powers  of  x  is  eqvM  to  zero,  for 
every  value  of  yi  from  0  to  some  finite  value  f,  then  each  coefficient 
must  separately  he  zero. 

For  let  ao>  *he  coefficient  of  af,  be  the  first  coefficient  which 
is  supposed  not  to  be  zero. 

Then,  for  the  values  of  x  in  question, 

a^pf  +  0105''+^  +  a^^^  +  . ..  =  0, 
i.e.  a?*'"^^  (oi  +  a^  +  ...)  =  —  a^pf. 

If  then  X  is  not  equal  to  zero,  dividing  by  of, 

X  (aj  +  a^x  +..,)  =  —  ao>  (''finite  constant, 

.'.  when  x=f  the  series  within  the  bracket  is  finite;  and  it 
cannot  become  infinite  by  decreasing  x. 

But,  if  a©  is  not  zero,  this  series  would  have  to  become  greater 
than  any  assignable  quantity  when  x  becomes  sufficiently  small. 
But  this  has  been  shown  to  be  impossible.  Hence  a^  must  be 
zero;  and,  therefore,  every  coefficient  must  be  zero. 
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459.  Hence,  if  ivoo  endless  series  in  powers  of  x  are  equal  to 
one  another  for  every  valiue  of  x  between  0  and  f,  then  the  cof^re- 
sponding  coefficients  in  tlie  two  series  rrnbst  he  severally  equal. 

In  the  above  it  is  essential  to  note  that  the  two  series  must 
be  convergent,  otherwise  we  cannot  assign  any  value  to  their  sum, 
nor  therefore  speak  of  them  as  being  equal. 

The  proof  follows  immediately  from  the  preceding  article. 
For, 

If  a©  +  ^1^  +  ^2^  +  •  •  •  =  ^0  +  ^1^  +  ^2^  +  •  •  • 

then  aQ -  b^  +  (ai  -  bi)  X  +  (a2-  b^)  a^  +  ...  =  0. 

.'.by  above, 

«o ""  ^0  =^  ~  ^1  ~  ^a  ~  ^2  =  •  •  •  =  ^j 

Convergency  of  the  Binomial  Series. 

460.  Consider  the  series 

«»»  +  ma'^-'x  +  — ^^— ~-  ^ )  «"»- V  +  . . . 


-»-     ^ 

r 

^a'^-^af  + 

where  m  infinite. 

Here  the  multiplier  -^  = 

7W  —  r  +  1    X 
r          a 

a\ 

'-•";') 

We  will  take  r  to  be  algebraically  >  m  +  1,  so  that  the  factor 
in  the  bracket  is  positive  and  the  multiplier  has  the  sign  of  —  a?/a. 

A.     Let  m+\>0'y  then  the  multiplier  is  always  arithmeti- 
cally <  xja ;  but  increases  up  to  the  limit  xja,  as  r  increases. 

Hence,  if  xja  is  arithmetically  <  1,  the  multiplier  is  less  than 
a  quantity  less  than  1 ;    .*.  the  series  is  convergent. 

If  xja  is  arithmetically  >  1,  then,  when  r  is  sufficiently  large, 
the  multiplier  becomes  greater  than  a  quantity  greater  than  1 ; 
.'.  the  series  is  divergent. 

B,  Let  w+  1  <0;  then  the  multiplier  is  always  arithmeti- 
cally >  xja-y  but  decreases  down  to  the  limit  aj/a,  as  r  increases. 
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"    Hence,  if  xja  is  arithmetically  <  1,  then,  when  r  is  sufficiently 
large,  the  multiplier  becomes  less  than  a  quantity  less  than  1; 
.*.  the  series  is  convergent. 

If  xja  is  arithmetically  >  1,  the  multiplier  is  greater  than  a 
quantity  greater  than  1 ;   /.  the  series  is  divergent. 

Hence,  ifx/a>  is  not  +  or  —  1,  t?ie  series  is  convergent  or  diverg- 
ent according  as  x/a  is  arithmetically  less  or  greater  than  1 . 

461.  Let  xja  =  -  I ;  then  the  multiplier  is  positive  when  r  is 
algebraically  >m+  1,  so  that  all  the  terms  have  the  same  sign, 
and  the  series  is  either  convergent  or  divergent. 

A.  Let  m  +  1  <  0;  then  the  multiplier  is  greater  than  1,  and 
/.  the  series  is  divergent, 

B.  Let  7/1+ 1>0;  then  the  multiplier  is  less  than  1,  but 
increases  up  to  the  limit  1.     In  this  case 

Ur+i/Ur  1  — (m+l)/r_       1  1 

r  (1  —  Ur+i/Ur)  m  +  l  m+  I      r' 

.'.  if  m  +  1  >  0  but  <  1,  this  expression,  when  r  is  sufficiently 
large,  is  greater  than  1  ;    .*.  the  series  is  divergent. 

But  if  m  + 1  >  1,  this  expression  is  less  than  a  quantity 
less  than  1,  .*.  the  series  is  convergent. 

Thus,  when  x/a  =  —  1 ,  the  series  is  convergent  or  divergent 
according  as  m  is  positive  or  negative, 

462.  Let  x/a  =  +  1 ;  then  the  multiplier  is  negative  when  r 
is  algebraically  >m+  1,  so  that  the  terms  are  alternately  signed. 

A.  Let  m  +  1  >  0;  then  tlie  multiplier  is  arithmetically  less 
than  1;  .*.  the  terms  are  arithmetically  decreasing,  and  the 
series  isjinite  for  all  values  of  n, 

- .  Ur  r  _         m  +  1 

Moreover = =  1  +        r-, 

Uf.+j      r  —  m  —  1  7*  —  w  —  1 ' 


^»+i      \       r  — m-l/\       r  —  mj      \       n-m-ij 


-         in+\     ,m+l  m+l 

>    1    + z     + +   ...   + 


r  —  wi— 1      r  —  ni     '"     w  —  m— 1 


^ 
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'Now,  if  n  is  indefinitely  increased,  th6  terms  of  this  series 
have  a  finite  ratio  to  the  series 

1       J_  1 

r     r+l  n 

Hence  this  series  is  infinite,      ,\  — —  =  oo  when  w  =  oo  . 


u. 


n+l 


But  Uf.  18  finite,  .'.  u^+i  is  0. 

Thus  the  limit,  when  n  =  co ,  of  the  7i^  term  of  the  original 
binomial  series  is  zero :   .'.  the  series  is  convergent. 

B.  Let  m  +  1  <  0 :  then  the  multiplier  is  arithmetid^lly 
greater  than  1,  but  decreases  down  to  the  limit  1. 

Here  '^'=1_?^1, 

-      m+1      m+1  m+1 

r         r+l  w 

Now,  if  n  is  indefinitely  increased,  this  series  is  infinite; 
.*.  u^+i  is  infinite.  Hence  for  some  values  oi  n  =  ao  ,  the  binomial 
series  is  infinite. 

Moreover,  taking  the  terms  in  pairs,  we  have 
Ur+i  -hUf.       (r  —  m  —  2)  (r  -  m  -  3) 

which  is  >  1  if  w  +  2  is  negative ;  but,  if  not, 

r  /Ur-i  +  Ur-^       \  (m+2){l-{m  +  3)/2r} 

2  \  w,.+i  -^Ur         )      {1  -  (m  +  2)/r}  {1  -  (m  +  3)/r}  * 

This  expression  =  m  +  2  nearly,  if  r  is  large  enough.  But 
m  +  2  <  1,  since  m  +  1  <  0. 

Hence,  by  Art.  451,  the  series  is  infinite  for  all  values  of  n, 
and  is  therefore  divergent. 

Thus,  when  x/a  =  l,  ths  series  is  convergent  or  divergent  ac- 
cording as  m  is  greater  or  less  than  —  1 . 
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§  2.     The  Binomial  Theorem. 

Ths  index  theorem. 

463.  Ify  for  aU  positive  a/ad  negative  values  qfm  and  ny/(m} 
and  f{n)  a/re  single-valued  functions  of  m  and  n  such  that 
f{m)  ^f{n)  =f{fn  +  w),  then,  for  all  »ach  values,  f{n)  is  owe  of  the 
values  of  {f{\)}\ 

(1)  Let  nhe  a  positive  integer. 

Then  f{\)  x/(l)  x  ...  ton  factors  =/(l  +  1  +  ...  to  Titerms)^ 

Le.  {/(!)}"=/(«). 

(2)  Lein  =  0. 

Then  /(«)  x/(0)  =/(«  +  0)  =/(«). 

.-.  /(O)  =  1  =  {/(!)}•. 

(3)  Lei  nbe  a  negative  integer  =  —m  say. 

Then    f{m)  x/{-m)  =/(m - m)  =/(0)  =  1  by  (2). 

=  {/(I)}-"- 

(4)  Let  n  be  fractional  =  -  say,  where  p  and  q  are  integral^ 

and  q  positive. 
Then 

f(-)  ^/(   )  ^  •••  to^'  factors  =/(-  +  £+  ...to  5'  terms), 
i.e.  {/(|)}'=/(p)  =  {/(l)Kby(l)and(3). 
.-.  /(^^  is  one  of  the  values  of  ^{/(1)K,  i.e.  of  {f{l)\\ 

464.  When  w  is  a  positive  integer,  it  is  easily  proved  by  the 
theory  of  combinations  that 

(\  +  x)'^=l+mx+     \     -    ^ar'+  ...  +— ^^ ^-7-^ ^af+... 

^        '  1.2  (r 

J.  T.  22 


1 
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Now  the  series  on  the  right  side  is  endless  unless  m  is  a,  posi- 
tive integer.  It  is  natural  to  enquire,  then,  what  is  the  value  of 
this  endless  series,  when  m  is  other  than  a  positive  integer,  and 
when  m  and  x  have  such  values  as  will  secure  its  convergence,  as 
investigated  in  Arts.  460 — 462. 

Now  multiplying  the  above  series  hj  l+x,  the  coefficient  of 
of  in  the  product  is 

m(m— l)...(m— r+2) /-     m— r+l\  _  (m+l)m(m-l).,.(w— r+2) 
r-1  \  r      /  \r  ' 


Hence  calling  the  series  y*(m),  we  have 

/(m)  X  (1  +  a;)  =/{m  + 1). 
Multiplying  by  1  +  a;,  r  times,  we  have 

/  (m)  X  (1  +  xY=/(m  +  r). 
Now/(0)  =  1 ;   /.  putting  m  =  0  in  above, 

(l  +  «)-=/(r) (I). 

Putting  m  =  -r, 

/(-r)x(l+«r=/(0)  =  l, 

.•./(-»•)  =  (!+«)-' (11). 

Hence  for  all  positive  or  negative  integral  values  of  m, 

/(m)  =  (1  +  x)^. 

By  means  of  the  index  theorem  we  will  iind  the  value  of 
f{rn)  for  any  positive  or  negative  value  whatever. 

465.     Lemma,     If  two  sets  of  quantities  aSq,  aSi,  .../S>  and  Tq^ 
Ti,  ...^r+i  are  so  related  that,  for  any  suffix  p, 

{m'r+p)Sp  =  {r^p  +  1)  Tj,  and  (w -p  + 1)  Vi  =P^p I 
then 

(m-^n-r)  (sum  of  the  S*s)  will  equal  (r  +  1)  {sum  of  the  T^^. 
In  the  first  of  the  given  equations,  put  jt?  =  0; 

Thus  (m-r)^o  =  (^+ 1)^0. 
In  the  last  of  the  given  equations,  put  p  =  r  +  1 : 

Thus  (w  -  r)  aS^,.  =  (r  + 1)  T^^^, 
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Thus 

and  so  on. 

sjnd  so  on. 

(m  +  7i-r)  Sr  =  mSr  +  (n  -  r)  ^^  =  ...  +  (r  +  1)  T^^^. 

Adding  all  these  equations  together,  we  see  that  the  coefficient 
of  ^^  is  r  +  1  for  every  value  of  p. 

Hence 

(m  +  n  —  r)  (sum  of  the  aS"s)  =  (r  +  1 )  {sum  of  the  T^^)      q.e.d. 

466.     To  prove  universally  that  the  aeries 

,  m(m-l)   „  m(«i- l)...(w-r+ 1)   , 

1  +WKC+ — ^ — s—  a^+  ...  +  — ^ —r^ -x^+  ... 

1.2  [r 

Jbr  all  positive  or  negative  values  of  mfor  which  it  is  convergent^ 
is  one  of  the  valines  of(l+  oj)™. 

Here  put 

y./    V      1  m(m  — 1)    -  m(m— l)...(m  — r  +  1)    ^ 

1.2  [r 

1.2  \r 

In  the  above  lemma, 
let  r,  =  »'("^-l)-H->-)    then      S^  =  ^^(^ili- >."  1^)  ^ 


_  _  m...(»i  — r  +  1)     n  „  _m...(m-r  +  2)     » 

'  u^        -1'         *'"      ;^^T      -T 


t 


-y  _m...(m-r +  2)   w(?i-l)       ^  _m...(m-r  +  3)   7i(7i-l) 
^"  jT^l  '"172"'     ^"  ^^^^^^2         •     1.2     ' 

and  so  on. 


22—2 
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Hence,  multiplying  the  two  series /(m),/(n), 

coeff.  of  af  in/(m)x/(n)  =  aS^^  +  '^i  +  ^^2  +  •  •  •  +  'Sy, 

coeff.  of  af+i  in/(m)  xf{n)  =  T^+T^  +  1^8+  ...  +  Tr+T^^^, 

/.  by  lemma,  coeff.  of  of +^  =  (coeff*.  of  of)  x = —  . 

Now  coeff.  of  a;^=  1.     Hence  putting  r  =  0,  1,  2...  successively, 
coeff.  of 


^r+l 


m/(m)  x/(7i)  =  -^^ ^-^ '      '-  , 


/(m)  x/(7i)  =/{m  +  n). 
Hence,  for  all  real  values  of  m,/(m)  is  one  value  of  {/(l)}^^ 
Now /(I)  =  1+05.     .*.  the  series  f{m)  is  one  value  of  (1  +  x)^. 

467.  The  above  series,  which  involves  m  and  x,  may  be 
called /(w,  a;). 

If  now  m  is  integrcUj  (1  +  a;)'"  has  but  one  value.  Hence 
we  may  SB,j/{m,  a;)  =  (1  +  x)^. 

But  if  m  is  fractional  =  say  p/q^  (1  +  a;)"*  has  a  number  (at 
present  unknown)  of  values.  It  has  been  proved,  in  Art.  230, 
however,  that  the  q^  root  of  a  positive  quantity  has  only  one 
positive  value. 

Now  for  all  values  of  f(m,  x)  which  are  convergent,  x  i^ 
numerically  not  greater  than  1,  so  that  for  all  such  values  l+x 
is  positive.  We  will  proceed  to  show  that  for  all  positive  or 
negative  values  of  m  and  x,  which  make  /{m,  x)  endless  but 
convergent,  /  (m,  a;)  is  positive. 

(I)  Let  X  and  m  be  both  negative. 

Then  every  term  in/(m,  x)  is  positive:  .'.  /(w,  x)  is  positive. 

(II)  Let  X  be  negative,  and  m  positive. 

Then  /(^»  ^)  =/(^>  ^)  ^/(^  -  ^>  Jk)* 

Suppose  n  is  any  integer  greater  than  m. 
Then/(7i,  a;)  =  (1  +  x)^  and  is  .*.  positive. 
And/(m-7i,  x)  is  positive  by  (I). 
.*.  alsoy(m,  x)  is  positive. 
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(III)  Let  X  he  positive^  and  m  +  1  positive. 

Then  all  the  terms  in/(m,  a;)  up  to  af^  where  r  is  not  >  m  +  1, 
are  positive,  after  which  they  are  alternate  in  sign  but  numerically 
decreasing;   .'.  /(m,  x)  is  positive. 

(IV)  Let  X  he  positive,  and  m  +  1  negative. 
Then  f{^i  x)=f{m-^n,  x)  -^/{n,  x). 

Suppose  that  n  is  an  integer,  such  that  m  +  n  +  \  is  positive, 
Then/(w.,  a;)  =  (1  +  a;)*  and  is  .*.  positive. 

And/(m  +  n,  x)  is  positive  by  (III). 

.',  alsoy*(m,  X)  is  positive. 

Since  then  f  (m,  a;)  is  always  positive,  when  it  is  endless  but 
convergent,  {m  and  x  being  real), 

When  m  is  integral  f  {m,  a;)  =  (1  +  a:)"*. 

When  m  is  fractiondl,  f  {m,  a;)  =  the  one  positive   value   of 
(1  +  xy. 

m 

§  3.     Exponential  and  Logarithmic  Series. 

468.     To  find  the  limit  of  the  product  of  an  infinite  nvmber  of 
factors,  the  limit  of  each  of  which  is  unity, 

A.     Let  each  factor  reach  its  limit  unity,  independently  of 
the  indefinite  increase  in  the  number  of  factors. 

Then,  call  the  first  n  factors  1+pi,  1  +  p2i   "'^+pny  where 
Pi,  P2»  •••P«  are  ultimately  zero. 

Assume  the  theorem  that  for  n  factors 

(l+p,)(l+p2)...(l+p„)  =  l  +  ^, 
where  R  is  ultimately  zero. 

Introduce  another  factor  1  +p„+i;  then 

(1  +pi)(l  +P2)  ...  (1  +p„^i)  =  1  +Pn+i  +i?+pn+i^=  1  +^', 

where  R  is  idtimately  zero. 

Hence,  if  the  theorem  is  true  for  n  factors,  it  is  true  for  w  +  1. 
Hence  it  is  true,  however  large  the  numher  of  factors  may  he. 
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Observe  here  particularly  that  we  have  allowed  each  factor 
to  reach  its  limiting  value,  before  introduciThg  the  next  factor. 
This  was  legitimate  because  of  the  special  hypothesis  (A). 

B.  Let  each  factor  only  reach  its  limiting  value,  wheTi  the 
nv/mher  of  factors  i%  indefinitdy  increased.  In  other  words,  let 
each  factor  be  afimction  of  the  nvmber  of  factors.  Then  the  above 
argument  will  not  hold.  An  important  example  is  investigated 
in  Art  469. 

Similar  propositions  hold  with  respect  to  the  sum  of  an  infinite 
number  of  terms,  the  limit  of  each  of  which  is  zero. 

If  each  term  reaches  its  limit  zero  independently  of  the  indefi- 
nite increase  in  the  number  of  terms,  the  limit  of  the  sum  is  zero. 
But  if  each  term  is  a  function  of  the  number  of  terms,''this  is  not 
necessarily  the  case. 

These  cases  of  multiplication  and  STmimation  are  particular  cases  of 
the  evaluation  of  expressions  of  the  form  1*  and  0  x  oc . 

Now  it  is  clear  that  however  many  times  we  multiply  1  by  itself  the 
result  is  1 ;  and  however  many  times  we  add  0  to  itself,  the  result  is  0. 

Hence,  when  the  symbols  represent  mere  independent  numbers,  we 
have  1"  =  1  and  0  x  oo  =0. 

But,  when  the  symbols  represent  the  limiting  values  of  co-varymff 
quantities,  these  results  are  not  necessarily  true :  and  the  values 
cannot  be  determined  without  assigning  what  function  the  one  quantity 
is  of  the  other. 

The  student  may  be  warned  against  confounding  the  products  or 
series  here  discussed,  with  those  in  which  the  limit  of  the  n^  factor  or 
term,  not  of  each  factor  or  term,  is  unity  or  zero. 

/        1\"* 
469.     To  find  an  eoiypression  for  the  limit  of  {\  +  -\    ,  when 

n  is  indefinitely  increased. 

[Here  1  +  l/y^  is  a  factor  whose  limit  is  unity  and  which  has  to  be 
multiplied  by  itself  an  infinite  number  of  times.  But  each  factor  onlv 
reaches  its  limit,  as  the  number  of  factors  is  indefinitely  increased. 
Hence  we  cannot  employ  the  argument  of  Art.  468  (A).] 
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For  all  JimJUe  values  of  n  greater  than  1,  the  positive  value  of 

_-  1      yia;(rKe-l)    /ly  yiag(na;-l)...(na;-r-fl)/lY   . 

n  1.2         \nj  [r  \a) 

[2  \        rw;/  It*  \       na;/\       tmc/      \         rvx  J 

In  this  series,  the  multiplier 

w,.       \  7VX  J r     r     n     rn' 

This  decreases  as  r  increases,  and  is  less  than  a  quantity  less 
than  1,  if  r  is  large  enough.  This  is  true,  even  if  ti  is  infinite. 
Hence  the  series  is  convergent  for  all  values  of  n  however  great. 

Now  when  n  is  indefinitely  increased,  —  is  indefinitely  small ; 

r-1 
.*.  is  indefinitely  small,  until  r  becomes  commensurate  with 

72*C 

1  .  ■  . 

w;  since  the  term  —  decreases  independently  of  the  increase  in  r. 
Hence,  the  limit  of  each  of  the  factors 

\       nx/     \       nx/       \         7^  J 

is   unity.     And   they   reach   their  limit  independently   of  the 
increase  in  their  number  r\   .'.  their  product  is  unity. 

When  r  becomes  commensurate  with  w,  the  sum  of  the  terms 
beginning  with  af  is  indefinitely  small  (because  the  series  is  con- 
vergent) :  hence  no  error  arises  from  falsely  evaluating  this  sum. 

Thus  the  limit  when  n  is  indefinitely  increased  of  the  positive 
value  of 


( 


-      In***  .    -  ^      ^  af 

1  +  -)     isl4-a;+rs  +7^+...  +  ,—  +  ... 

n)  2       \6  \r 


for  all  real  finite  values  of  x. 


^ 
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470.  In  the  above  result,  put  x=l.     Thus  the  limit  of 

(l+l)"i8l  +  l+l+i-+...+^+ (1). 

Again,  since  ■1(1+     )  i    ~  (  ^  "^  ")    »  ^®  hAve 

{1  1  1*  ^  Ql?  suf  ' 

[2  [r         J  ^  xa 

This  important  formula  is  called  the  Exponential  Theorem. 

Exam/pie,    Prove  (2)  directly  by  means  of  the  index  theoreuL 

lif(x)  represents  the  right  hand  of  (2) ;  the  terms  of  the  r""  dimen- 
aion  infix)  x  /(y),  are  clearly 

(x + vY 
=  — j— ^^  by  the  Binomial  Theorem  for  a  positive  integer. 

.•./(^)x/(y)=/(^+y). 

.•./(^)  ={/(!)}*.  Q.E.D. 

471.  The  limit,  when  n  is  infinite,  of  (1  +  -  j   is  usually  de- 
noted by  the  symbol  e  (or  c). 

Thus  (1)  and  (2)  of  the  last  article  become 

^"    ■*"^"^|2'^I3'^'*'*"P"^ ^^^' 

e»=l+«  +  |2+|3+...+|^  + (4). 

Exam'pU.    Find  the  value  of  J  («* + e  "  *)  and  J  (e»  -  «  "  *). 

«-«=l_^+„_+ 

and  i(e*-«"*)=^+l3  +  75  + 
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472.     To  find  the  limits  within  which  the  vcUus  qfe  lies. 

Take  each  of  the  terms  in  (3)  expressed  decimally  and  found 
by  dividing  the  preceding  by  2,  3,  4,  Ac. :  and  then  add  up  the 
terms  as  far  as  calculated.     Thus 

6>2;  >2-5;  >2-6;  >  2-7083;  >  2-716. 
On  the  other  hand, 


e< 


e< 


l  +  (l  +  2"^2"2"^'"'^2^"****)^^"*"lTl^^' 
l  +  l  +  l(l  +  l  +  |^+...)<2-fl.^<2-75. 

Its  value  may  be  easily  approximated  to  2-71828182. 

Logarithms  to  base  e. 
473.     The  expansion 


ar» 


fC 


,r 


e*=l+a;+r^+. ..+--  + (4), 

\2  \r 

enables  us  to  find  logarithms  to  base  e  as  follows. 
Let  a;  =  y  loge  a.     Then  e"  =  (e^oR,*)*'  =  a*', 

«V  =  l+ylog.„  +  ^«|^'+...+(ZM<+ (5). 

The  series  (4)  holds  for  aU  finite  values  of  x.  Hence  the 
series  (5)  holds  for  all  finite  values  of  y  and  a,  provided  that  a  is 
positive,  so  that  log^  a  has  a  single  real  value  positive  or  negative. 
(See  Art.  243.) 

Now  let  a  =  z+l,  where  z  is  any  quantity  mmierically  not 
greater  than  1  :  so  that  a  is  positive  as  required. 

Also,  by  the  binomial  theorem,  if  y  is  positive,  [See  Arts. 
461,  462.] 

(U^)^=l+3/.  +  ?^f:^)^+,..+3^>_ri^^  (6), 

for  any  value  of  z  numerically  not  greater  than  1. 


^ 
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Hence  the  series  (5)  and  (6)  are  equal  for  every  value  of  y 
between  0  and  any  positive  finite  quantity. 

Hence  we  may  equate  the  coefficients  of  the  corresponding 
powers  of  y  in  the  two  series. 

Equating  the  coefficient  of  y, 

log,(l+»)  =  2;-|  +  -g-...+(-l)'-^-+ (7), 

for  all  values  of  z,  numerically  not  greater  than  1. 

Exwm/pie.    Expand  log. sec  6  in  powers  of  tan  6y  if  tan  B<\, 
log.secd=Jlog,sec2d=Jlog.(l+tan2^=Jtan2^-Jtan*d+Jtan«^-... 

474.  The  student  should  note  and  compare  the  two  series 
(4)  and  (7)  of  the  last  article  ;  viz., 

e*=l  +05+  -Tr-+  ...  +  T-+...  for  aU  finite  values  of  a;, 

I  V 

a^     ar*  a;*" 

loge  (l+a;)  =  a;--^+-5^-..   +(-  1)'*"^  —  +  . . .  for  ar  not  >  1. 

The  'power  of  e  is  expressed  by  (l)  factorial  denominators  and 
(2)  positive  signs. 

The  logarithm  to  base  e  is  expressed  by  (1)  simple  numeral 
denominators  and  (2)  alternate  signs. 

It  is  important  to  note  that  the  series  on  the  right  is  to 
be  equated  to  the  one  positive  value  of  e*  in  the  first  case ;  and  to 
the  one  positive  or  negative  vdlvs  of  log^  (1  +  a;)  in  the  second 
case. 

475.  The  series  for  logg  (1  +  a;)  gives  directly  the  logarithms 
only  of  (positive)  numbers  up  to  2  inclusive. 

Kow  any  number  greater  than  1  is  the  reciprocal  of  some 
number  less  than  1 :  and  log  w  =  —  log  - .  Hence  the  series  gives 
almost  directly  the  logarithms  of  any  number  whatever. 
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Thus,  iip^-q, 

Exa/m/pLe.    \ix>\y  show  that 

476.  The  series  for  logg  (1  +a;)  does  not  converge  rapidly 
unless  X  is  very  small.  Hence  it  is  not  immediately  useful 
for  the  arithmetic  calculation  of  logarithms. 

But  we  have 

loge(l  +a?)  =  +  aj-|ar»  +  ^a»-... 
log«  (l-aj)  =  -aJ-Jar^-^ar^-... 
.'.  by  siibtraction,  (if  x  is  not  >  1  numerically) 

log.i^  =  2(a;  +  ia^  +  icB»+...) (8). 

If  now  m  and  n  are  positive  and  m  >  n,  then is  positive 

and  <  1.     Put  X  -    —  in  (8). 

Thus  log;^=  2  fc~  +  | (^1^^)'+  1  f^iZf Y+  ...1.(9). 

Hence  we  can  find  in  succession,  from  log«  1=0,  the  loga- 
rithms of  any  other  numbers  by  a  rapidly  converging  series. 

Thus  put  n  =  1  and  w  =  2.     Thus 

log.2  =  2{i  +  i(|)»  +  ia)*+...}. 

Put  n  =  2  and  w  =  3.     Thus 

lo&3-log;2  =  2{i  +  i(i)'+i(^)»+...} 
and  so  on. 


lA 
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477.  In  order  to  calculate  logarithms  to  base  10,  we  have  to 
note  that 

log  10  W  =  log«  ^  -^  loge  10- 

Hence  every  log  to  base  e  must  be  multiplied  by  the  constant 
modulus  1  -T-  loge  10  to  give  the  corresponding  log  to  base  10. 

As  an  example  in  the  calculation  of  logarithms,  we  will  find 
the  value  of  1  -r  log^  10  to  8  decimal  places. 

478.  To  find  the  modulus  1  h-  logg  10. 
We  have 

loge  1 0  =  log,  f  +  log,  8  =  log,  f  +  3  log,  f . 

In  Art.  476,  (9),  put  m  =  5  and  w  =  4;  also  put  m  =  2  and 
71=1.     Thus 

l0gef=2{i  +  i(i)«  +  ia)»  +  |(|)^  +  ...}, 

3  1og,2  =  2{l+^(^)»  +  i(i)^  +  |(i)«+...}, 
•         =2{l+^.i+i(|f-f|(i)3+...}. 

Thus  we  have  expressed  log,  10  in  powers  of  \. 

By  successively  dividing  by  9  we  may  place  in  one  column 
the  several  powers  of  ^,  and  dividing  these  by  the  required 
numbers,  we  may  place  the  results  in  a  second  column  and  add. 
Thus 


1^9  =-111111111 

l-9»= -012345679 
1-93  =  -001371742 

14.9*= -000152416 
l-^9«= -000016935 

l-9«= -000001882 
1  -  9'  =  -000000209 


1 
3 

5 

3 

7 

9 

5 

11 

13 

7 

15 


(sum  adding  1)=  1 


111111111 
037037037 
002469136 
000457247 
000195963 
000016935 
000003387 
000001540 
000000145 
000000030 
000000014 


151292545 
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This  result  has  to  be  multiplied  by  2. 
Thus  log/lO=  2-30258509. 

And,  by  division, 

modulus  =  , TT.  =  logio «  =  -43429448. 

loge  10        ^'^ 

479.  Logarithms  to  the  base  10  are  called  Common  Loga- 
rithms: those  to  the  base  e  are  called  Napierian  Logarithms. 

480.  To  prove  t?bat  e  is  i/ncommensurable. 


If  possible,  let  e  =  — ,  where  ra  and   n  are  finite  integers. 


Thus 


m     ,     ,      1       1       1 

Multiply 

both  sides  by   n\  then 

m 

71  —  1  =  an 

integer 

1                   1                                 1 

+            1                           •♦ 

. 

'  7i+l      (n  +  l)(w  +  2)      (w+l)(n  +  2)(7i  + 

3) 

But  the  series 

1 
w+1 

1                                 1 

1                                                      i                                                                           X 

{n  +  l)(«  +  2)     {»+l)(«+2)(«  +  3)  '  •" 

is 

less  than  the  geometrical  series 

1              1                1 
«+l  '  (m+1)»  '  (»  +  !)» ■^•'• 

i.e.  < 

1                  I           .                1.1 

1  O     <                            1.0     < 

w  +  1  '  1  -  \\in  +  1)  *'"*  ^w  +  1-1  ""'  ^n* 

+ ... 


This  series  is  therefore  a  fraction  less  than  1. 

Thus  the  difference  of  two  integers  is  less  than  1  but  greater 
than  0  :  which  is  impossible. 

Hence  6  cannot  be  expressed  as  a  fraction  with  finite  integral 
numerator  and  denominator;  i.e.  it  is  irrational  or  incommen- 
surable (with  unity). 
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Examples  XVIII. 

[Here  *the  series  <t>{n)^  is  used  as  an  abbreviation  for  *the  series 
whose  n^  term  is  0  (w)'.] 

1.  The  series  n^x^,  where  y  is  finite  and  x  positive,  is  con- 
vergent if  05 <  1,  and  divergent  if  aj>  1. 

2.  Prove  the  theorem  of  Art.  454,  in  the  converse  form ; 
viz.  "The  series  <^  (n)  is  convergent  or  divergent  according  as  the 
series  6"  <t>  (&*)  is  convergent  or  divergent,  where  <^  (n)  is  positive 
and  decreases  as  n  increases,  and  6  >  1."* 

3.  Hence  show  that  the  series  log,^  x,  where  x  is  positive,  is 
divergent. 

4.  From  the  known  theorem  that  the  series  a^  is  convergent 
or  divergent  according  as  x  is  or  is  not  less  than  1,  show  that  the 
series  u^  is  convergent  or  divergent  according  as  the  limit,  when 
n  is  infinite,  of  l/u^  is  or  is  not  less  than  1. 

5.  Hence  the  series  {a^-r  a^jn ■¥ ajn^  +  ...)**  is  convergent  or 
divergent  according  as  a^  is  or  is  not  less  than  1. 

6.  From  the  known  theorem  that  the  series  n^  is  convergent 
or  divergent  according  as  x  is  or  is  not  less  than  —  1,  show  that 
the  series  u^  is  convergent  or  divergent  according  as  the  limit, 
when  n  is  infinite,  of  log„  u^  is  or  is  not  less  than  —  1. 

7.  Hence  the  series  7i%+«i/«+«s/'*+  •  is  convergent  or  diver- 
gent according  as  a^  is  or  is  not  less  than  —  1. 

8.  The  series 

1      1.3      1.3.5       1.3.5.7  .  .      J     T 

4 -^  476  ^  4-678 -^  476700  ^  •••  ^^  ^^^""^^^^^ 

9.  The  series 

2     2.5      2.5.8       2.5.8.11  .  ^      j     o 

6^67-9^679712^6.9.12.15^- ^^^"^^^'^g^^'^^^^^' 

*  This  is  generally  the  form  in  which  the  theorem  should  be  used,  when 
the  series,  whose  convergency  has  to  be  determined,  is  given. 
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10.     The  series  a;  sin  ^  +  a;*  sin  2d  +  . . .  +  a;*  sin  n  ^  +  . . . 

A.  If  a;  >  1,  is  divergent. 

X  sin  0 

B.  If  £6  <  1,  it  is  convergent  and  = 


1  -  2a;  cos  $  +  a^' 

C.  If  05=1,  and  O/ir  is  incommensurable,  it  is  finite  but 
^hoUy  indeterminate. 

D.  If  05  =  1,  and  Olir  =  p/q  where  p  and  q  are  prime  to  one 
another,  it  =  ^  cot  ^0  —  ^  cosec  ^  0  cos  (n  +  ^)  d,  an  expression 
which  has  i{q  +  l)  values  if  jt?  is  even,  but  q  values  if  />  is  odd. 

11.     The  series  1  +  a  cos  0  +  af  cos  2d  +  ...  +  aJ**  cos  /id  +  ... 

A.  If  a;  >  1,  is  divergent. 

B.  If  a;  <  1,  it  is  convergent  and  =  -z — ^ ^j ^ . 

'  ®  1  -  2a;  cos  d  +  aj2 

C.  If  05=1,  and  O/ir  is  incommensurable,  it  is  finite  but 
•wholly  indeterminate. 

D.  If  «=  1,  and  O/ir^p/q  where  p  and  q  are  prime  to  one 
another,  it  =  J  cosec  ^0  sin  (n  +  ^)0  +  ^,  an  expression  which  has 
^  +  1  values  if  J'  +  jt?  is  even,  but  q  values  ii  q+p  is  odd. 


w^aj** 


12.     The  series  -j —  is  convergent  or  divergent  according  as 
a;  is  or  is  not  less  than  e'K 


nn     1         sin«d     n (w  +  2) /sin« dV 


n  (n  +  2)  («  +  4)  /sin'tfy 


U.     sec»<?=l4-gtan'0  +  ''ir"    ^^tan«(? 

2  2.4 


2.4.6 


or  =taii»d  +  ^tan«-»d+  ^^^  /^ tan**-^  d  +  . . . 

22  2.4 

according  as  d  is  less  or  greater  than  ^. 
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15.  Prove  directly  that  the  series 

i  +  X  +  -rj:  +  -75-  +  ... 

is  convergent  for  all  finite  values  of  x. 

16.  Prove  directly  that  the  series 

a:-^ar'  + Jar*- Ja?*+  ... 

is  convergent  if  x  has  any  value  from  —  1  to  + 1,  excluding  the 
first  but  including  the  last. 

Hence  show  that  loge  2  =  =— ^r  +  „-— j  +  -— ^  +  ... 

1.2      0.4      5.0 

e  2       3       4       5  I 

^^'     2"^^|3  ^{6'*'^'^[9^- 

-^246  _1 

19.  log,2  =  |(l  +  ^^  +  ^^^,+  ...). 

20.  log,3  =  l  +  3-5  +  ^-^  +  ^+... 

i_        ^  1 

'^17"^3.17''*"5.17»"^'' 

oi      1       ^     2        2  2 

21.  log,7  =  g+^--^3+g-^,+  ... 

5        5  5  5 

'^3"^3.3»'*"5.3«'*'7.37"^  •• 

J_ 1 1 

99     3.99«     ST99»     •*' 

22.  log,V10  =  Sr[2-Vi-^^{l-(-W]J.. 

23.  log,  (oj+l)- loge  aj 


~  ^{20;  + 1  "^  3  (2aj+ 1)»  "*■  5  (2(c+ 1)»"^  •••/ ' 


I 
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24.  log.(«;.l)-lo&(«-l)  =  2(U^+^+...). 

25.  2  logeOj-log,  (a;  +  1)  -  loge  (a;  -  1) 

"  ^  i2;?^l  ■**  3"(2ar»  -1)»  "^  6  (2ar»  -  1)»  '^  "j  ' 

26.  logen  =  m{(yn-l)-iO-l)^  +  i(5/w-l)»-...}. 

27.  If  {loge(l+a:)}''  =  »^-|a,ar»  +  fa4a?*-fa8a'+... 

then  «r+i=l  +  i  +  i  +  i+---+-' 

28.  If  a,  )8  be  the  roots  of  pa^  +  qx-^r  =  0, 

29.  From  the  known  expansion 

1  -a^ 

i  •  T — o 7 ;  =  i  +  a;  cos  tf  +  aj^  cos  2tf  +  o^  cos  3tf  +  . . . 

^    1  -  2aj  cos  tf  +  aj*     ^ 

show  that 

'    -  ilog«(l-2ajcos  tf  +  a")=a5costf +  ^cos2tf  +  Ja^'cosStf  +  ... 

30.  If  n  is  odd,  and  <^  =  ir/n,  then 

loge  (1  -  2aj  cos  2<^  +  »^)  +  logg  (1  -  2aj  cos  4<^  +  a*) 

+  . ..  +  logg  {1  -  2aj  cos  (n  ~  1)  <^  +  a^} 
=  05  + Jar*  +  ^...  - (aj*  +  Jo**  +  Ja:**  +  ...). 

31.  ^ 

sec  2^  —  tan  2<f>  cos  ^ 

=  1+2  tan  <^  cos  0  +  2  tan^  <^  cos  2^  +  2  tan'  <^  cos  30  +  ... 
if  <!>  lies  between  0  and  ^ir. 

32.  Expand  :; 7:  in  a  series  of  cosines  of  multiples 

'^         1  +  y  cos  0 

of  $:  and  show  that  the  constant  term  is  —77^ ^r,  and  the 

2A,* 
co-efficient  of  coan$  is  —7-7^1 —  „y»  where  A.  is  the  larger  root 

of  a^  +  2a;/y  +1=0. 

J.  T.  23 
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CHAPTER  XIX. 

RELATIONS    BETWEEN    THE    CIRCULAR  MEASURE 
AND  THE  TRIGONOMETRICAL  RATIOS  OF  ANGLES. 

§  L     Relations  op  Inequality. 

48 L  The  symbol  ^  represents  an  angle  containing  6  radians; 
ie.  an  angle  whose  circular  measure  is  6,  the  unit  of  circular 
measurement  being  the  radian.  When  we  are  referring  to  the 
angle  0^  it  is  often  convenient  to  drop  the  symbol  for  the  unit 
and  to  write  6  simply  to  denote  the  angle.  The  context  will 
always  show  when  0  means  "the  angle  whose  circular  measure  is 
$"  i.e.  "the  angle  equal  to  0  radians."  Without  such  context, 
0  denotes  simply  a  ntumber.     See  Chapter  II. 

482.  If  $  represents  the  circular  measure  of  an  angle,  we 
know,  by  Art.  51,  that  ^  =  the  ratio  of  the  arc — subtended  by 
the  angle  at  the  centre  of  a  circle — to  the  radius. 

We  shall  now  apply  the  proposition  of  Art.  59  to  a  compari- 
son between  the  circular  measure  and  the  trigonometrical  ratios 
of  an  angle. 

483.  The  circular  measure  of  cm  acute  angle  lies  in  magnitude 
bettveen  the  sine  cmd  the  tangent  of  the  angle. 

At  the  centre  0  of  a  circle,  let  the  acute  angle  AOH  be  equal 
to  6  radians. 
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Draw  HB,  AT  a,t  right-angles  to  OA. 
Then,  by  Art.  59, 

perp.  BH  <  arc  AH  <  tangent  AT, 

Divide  each  by  the  radius  of  the  circle.     Thus 

BE     AH     AT 
OH^  OA^  OA' 

i.e.  airi$<0<  tan  $ (1). 

Also  we  have  cos 6^<1 (2). 

These  are  the  first  approximations  to  the  values  of  the  ratios 
of  an  acute  angle  in  terms  of  its  circular  measure. 

The  student  must  particularly  observe  that  in  the  above  inequalities 
^,  staviding  by  itsdf^  means  a  number  ;  but  By  standing  after  sin,  cos,  or 
tan,  means  an  angle.  The  inequalities  are,  of  course,  relations  between 
mere  numbers  or  ratios. 

484.  By  expressing  the  ratios  of  0  in  terms  of  those  of  ^6, 
we  obtain  closer  relations  between  the  ratios  and  the  circular 
measure.     See  next  three  articles. 

We  confine  ourselves  in  this  section  (except  in  Arts.  490  and 
493)  to  acute  a/ngles. 

485.  We  have 

sin^  =  2  sin  Jtf  cos  ^^  =  2  tan  ^^  cos4^=  2  tani^(l -sin^  ^^). 
Now,  by  (1)  Art.  483, 

tan ^0>'^6  and  sin  ^0  <  ^6, 
/.  substituting  in  the  above, 

23—2 
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ct/ortiorif  8in^>  2.  ^  ( 1  —  j  j,  i.e.  >^  — j (3). 

Hence  sin  6  lies  betiveen  0  —  ^6^  and  6, 
486.     We  have               cos  ^  =  1  -  2  sin«  Jtf, 
:.  substituting  from  (1),  cos tf  >  1  -  2  {\0)\  i.e.  >  1  --^ (4); 

but  substituting  from  (3),  cos  tf<l-2(5-^j  , 

'•^•^        2'*'l6~5r2' 
d,  fortiori  <1  -  ^^  fg (^)- 


Hence  cos  6  lies  bettveen  1  — ^  cmd  1  -  -^  +  t-t  . 

2  2      16 

487.  We  have,  by  division, 

tan  tf=|^j^^|^  =  2tanitf(l+tan4^  +  tan*itf +...), 
a  convergent  series,  since  J^<45*,  and  .',  tan  i^6  <  1. 

0i       ffs  fftn+i 

/.  substituting  from  (1),  tan  ^>^  +  j+t^  +  »»«+  -jir  "*"  ••* 
.'.  ct/ortiorij  tan  6  >  sum  of  any  number  of  these  terms. 

Limits. 

488.  The  limit  of  — r-  and  of    ^     .  when  $  is  indejmitefy 
dvminished,  is  v/nity. 

For  sin  0,  6,  tan  6  are  in  ascending  order  of  magnitude. 

Hence,  dividing  each  by  sin  6  and  by  tan  6,  both 

0  B 

^'  riT^'"^^^   andcos^,  ^^^,  1, 

are  in  ascending  order  of  magnitude. 


\ 
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But,  as  $  decreases,  sec  $  and  cos  $  may  each  be  made  as  near 
to  unity  as  we  please.     Hence 

O/siu  6  which  lies  between  1  and  sec  6; 
and  O/t&n  6  which  lies  between  cos  $  and  1 ; 

may  each  be  made  as  near  to  unity  as  we  please. 

Q 

Thus  the  limits,  when  0  is  indefinitely  diminished,  of  -: — 7,, 

sm^ 

sin  6        6        tan  $  , 

489.  The  limit  of  the  ratio  of  the  sines  or  tangents  of  two 
va/nishing  a/ngles  is  equaZ  to  the  limit  of  the  ratio  of  the  two  angles, 

_     ,  ^  sin  ^     -  •    sin  6     - 

For  let  — ^—  =1-03  and  ——-  =  1  -  y. 

Then  ^n^J{l-x) 

sin<^     <l>(l-y) 

Kow,  as  $  and  <^  are  indefinitely  diminished,  x  and  y  are  also 
indefinitely  diminished  by  last  article. 

Hence,      limit  of  ratio  - — ;  =  limit  of  ratio  -7 . 

sin<^  if> 

Similarly  limit  of ;  =  limit  of  —  . 

''  tan<^  <l> 

490.  The  limit  of  the  ratio  of  sin  kO  to  k,  when  k  is  indefi- 
nitely diminished  a/nd  0  is  finite,  is  B, 

_  sinA;^     ^    sinA;^ 

For  __.=^._^. 

Now,  since  0  is  finite,  .*.  k6  is  indefinitely  diminished  when  k 
is  indefinitely  diminished. 

.'.  limit  of  sin  k^  -r-kO  \&  unity. 
.'.  limit  of  sin  ^^  -^  ^  is  $, 
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491.  The  results  of  the  last  three  articles  should  be  carefully 
examined. 

In  Art.  488,  observe  firsty  that  ^,  not  sin  ^,  is  to  be  made  in- 
definitely small.  If  ^  =  ir  for  instance,  sin^  vanishes,  but  the 
limit  of  sin  B-^O  would  be,  not  unity ,  but  zero. 

Observe  secondly ^  that  6  is  the  cvrcula/r  mecbsu/re  of  the  angle 
not  any  other  measure.  For  instance,  if  the  angle  $  radians  =  A 
degrees,  then 

A  = X  0, 

IT 

.  smA^     irsin^       ,        t    .j.  •      ^ 
.  •  — J —  =  ^ — r-57, ,  whose  limit  is  rj-^?:  >  'not  umty. 
A         u  X  loO  180 

In  Art.  489,  however, 

6     0  radians     A  desrees  ,      . 

since  -7  =  -; — jz —  =  p  .,  ° (say), 

<^     <^  radians     B  degrees  ^    ''  ^ 

As  before  in  Art.  488,  A  and  B  here  must  diminish  indefi- 
nitely, not  only  sin  A^  and  sin  B^, 

In  Art.  490,  on  the  other  hand,  0  may  have  any  finite  value. 
Thus  0  might  be  the  circular  measure  of  an  angle  greater  than 
two  right-angles.  For  here  the  angle  which  is  to  be  made  small 
is  kOy  not  0;  and  provided  6  is  finite,  kO  is  made  small  by  diminish- 
ing k, 

492.  The  results  of  the  three  articles,  488,  489,  490  are  use- 
fully summarised  in  the  statement 

When  0  =  0,  sinB  =  B. 

But  in  this  statement  we  must  distinguish  two  distinct  pro- 
positions; viz., 

(1)  When  0  is  small,  sin^  is  approximately  equal  to  6. 

(2)  When  0  is  indefinitely  diminished,  the  limit  of  —^ 
is  exactly  unity. 


1 
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The  first  proposition  may  be  used  in  arithmetical  and  approxi- 
mate calculations  :  the  second  in  algebraical  and  exact  theorems. 

The  propositions  in  the  following  articles  will  exemplify  these 
distinctions. 

493.  To  show  that,  when  n  is  indefinitely  increased  and  $  is 
Jmitey  the  limit  of 

6  0  e    '        0  .  Bind 

cos  rr  .  COS  -T  .  COS    o    . . .  COS  rr-  IS    —77-"   • 

2  4  8  2*         ^ 

For        sin  ^  =  2  sin  ^  COS  ^  =  2^  sin  ^  cos  ^  cos  ^ , 
and  so  on. 

Thus        sin  tf  =  2*si^  —  Tcos  ^  .  cos  ^^ ...  cos  ^^j  . 

15  *  on   •     ^      /»    8in^/2* 

But  2»sin2,=^.-pL. 

And,  as  in  Art.  490,  when  n  is  indefinitely  increased  and  .'. 
0/2^  indefinitely  decreased,  the  limit  of  the  above  is  $, 

„  '    .1     ^'    '.         0  B  0  sin^ 

Hence,  in  the  limit^  cos  ^  .  cos  ^  .  cos  ^, . . .  =  —j-  . 

Example,  Put  6  =  hf.  Then  sin^  =  l;  2cosi^  =  V2;  2cosJd 
=V(2+V2);  2cos4^=V{2+V(2+V2)};  and  so  on. 

Thus,  the  product  of  the  endless  series  of  factors 

V2    v/(2+V2)    V{2+V(2+V2)}  ^2 

2*2*  2  it' 

494.  To  show  that  sin  O^B  -  ^^,  if  0  denotes  an  acute  cmgle. 
By  Art.  486,  cos  ^  >  1  -  ^6\ 

.•.cos^cosj>(^l-2s;(l-2s;» 

Proceeding  in  this  way, 

B       B  (9,^/11  1\ 

cos^cosj...cos2-„>l-2(4+45+-+4iij 

^     8  •  1  -  1/4 


860         CIRCULAR  MEASURE  AND  RATIOS  OF  ANQLES. 


> 


1-;.+ 


6      6.4»' 


d  fortiori  >  1  -  tt  . 

6 


Now  as  in  the  last  article, 

sintf     sin^/2»*  0        6  0 

~r^~ojw  •  «os  2 ''''' 4  ••• '''''  2^* 

Thus,  — ^  is  less  than  the  product  of  these  cosines,  but  may 

he  made  as  nearly  equal  to  it  as  we  please  by  increasing  n. 

Tx  sin^     ,    > 

Hence  — ^  >  1  -  ^^ , 

Le.  sin^>tf-J^. 

495.     1^0  show  that  cos ^ <  1  -^  +77^  . 
We  have  cosd=  1 -2sin4tf 


^-^{2'^)  ^y*^^^' 


d/ortiort  <  1  - 17  +  ^n  . 

Z  24: 

496.     We  have      tan  ^  =  i^^^^fz) , 

1  -  tan*  ^v 


■■'^'-''^^^'=^^e-T%'^^^'^-'''- 


> 


tan^     tanj^     ^      /^y  /^\» 

••-g       p"^4'^U/  ■*■•••■*■  \4y  ^"* 

tan^^     tani^      1    ^      1     /tfV  1      /^\*» 

~i5      i^^i'i^T^'U; ^•••■*"4»-v4;  •*■••• 


tan  i^     tan  4d      1     ^      1  /^ 


\e        \e      43*  4    4* 

and  so  on. 


/^\2  •    1      /^\« 
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Increasing  indefinitely  the  liumber  of  these  inequalities,  add- 
ing them,  and  observing  that  the  term  on  the  right  involving 
^*»is 

U/    \    "*"  4*"^4^"^  "V"  4^*  lll74«~4«--l' 

and  that  the  limit  of     ^,^1     on  the  left  is  1,  we  have 

tan^_        ^      ^       ^  e^ 

6  S"*"  15"*"6"3"^"*"^4«-l'*"'  • 

. .  tan  6'>^  +  75-+T^  +  ...  +7- — ^  +  . . . 

3      15  4**  - 1 

and  d  fortiori  tan  0  >  sum  of  any  number  of  these  terms. 

497.  The  results  in  these  last  three  articles  are  nearer  ap- 
proximations to  the  values  of  the  ratios  than  the  corresponding 
results  in  Arts.  485,  486,  487. 


§  2.     Ratios  in  terms  op  Circular  Measure. 

sec  -)     when  n  is  indefinitdy 
increased. 

Since   sec  -  =  1  when  n  is  indefinitely  large,  we  have   here 

to  evaluate  a  limit  of  the  form  1* — the  index  being  a  function  of 
the  base.     See  Art.  468. 

Now,  if  X  is  any  quantity  greater  than  1,  the  following  three 
quantities  are  in  ascending  order  of  magnitude,  viz.. 


1;     l+tan^-;      (l--\ 
n       \      xj 


-a?  tana- 
n 


For  if  the  last  quantity  is  expanded  by  the  binomial  theorem, 
its  first  two  terms  are  1  +  tan*  -  and  the  remaining  terms  are 
all  positive. 
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Raising  each   to  the  power  ^n,  the  following  three  are  in 
ascending  order,  viz., 

nx .    ^$ 


1 


'•  i-S'  ('^S 


But  limit  of  n  tan  -  =  0 ,   ^^.  ''^  is  6, 

n  d/n 


.'.  limit  of  -  -  tan^  -  is  0. 


.*.  (sec  -  j    lies  in  the  limit  between  1  and  (1  — )  ; 


sec  -  )    is  1. 
nj 

.'.  in  the  limit  (  cos  -  )    is  1. 


499.     To  find  tlie  limit  of  \     ^i       )    *^  ( — ni       )    w^Aen  n 
is  indefinitely  increased. 

sin  -  j  ,   ( -  )  ,   ( tan  -  1    are  in   ascending  order   of 
magnitude, 

are  in  ascending  order  of  magnitude, 

and  dividing  by  (tan  |)";    (cos  ^J,  (^J^)  ,  1 

are  in  ascending  order  of  magnitude. 

/    6/n    \* 
Hence,  by  the  last  article,  the  limits  of  (   .   \,,    ]    and  of 
•^  '  \sin  0/nJ 

■ — ^  J    and  of  their  reciprocals  are  each  unity. 
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500.     The  above  limits — and  others  of  the  form  1" — may  be 
found  from  the  known  theorem  that  the  limit  of  ( 1  +  -  J    is  e. 

Thus  (sec  ey^  =  [(1  +  tan*  ^  oot«tf]iar-taii«d+tf". 

Hence,  when   ^  =  0,  the   expression  in  the  square  brackets, 
becomes  equal  to  6,  and  the  limit  of  (sec  $)^-^^  is  as  follows : 
If  m<2,  the  limit  =  e<'  =  l. 
If  m  =  2,  the  limit  =  e^\ 
If  m  >  2,  the  limit  =  e*  =  oc. 

The  particular  case   (cos  -j  ,  when  n  is  infinite,  may  be 
treated  directly  as  follows  : 

=  e°  =  1,  when  n  is  infinite. 

For      ra  sin  -  =  tf .  ^^,       =6:     ,\  n  sin^  -  =  0  in  the  limit. 
n  &/n  n 

601.     To  eoopand  cos  0  and  sin  6  in  powers  of  0,     We  have 

w  (n  —  1 )  2      .  2 

cos  na  =  cos"  a ^-r^ — -  cos*  -*  a  sm'*  a 

^  M^ -  l).(n -  2)(n^S)  ^,_,  ^  si^4  ^  .  _ 

-     n    tan^a     \       nj  \       nj  \       nj  tan^a 

1        ^.-j-.+ ^  .— 


=  cos*  a 


n^  w* 


A  1 

Now  let  na  =  $y  so  that  a  =  -  and  —  =  74 . 
Thus  cos  ^  =  (cos  OfnY  x 

1-1 


2  TO      /tanaVp,  ^  \       w/\       w/\       w/     /tan ay   ^_ 

[2'\o/  j4  \o/' 


1 
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Now  let  n  increase  indefinitely  while  0  remains  constant  and 
finite  so  that  a  decreases  indefinitely.  I 

Then,  by  Art.  498,  limit  of  (cos- j   is  1. 

Also,  since  each  of  the  factors 

12  r 

1  --     1--        1  -- 

JL    ""  •       X  J...X 

n  n  n 

reaches  its  limit  1  independently  of  the  number  of  them,  therefore 
the  limit  of  their  product  is  1. 

Similarly   since   the  diminution  of   a  in  ( j     is   inde- 

/tan  ttX** 
pendent  of  the  index  r,  therefore  the  limit  of  I j    is  1. 

Thus 

.     .      tf»      ^      ^ 

cosd=l-j2-+|4-i6  +  - 

Exactly  in  the  same  manner,  we  may  proye  that 


502.  The  student  should  observe  that  the  expansions  of 
cos  0  and  sin  0  in  powers  of  0  are  obtained  from  those  of 
cos  n$  and  sin  nO  in  powers  of  cos  6  and  sin  0  in  the  same  way 
that  the  expansion  of  6^  is  obtained  from  the  binomial  theorem. 
And  hence  that 

The  terms  of  cos  B  and  of  sin  B  are  taken,  alternately  biU  with 
alternate  change  of  sign  from  the  expansion  ofe^» 

503.  The  above  expansions  of  sin  B  and  cos  6  hold  for  all 
finite  values  of  B  whatever.     For  the  ratio  of  any  term  to  the 

preceding  is -z _. :  which,  when  n  is  large  enough,  is  clearly 

less  than  a  quantity  less  than  1. 
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Now  if  we  increase  6  by  27r,  the  values  of  cos  6  and  of  sin  0 
are  unaltered ;  hence  the  values  of  these  series  are  wnaUered  by 
adding  ^tr  to  0, 

In  other  words,  the  series 

are  periodic, 

504.  All  the  theorems  with  respect  to  the  sine  and  cosine 
that  have  been  investigated  from  the  definition  by  means  of  an 
angle,  may  be  proved  from  the  above  series.  A  few  cases  may 
be  worked  out. 

505.  Since  every  index  in  sin  0  is  odd^  ,\  sin  (—  tf)  =  —  sin  0, 
Since  every  index  in  cos  $  is  even,  .*.  cos  (-  0)  =  cos  6, 

606.  If  6  measures  an  acute  angle,  ^  <  ^ ;  .\  d  fortiori 
^<6. 

Now  sind.tf.(|.^)-(|-^)-... 

Hence  each  of  the  above  brackets  is  positive ; 
/.  aiaO<e;  but>e-|^;  but  <d- J^  +  T^e»;  and  so  on. 

Also  e-aine  =  ^-(^^-^y...<^. 

And      sine-(0-J^)  =  T|T^-(j^-^)-...<^^. 


Hence,  since  the  series  beginning  at  any  term  has  the  same 
sign  as  that  term,  the  difference  between  sin  $  and  any  number  of 
its  first  terms  is  less  tham  the  first  term  omitted. 

Similar  propositions  hold  with  respect  to  the  cosine. 
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507.  The  expansional  values  of  functions  investigated  in  this 
and  the  preceding  chapter  enable  us  to  evaluate  limits  of  the 
form  %.     Thus 

Example  1.  il^  fi  t  ^)3  ^^^n  ^=0. 

The  given  fraction  =  ^'iTsi'^Jfi^^^^^^ 

I?  7   o  6^-6sin^-sin3^       u      a    r^ 

Example  2.  ^7^ — — ^ra\  when  ^=0. 

^  ^(3-4  cos  ^+cos  26) 

The  given  fraction  =  ^^z.^^^^^^^^'^^ 

7%e  hyperbolic /unctions, 

508.  We  have 

1  /  «         B^  \      ^'      ^      ^ 


The  above  expansions  of  ^{(fi  +  e~^)  and  J(e^  — e~^)  are 
called  the  Hyperbolic  cosine  and  the  Hyperbolic  sine 
respectively  of  6 ;  and  are  written  shortly  cosh  0  and  sinh  6, 

Thus  cos  6  and  sin  0  are  obtained  from  cosh  6  and  sinh  ^ 
respectively  by  changing  the  signs  of  the  alternate  coefficients 
of  the  several  powers  of  0, 

Or   cos  0  and    — ^ —  are  obtained   from   cosh  0  and  — ^ — 

respectively  by  changing  ^  into  —  6^, 

Further  sinh  B  -r  cosh  $  is  called  tanh  B :  and  so  on. 

509.  The  following  table  of  comparison  between  the  Trigo- 
nometrical (or  Circular)  and  the  Hyperbolic  functions  should  be 
verified  and  studied. 
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It  is  assumed  that  x  has  any  positive  or  negative  value. 


Circular  Functions. 

■cos  (—  aj)  =  +  cos  05. 
sin  (—  x)  =  —  sin  x, 
cos  0=1. 
sin  0  =:  0. 

limit  {x  =  0) =  1. 


X 


smo;     X 


Limit 

siny     y 

cos  X  lies  between  —  1  and 


+  1. 

sin  X  lies  between  —  1   and 
+  1. 

cos  X  periodically  decreases 
And  increases :  its  values  re- 
-curring  at  period  2^. 

sin  X  periodically  decreases 
■and  increases:  its  values  re- 
•curring  at  period  2^, 

cos^a5  +  sin^a;=l. 

cos  {x  +  y) 

=  cos  X  cos  y  —  sin  x  sin  y, 
sin  (oj  +  y) 

=  sin  X  cos  y  +  cos  x  sin  y. 


Hyperbolic  Functions. 

cosh  (—  a;)  =  +  cosh  a;. 

sinh  (-  as)  =  —  sinh  as. 

cosh  0  =  1. 

sinh  0  =  0. 

sinh  X 
Limit  (a;  =  0) =  1. 


Limit 


sinh  03 


X 
X 


sinh  y     y 
cosh  X  lies  between  +  1  and 

sinh  X  lies  between  -  oc  and 

+  OC. 

cosh  X  always  increases  nu- 
merically as  X  increases  numeri- 
cally. 

sinh  X  always  increases  alge- 
braically as  X  increases  alge- 
braically. 

cosh^  X  -  sinh^  a;  =  1. 

cosh  (o5  +  y) 
=  cosh  X  cosh  y  +  sinh  x  sinh  y, 

sinh  (a;  +  y) 
=  sinh  x  cosh  y  +  cosh  x  sinh  y. 


These  formulsB  for  the  hyperbolic  functions  may  be  proved 
from  their  exponential  or  from  their  expansional  equivalents. 

Finally,  in  the  limit,  — ; (when  x  and  y  vanish)  =  - . 

510.     If  cos  X  and  sin  x  had  been  defined  by  their  expansions 
in  05,  it  could  easily  be  shown  that  cos^  x  +  sin^  a;  =  1. 

For,  if  each  of  the  expansions  is  multiplied  by  itself  and  the 
two  results  added,  ±  the  coefficient  of  a?**  = 

i       I         ^         I  Ni-i)-=o. 


+ ...  = 


\2n     1.  \2n-l      \2,\2n-2      |3  \2n-3 
by  the  binomial  theorem  for  a  positive  integer. 


2n 
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Hence  the  only  term  remaining  in  cos^  x  H-  sin*  a;  is  1. 

Similarly  cosh* x  —  sinh* x=l. 

This  latter  result  is,  of  course,  obvious  from  the  exponential 
equivalents  of  cosh  x  and  sinha;. 

Geometrical  Illustrations, 

511.  The  student  of  Conic  Sections  should  observe  the  following 
points  ;  where  we  still  define  cos,  sin,  cosh,  sinh  by  their  expansions. 

The  equation  to  an  ellipse,  referred  to  its  semi-axes  a  and  6,  is 

^/a2+yV^=l- 

Hence  we  may  put  x^a cos  <f>  and  y=h sin  <^,  where  <^  has  a  variable 
value  for  the  several  points  of  the  ellipse. 

For,  as  shown  in  the  last  article,  cos^^ +sin20= 1  for  all  values  of  ^.      j 
The  equation  to  a  hyperbola,  similarly  referred,  is  ' 

^/a^-y2/62=l. 

Hence  we  may  put  ^— acosh<^  and  y=&sinh0,  where  <^  has  a 
variable  value  for  the  several  points  of  the  hyperbola. 
For,  as  shown  in  the  last  article,  cosh*  <^  —  sinh*  <^  =  1. 

512.  The  student  of  the  Integral  Calculus  should  further  observe 
that  the  area  of  the  sector  measured  from  0  to  any  value  <f>  is 

^Uxdy-ydx), 

li^ow  d  sin  <f)  =Goa<l>  cUj) ;      d  co&  <p  =  — em  (p  d(fi, 
d  sinh<^ = cosh  <f)d<f);    d  cosh<^ =sinh  <^  c^, 
as  may  be  easily  seen  by  differentiating  the  expansions. 

Hence  in  the  ellipse  J  /  {xdy-ydx)=iah  j  (cos^c^+sin^c^)  d<t> 

= ^ab  jd<l>= ^dixf), 
n  the  hyperbola,  J  /  {xdy  -ydx)  =  \ah  j  (cosh*  <f>  -  sinh*  <^)rf(^ 

=i\cih\d^=\ab(i>. 

Hence,  in  either  conic,  <f>  denotes  the  ratio  of  the  sectorial  area  to  the 
triangle  whose  base  and  altitude  are  respectively  the  semi-axes. 

Putting  a  =  6,  we  have  the  circle  or  the  rectangular  hyperbola.  In 
the  case  of  the  circle  we  have  shown  (Art.  54)  that  (f)  (the  dreular 
measure) = the  ratio  of  the  sector  to  the  triangle  whose  base  and 
altitude  are  each  equal  to  the  radius.  And  we  now  see  that  a  similar 
result  holds  for  any  central  conic. 


I 
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513.     To  eotspreas  tan0  and  aotO  as  continued  fractiovs  in 
terms  of  6, 

By  the  above  expansions  of  cos  0  and  sin  0,  we  have 

cos  6^-1-2-^  + 2.  4.  1.3 -2.  4.  6. 1.3.  5  ■*"••• 

an^  _^  ^ ff^ 

e    "        2.3"^2.4.3.5     2.4.6.3. 5. T"*"" 

Here  we  have  arranged  the  denominators  with   the   even 
factors  before  the  odd. 

Now  let/(w)  = 


,        ^ e^ 

2  (27J  +  1)  ■*■  2 .  4(27i+  l)(2w+3)     2.4.6  (2n+l)(2n+3)(2n+5)  "^  *•* 
Then/(7j-l)  = 

^  e^ ^ 

2(271-1)  "*■  2.  4(2n-l)(2rn-l)      2.  4.  6(27i-l)(2w+l)(2w+3)  ^  "' 
.•./(7i-l)-/(^)  = 

-^V(7l+1) 


(2n-l)(27i+l)L      2(2w+3)"*'2.4(27i+3)(27i+5)    ''']" 


(27j-l)(2w+l)' 

•• — 7(ii) -('"-^)-l2nTl)7(n5- 

/(^+1) 
Now  cos  tf  =/(0)  and  ?^=/(l). 

.    /I     ./I     l'/(Q)     ,  g'         1       ^    &"    ^      . 

..^eot^=-^^  =  l-^^  =  l-3-5-^,&c. 


tantf  1  1     ....       , 


§  3.     Resolution  into  Factors. 

EndlesB  Factorisation, 

514.  The  prodv^t  of  an  infinite  number  of  factors  may  be 
used  with  the  same  limitations  as  the  sum  of  an  infinite  number 
of  terms.     Thus 

J.  T.  24 
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Dep.  An  endless  product  is  said  to  be  convergent  if  the 
product  of  its  factors  may  be  made  as  near  as  we  please  to  some 
one  finite  quantity  by  increasing  the  number  of  the  factors. 

It  is  convenient  to  understand  the  word  *  finite '  here  to  ex- 
clude zero  as  well  as  infinity,  so  that  if  an  endless  product  is  con- 
vergent so  also  is  its  reciprocal. 

Every  factor  may  be  assumed  to  be  positive,  since  a  change  in 
sign  of  any  one  factor  will  not  affect  the  magnitude  of  the  product. 

515.  The  properties  of  an  endless  product  may  always  be 
investigated  by  taking  its  logaHthm,  by  means  of  which  it  is 
reduced  to  an  endless  sum. 

Thus  the  values  0  and  oo ,  which  we  exclude  for  convergency 
of  a  product,  correspond  respectively  to  log  0  and  log  oo ,  Le.  to 
—  00  and  4-  00 ,  which  we  exclude  for  convergency  of  a  sum, 

516.  Corresponding  to  the  distinction  between  positive  and 
negative  in  terms,  is  the  distinction  between  greater  and  less 
than  unity  in  factors.     Thus 

Since  the  n^  factor  of  a  product  is  equal  to  the  ratio  of  the 
product  of  n  factors  to  that  oi  n  —  1  factors,  a  product  cannot  be 
convergent  unless,  when  n  is  infinite,  the  limit  of  the  n***  term  is 
unity,     (Of.  Art.  443.) 

A  few  of  the  more  important  theorems  may  be  given. 

517.  A  product  whose  factors  a/re  alternately  greater  and  less 
than  unity  will  he  finite  for  aU  values  of  n  if  the  product  of  ea>ch 
factor  into  the  next  is  also  alterruUely  greaJIxr  and  less  than  unity. 

For  consider  the  product  v^v^v^ . . .  t?„ . . .,  where  Vi  >  1 ;  Vj  <  1 ; 
...;  andvi'y2>l;  'yat78<l;  ..-. 

This  product  =  v^v^.v^v^ .  v^v^ ...  and  is  .*.>!. 

And  it  also  =  Vi ,  v^v^ .  v^v^ ...  and  is  /.  <  v-^,     (Cf.  Art.  446.) 

518.  A  prodv>ct,  all  of  whose  foAitors  are  grealer  tha/n  wniVy,  is 
convergent  if  the  logarithm  of  every  fa>ctor  to  the  preceding  as 
base  is  less  than  some  quantity  less  than  unity. 
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Let  Vn+i  <  v/  where  ^  is  a  positive  quantity  <  1. 

Then  raising  the  product  VjV2V^.,,Vn..'  to  the  power  1—^,  we 
have  i?j .  Vi"* .  v^ .  Vj""*  •  ^s  •  '^^s"*-  •  •  ^^  which  the  factors  are  alter- 
nately greater  and  less  than  1;  and  also  the  pairs  of  factors 
Vi.Vi"^;  Vi"*.V2J  ^^2"^ ''^sy  <fcc.,  are  alternately  greater  and  less 
than  1.     (Of.  Art.  450.) 

519.  Ify^  Cbly^<^y9  decreases  as  n  increases  and  is  always  posi- 
tive, then  according  as  the  series  whose  general  term  is  v^  is  con- 
vergent  or  divergent,  so  also  is  the  product  whose  general  factor  is 
1  +  v„. 

For  let  log  (1  +  v^)  =  w»,  so  that  1  +  v^  =  e^. 
Then  ^::izi  =  i^-«^<^!^%... 

This  series  cannot  be  zero  or  infinity  for  any  finite  value  of  u^ 

•(including  zero).     That  is,  neither  z r^^ r  nor  —^ —  can 

^  .  log(l+i;^)  v^ 

be  infinite  for  any  value  of  n, 

.*.  (by  Art.  453)  according  as  the  series  whose  general  term  is 
v^  is  converge^t  or  divergent,  so  is  the  series  whose  general  term 
is  log(l+v„),  and  so  also  is  the  joroo^i^o^  whose  general ^ac^or  is 
1  +  i?„. 

The  same  argument  applies  to  the  product  whose  general 
factor  is  1  -  v^  where  v„  <  1 ;  which  of  course  cannot  be  infinite 
but  may  be  zero. 

Example,  The  limit  of  the  coefficient  of  a?"  in  the  expansion  of 
(l+a?)'*  is  zero  or  infinity  according  as  m  is  greater  or  less  than  -1. 
For  the  coefficient  of  af^  is 

.(,_->)(,.=±i)(..-i)...(,_=±.) 

This  product  is  always  divergent,  because  the  sum 

i+i+J+*-  ^  divergent. 

Hence  the  product  is  zero  or  infinity  according  as  m+1  ia  positive  or 
negative.     (See  Art.  462.) 

24—2 
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520,  It  was  shown  in  Arts.  416,  418  that  ^  (a?**  +  as"**)  is  the 
same  function  of  i{x  +  x"^)  as  cos  na  is  of  cos  a :  and  that 
as"  — a;"**.    .,  -       ..         «-,  ,.        sinTia  . 


] 


—r  is  the  same  function  of  4  (a5  +  x"^)  as  —, is  of  cos  cl 

X  -  x-^  ^  ^  '         sin  a 

Put  05  =  6* ;   then  ^{x  +  x"^)  =  ^  (e«  +  e"*)  =  cosh  a ;   J  (a?  —  x"^) 
=  sinh a;  ^  («"  +  as"")  =  cosh  na ;  ^  (a;** -  x~^)  =  sinh  na. 

Thus  cosh  na  is  the  same  function  of  cosh  a  as  cos  na  is  of 
cosu. 

'       .    sinhwa  ...  ^       x-  ^        i.  sinwa  .       . 

And  — T— i —  IS  the  same  function  of  cosh  a  as  — ; is  of 

sinh  a  sin  a 

cos  a. 

Hence  the  second  formulse  of  Arts.  419,  420,  421  become 

cosh  nO 

3^\      /      ,  .  2n-l 

30sh  d  —  cos  ^r-  1 1  cosn  e/  -  cos 


=  2""^  (cosh  tf  -  COS  ^  j  (cosh  tf  -  cos  ^  j...  (cosh  $  -  cos  — ^ —  tA  . 
sinhwtf  =  2""^sinh^(cosh  tf-cos-j  ...(cosh  tf- cos— ^^  tt)  , 


cosh  nO -  cos  Tia  =  2""^  (cosh  $  -  cos  a)  <cosh  0  -  cos  (a  4-  —  ]  I 

...  |cosh  6  -  cos  (a  + '^ )  I  • 

521.     To  resolve  cos  0  and  cosh  6  into /actors. 

We  have  cos  na  and  cosh  wa  equal  respectively  to 

^    ,/  ^\/  37r\      /  2w-l    \ 

2"-M  cosa-cos^  jf  cosa-cos  — j...(  cosa-Cos  -  grj, 

2"-^  ( cosh  a  — cos  ^j  (  cosh  a  — cos  — j...  (cosh  a-  cos  — tt) 

Now  cos  (2n  —  A)  7r/27i  =  —  cos  \7r/2n, 
. .  ( cos  a  -  cos  n~){  ^^^  *  -  COS  — ^ —  wj  =  smr  ^ sinh*  a, 

(  cosh  a  -  cos  ^  j  (  cosh  a  -  cos  — ^ —  tt  1  =  sm^  ^  +  sinh 


'^o. 


t)n- 
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.'.  if  w  is  even,  multiplying  first  and  last  factors  &c.,  we  have 

^(sin*^  +  sinh*a)( sin^^  +  sinh'a)...  (sin*-^ — 7r  +  sinh*aj. 

Here  put  Tia  =  ^.     Thus  cos  0  and   cosh  B  are  equal  respec- 
tively to 

2**'^  (  sin*  ;r sin*  -  )  (  sm*  ^ —  sm*  -)...(  sm*  -^ —  tr -  sm*  -  I , 

V       2n  n)\       2n  nJ      \  2n  nj  * 

2^'^  fsin*  ^  +  sinh*  -^  fsin*  |^  +  sinh*  -V . .  f sin*  ^^  ir+ sinh*  -\ 

Here  put  ^  =  0.     Thus 

1  =  2**^  sm^^r-'  sm*  ir- . . .  sm*  -^ —  ir. 
2/1  2n  2n 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

. _/        sin* e/n \  (         sin* ejn  \      /  sin* Oju        \ 

cose^-^1     gij^2^/2wA      sin»37r/2w;*"\       sin* (n -  1) 7r/2w;  ' 

^  .     /-       sin*  Bin  \  /,      sinh*  d/n  \      /,  sinh*  Bin       \ 

\       sin'  TT/ 2n/  \       sin*  oirjznj      \       sin*  (w  -  1 )  7r/2n/ 

In  these  last  equations,  make  n  infinite,  while  B  remains 
constant  and  finite.  Then  Bin  and  Xirj^n  become  zero :  and,  for 
the  ratio  of  the  functions  sin  and  sinh  we  may  substitute  that  of 
the  quantities  Bjn  and  X7r/2n  themselves.     Thus 

»..,={,.(?j)'}(..0}{,.g-t)}....i.»^.,. 

These  products  are  convergent  for  all  finite  values  of  B, 
because  the  sum  of  the  series 

/2^y/l      1       1       1         \ 

\ir)  VT'^3'*"*^5"*'*"y*'*""7 
is  convergent :  the  w*^  term  being  of  the  form  (2n  + 1)*,  where 
a;  =  -2<:-l. 


cos 
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The  first  fonnulae  may  easily  be  remembered,  by  giving  to  ^ 

the  values  o  >  ir  >  "H"  ^^-  which  make  each  side  vanish. 
J      2       12 

522.     To  resolve  sin  0  mid  sinh  B  into  factors . 
We  have 

=  2**""^  sin  a  (  cos  a-cos- j  ...  (cos  a-cos tt  J  , 


smna 


sinh7ia=  2**"^  sinh  a  f  cosh  a  — cos  -)-•  (cosh  a -cos w  j  . 

Now  cos  (n  -  \)  ir/n  =  -  cos  Xn/w, 

. .  (  cos  a  ~  cos  —  )  (  cos  a  —  cos >  ir  )  =  sin'* sin^  a, 

\  n  J  \  n       /  n 

(                     AttN  /      ,                n  —  A    \       .  „  Xir       .  ,  „ 
cosh  a  —  cos  —  )  (  cosh  a  —  cos ir  )  =  sm*  —  +  smh^  a  : 
n  J  \                       n      J  n 

.*.  if  71  is  odd,  multiplying  second  and  last  factors  <fec., 


smna 


=  2**"^  sin  a  ( sin^  —  sin*  a ]. . .  ( sin^ 


2n 


—  sin' a]  , 


sinhna  =  2'*~-^sinha(sin'-  +  sinh'a )...  (sin*-^ — ^r  +  sinh'aj  .. 
Here  put  na  =  0,     Thus 


n-n  /3  =  9**-l  si-n  —  I  Hin^ sin^  _ 


sin  B  =  2**"^  sin  -  (sin*  —  sin*  -  ) . . .  (sin*  —^r— 

n\       n  nj      \  2n 


TT  — sin 


^^J 


sinh  tf = 2«-^  sinh  -  ("sin*  -  +  sinh*  -  Y . .  (^sin*  ^^  ir  +  sinh*  -\  , 

n\       n  n/      \  271  71/ 

Here  put  ^  =  0.     Thus 

n  =  2**  *  sm*  -  sin*  —  ...  sm*  —z: —  tt. 
71         71  In 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

.    .         ,    e      /,     sin*^/7i\      /,  sin*^/w        \ 

sin^  =  7ism-  .  (\^  <      ...1  --^^7 tT~7o-)> 

n      \       siDr-n-jn/      \        sin*(n— l)7r/27i/ 


sinh^  = 


=  71  sinh-  .  ( 
n      \ 


1  +  =; 


sinh*  $/n 


sin*ir/7i 


)...( 


1  +  ^ 


sinh*  0/n 


sin*(7i-l)7r/2 


.) 
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Here  make  n  infinite.     Thus 
sin^  =  e{l-0}{l-(0}(l-(0},...toinfinity.       ' 

These  products  are  also  convergent. 

The  first  formula  ,may  easily  be  remembered  by  giving  to  0 
the  values  0,  tt,  ^ir  &c.,  which  make  each  side  vanish. 

523.     To  resolve  cos  $  —  cos  ^  and  cosh  6  —  cos  <f>  hUo  factors. 
We  have 


cos  na  —  cos  nfi  =  2**"^  -^In  "   1  ^^^  ^  "  ^^®  ( ^  '^ )  i  » 

cosh  na  —  cos  nfi  =  2**"^  -^In  "^  \  ^^®^  **  ~  ^^^  ( — ~"  "*"  )^) P 


where  P  denotes  the  product  of  the  factors  obtained  by  giving  to 
A  the  integral  values  between  the  assigned  Umits. 

Now        cos  (iXir/n  +  j8)  =  cos  { 2  (ri  -  \)  irjn  -  j8}, 
.".  if  71  is  even,  X  =  ^ti  gives  cos  (2X.7r/n  4-  ^)  =  —  cos  jS,  and 
cos  na  —  cos  nP 

=  2»-i  (cos»  a  -  cos»  P)  P'JJ'^  {cos  a  -  cos  (—  *  jS^l , 
cosh  na  —  cos  7i)8 


=2«-i  (cosh^  a  -  cos^  p)P^^'^  jcosh  a  -  cos  (—  *  j8^|  . 
Again  cos  {^kTrjn  *  )8)  =  -  cos  {(tj  -  2A)  tt/w  sf  )8} ; 
/.  -jcosa-  cos  ( — ^ijSjl  jcosa-cos  I 'tt  jSj^ 


=  sin2/^?^±^^-sin»a, 


-jcosha  — cosf ^p)\  jcosha-cos( 'tt^H 

p\  +sinh^a. 


=  sin^  I 
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If  then  ^71  -  1  is  even,  writing  na  =  6  and  np  =  ^,  we  have 
cos  ^  -  cos  ^  =  2»-'  p;;=«»-»>  /sin»  (^^^)-  sin'  ^l , 

cosh  tf  -  COS  <^  =  2-^  i>^-||(«-2>  jsin^  f ^  *  ^"j  +  sinh^  ^l . 

Here  put  ^  =  0.     Thus 

1  -  cos  .^  =  2»-  ^C^^'^^'^^  sin«  f  ?^  *  ^)  . 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

a  JL     o    •  2*/!      sin^^/wW-  sin'^/n       \ 

cos^-cos«^  =  2sm*-^(  1  — .  ^  /.    )( 1 — r-5-775 — ^    ..,    )... 
^  2\       sin^<^/7i/\       sin^  (27r  «fc  <^)/7i/ 

I. /I  JL     o    •  a*^/i      sinh^^M/,  sinh»^/w      \ 

cosh  ^  -  cos  <^  =  2  sin*  ^  ( 1  +     .  ^  .;     )  ( 1  +  .  a/o      '^\/    J  •  •  • 
^  2  \        sin*  ^/w  /  \       sin*  (27r  ±  ^)/w/ 

Here  make  n  infinite.     Thus 

cos  0  —  cos  ^ 

cosh  a  —  cos  <^ 

--i(-a)'}{-(si-j}{-(i^)'}- 

These  products  are  clearly  convergent. 

The  first  formula  may  be  easily  remembered  by  giving  to  B 
the  values  ^,  27rdb<^,  4?r<t^  &c.  which  make  both  sides  vanish; 
and  by  putting  ^  =  0  which  gives  1  —  cos  ^  =  2  sin*  \^, 

524.  Many  important  results  may  be  obtained  from  the 
factorisation  of  cos  B  and  sin  0. 

Thus  we  may  equate  the  coefficients  of  the  several  powers  of 
B  in  the  term-expansions  of  cos  B  and  sin  B  with  those  obtained 
by  multiplying  out  the  factor  expressions. 

Or  we  may  equate  coefficients  after  taking  the  logarithms  of 
the  two  expressions  for  cos  B  or  sin  B. 

Thus  we  have,  from  the  two  expressions  for  sin  By 
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Equating  the  coefficients  of  $^, 

1111  ,  .    .      'T^ 

p  +  2"«  +  32  +  4a  +•••«»  W-  =  -g  • 

525.  The  method  of  the  following  article  is  of  very  general 
a.pplication,  the  process  involved  being  in  reality  merely  to 
clifferentiate  both  sides  of  an  identity. 

526.  To  find  series  for  cot  B  and  for  tan  B. 

Resolving  each  factor  of  sin  6  into  two  factors,  we  may  write 

where  P  denotes  the  product  of  all  values  obtained  by  giving  to 
^  every  positive  and  negative  integral  value,  excluding  zero, 

log  sin  tf  =  log  ^  +  S  log  fl  +  —  j . 
Now  for  B  write  B  +  h', 

logsin(tf  +  A)  =  log(tf  +  A)  +  Slog(l  +  ^-tiV 

SubPract  the  identity  in  B  from  the  corresponding  identity  in 
^  +  h ;  and  expand  the  remainder  in  powers  of  h. 

On  the  left  we  have 
log  sin  {B  +  h)-  log  sin  B  =  log  (cos  h  +  cot  B  sin  h) 

=  log  (l+Acottf-^A'...) 
=  h cot  B  —  \h^ -  ...  -  ^  (A  cot  tf . ..)^  +  . . .. 
On  the  right  we  have 

log(tf  +  ^)-logtf  =  log^l+^j  =  g-2^a+... 

_     h         1       A' 
'rrr  +  B      2  (pr -^  Bf'^ ' ' " 
Hence  equating  the  coefficients  of  A  in  the  new  identity, 

cottf  =  S 2, 

where  2  denotes  the  sum  of  all  values  obtained  by  giving  to  r 
every  positive  and  negative  integral  value  including  zero. 
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COS  ^  =  P  (  1  +  .^ vT-T-) 

V       (2r  +  1) .  W 


In  the  same  way  from  the  identity 

0 
(2r+l)4 
it  follows  that 

-  tan  ^  =  2  ,7^ =-r-T y, , 

where,  as  above,  r  has  every  value  indtiding  zero. 

In  these  expansions  of  cot  0  and  tan  ^,  the  terms  having  equal 
and  opposite  coefficients  of  ir  should  be  added  so  as  to  form  one 
term.  [Otherwise  the  series  assumes  the  indeterminate  form 
00  —  00  .]     Thus 

tan^  =  2o"  ^^ 


{(2r-fl)H^-^' 


§  4.     Circular  Measure  in  Terms  of  Ratios. 

527.     To  express  0  in  terms  of  tan  0, 

We  have  shown  in  Art,  359  that  for  all  positive  integral 
values  of  w, 

n cos**-^ ^ sin ^ - ^7  o    q~      cos**"* 0 sin' ^  +  . . .  =  sin 7i6, 

Divide  by  n  cos"  $.     Then 

tan^^("-^)(^-^)tan3g..("-^)("-^)("-^)(""^)tan«^- 
1.2.3      ^^  ^^  1.2.3.4.5 

sin  nO 


n  cos**  ^ ' 
If  now  n  is  wo^  a  positive  integer  the  series  on  the  left  will 
be  endless.     If  moreover  tan  6  is  arithmetically  equal  to  or  less 
than  1,  the  series  will  be  convergent  as  in  the  binomial  theorem. 

Now  in  this  case  the  above  equation — as  will  be  shown  in 
Chap.  XXI. — still  holds,  provided  that,  on  the  right  hand,  we 
make  0  represent  the  positive  or  negative  actite  angle  whose  tan- 
gent =  tan  0 ;  and  give  to  cos**  6  its  positive  value. 
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With  this  understanding,  then,  we  may  make  n  as  small  a 
fraction  as  we  please.     Then,  in  the  limit, 

1 


sinwd  _  A  sinw^ 


=  0. 


n  cos"  0  nO     *  (cos  0)'' 

Hence  from  the  above  equation, 
If  tan^^l  and  0  is  acute;  i.e.  if  $  lies  between  -Jir  and 

tan^-^tan»^  +  ^tan»^-...  =0. 
This  is  called  Gregort/s  series. 

528.     The  geometrical  illustration  of  Gregory's  series. 


Let  AOB  be  any  angle  not  greater  than  half  a  right-angle; 
AB  the  arc  opposite  AOB-,  AT^  the  tangent  at  A, 

Draw  the  lines  OBT^,  T^T^,  T^T^,  ^8^4,...  each  perpendicular 
to  the  preceding  to  meet  AT^  and  OA  alternately.     Then 
9.vcAB  =  AT^-^AT^  +  ^AT^'-\AT,+  ,.. 
For,  if  -40  =  1,  AB  =  circular  measure  of  AB  =  B  say. 

And  ^ri  =  tan^;  AT^=^ts.n^  $-,  AT^=tB,n^e*,  and  so  on,  by 
EucHd  VI.  8. 


1 
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529.  To  express  0  in  terms  of  sin  0. 

We  have  shown  in  Art.  375,  that  for  all  odd  integral  values 

of  71, 

sin ^ r^r—  sm^  0  +  ^ ,  ^ ^  sin*^  tf -  ...  = . 

If  now  n  is  not  an  odd  integer  the  series  on  the  left  will  be 
endless.  It  is  always  convergent,  because  sin  6  is  arithmetically 
equal  to  or  less  than  1. 

Now  the  above  equation — as  will  be  shown  in  Chap.  XXI. — 
still  holds  provided  that,  on  the  right  hand,  we  make  6  represent 
the  positive  or  negative  acute  angle  whose  sine  =  sin  0. 

Thus  we  may  make  n  as  small  a  fraction  as  we  please.  Then 
in  the  limit,  if  ^  is  acute, 

.    ^     1    sin^tf      1.3    sin»^      1.3.5    sin^^  . 

^^^^■^2- -y-^  274- -5- ■"  2:4:6--T~'- •••=^- 

530.  If  X  is  any  quantity  arithmetically  not  greater  than  1, 
in  Art.  527,  we  may  write  tan  6  =  x,  and  in  Art.  529,  sin  ^  =  05. 
Thus 

03  -  ^x*  +  ^0^  —  ^0^  4- . . .  =  circulcMT  measure  of  the  aciUe  angle 

whose  tangent  is  equal  to  x, 

lar^l.3a^l.3.5a;7  .,  « 

^+ o  •  "o  +  n— r  •  T  +  75— J — ^  .  TT  +  ...  =  cvrctUar  measure  of 
2     3      2.4     5      2.4.6     7 

the  a>cute  angle  whose  sine  is  equal  to  x, 

53 1 .  Now  we  have  tan  (rrr  +  $)  =  tan  0  where  r  is  any  integer. 
If  then  <l>  is  any  angle  lying  between  nr  —  J^r  and  nr  +  ^tt,  where 
r  has  some  assigned  integral  value^ 

tan  <^  —  J  tan*  ^  +  y  ^'^  ^  —  •  •  •  =  ^  -  »^. 
Again  we  have  cot  (rir  •\-\ir-$)  =  tan  tf,  where  r  is  any  integer. 
If  then  <f>  is  any  angle  lying  between  nr  +  Jir  and  nr  +  f  w,  where 
V  hojS  some  a>ssigned  integral  valtie, 

cot  ^  -  ^  cot*  <l>  +  i  cot'  ^  -  ...  =  rTT  +  Jir  —  ^. 
Hence  ^  may  be  expanded  in  powers  of  tan  ^,  when  ^  is  in 
the  right  or  left  quadrant,  and  in  powers  of  cot  ^  when  it  is  in  the 
up  or  doum  quadrant. 
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532.  Now  we  have  sin  {nr  +  (-  l)**  ^}  =  sin  $.  If  then  <^  is 
any  angle  lying  between  rir— ^tt  and  nr  +  ^ir,  whsre  r  has  some 
assigned  integral  ycduey 

.    ^     1    sin^*^     1.3    sin»«^    1.3.5    sin^«^  ,    ,,^,^        , 

8m<^  +  2  •  -3-  ^  O-  -5-'2:i-6  •  "T""'-^^"^)^^-^)- 

Writing  here  <^  =  iir  +  i/r,  we  have  if  i/r  is  any  angle  lying  be- 
tween (r  —  1)  TT  and  rTr,  where  r  Aew  some  cLssigned  integral  value, 

,     1    cos*  \lf     1.3    cos*^  \b     1.3.5    cos^  </f 

=(-ir(^+j'>--»*). 

Hence  any  angle  i^  may  be  ex|)anded  in  powers  of  sin  i/r  or 
of  cos  t/r. 

533.  The  two  series  of  Art.  529  enable  us  to  calculate  the 
value  of  an  arc  in  terms  of  its  sine  or  tangent.  In  particular  we 
may  find  from  them  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle ;  i.e.  the  value  of  m 

Using  the  inverse  symbol  to  represent  the  circula/r  measure  of 
an  acute  angle,  we  have 

.     J    _        1    «»     1.3    a»     1.3.5    a' 
sin    a^-^^  +  ^'g"  ■^274'  5"^2.4.6-  7"^-- 

tan"^ x  =  x-\qi?  +  \Qi^-\a? ■\-  .. 

534.  In  the  first  of  the  above  equations,  let^a5  =  ^.  Then 
sin"^  X  =  \ir.     Thus 

TT^l      J_     3        1         3^      _J_      3.5.7         1 
6"2"*'3.2*^2  *  5.2''*"    |3    •7.2^«^      |4       '  Y7¥^'^  "' 

^     \         9  3.5      a.5.7~ 

8     10.2«     7.2^<^       9.2^ 

Taking  3  terms  of  this  series,  we  have  Tr  =  3*14  approxi- 
mately. 

After .  .the .  first  few  terms,  this  series  does  not  converge 
rapidly  enough  for  convenience  of  calculation. 
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535.  In  the  second  of  the  equations  of  Art.  533,  put  a;  =  1. 
Then  tan"*  x  =  J^.     Thus 

TT     ,       1       1       1       1        1 
4  3     5     7     9      11 

7r_  J^      J_         1 
8~1.3'^5.7"*"9.11"*'- 

This  series  is  very  slowly  convergent. 

We  may  however  adapt  the  inverse-tangent  series  for  the 
purposes  of  calculation  by  expressing  J-tt  as  the  sum  or  difference 
of  suitable  angles. 

The  excellence  of  a  series  for  purposes  of  calculation  depends 
on  (1)  the  rapidity  of  its  convergence,  and  (2)  the  simplicity  of 
the  operations  to  be  performed. 

536.  We  shall  make  use  of  the  equation 

tan-^  T=  tan-^  t  +  tan"^  ^j — =r  . 

Here  T  and  t  may  be  chosen  at  will,  and  we  shall  attempt  to 
find  simple  expressions  for  the  remaining  term, 

537.  First,  put  t  =  J. 

Then  if  T=  1,  we  have 

Jtt  =  tan-^  +  tan-i  ^ (1). 

And  ii  T=\,  we  have 

tan~^  ^  =  tan~^  \  —  tan"*  |. 

Substituting  in  (1)  for  tan"*^  or  tan"*  J  from  this  last 
equation  we  have 

J^  =  2  tan-*  J  -  tan-*  I (2), 

Jir  =  2  tan-*  I  +  tan-*  I (3) 

538.  Next,  put  t  =  J, 

If  ^=  1  ;  i^r  =  tan-*  \  +  tan-*  |. 

If  ^=1;      tan-*  I  =  tan-*  J  +  tan-*  ^f^g'. 

If  T=^i  tan-*  ^  =  tan-*  \  +  tan-*  ^. 

.'.  (adding)         ^tt  =  3  tan"*  J  +  tan-*  ^ (4). 

This  is  convenient,  since  99  has  the  simple  divisors  9  and  11. 


1 
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539.  Next,  put  t  =  \. 

If  ^=1;               i7r  =  tan-i.J  +  tan-^f. 

If  r=|;       tan-i  §  =  tan-i  ^  +  tan-i  3^- 

If  ^=tt;  tan-i  tV  =  ^aii""  t  +  *an"' A- 

If  ^=^;  taii-^^  =  tan-ii-tan-i    ^ 


5        **■"       TST^' 

.-.  (adding)         i7r=4tan-^|-tau-i^ ....(5). 

This  series  is  quickly  converging,  but  the  divisor  239  is 
inconveniently  large. 

540.  We  have  thus  found  ^ve  substitutions  for  Jtt  by  means 
of  which  its  value  may  be  calculated  more  or  less  conveniently. 
Thus 

_1_      J \_         \ 

3.4"*"  5. 42     7.48^-7 


¥- 


-H 


i^=|x 


1       1 

+ 


7.48 
1 


3.9     5. 9«     7.9« 


+ 


•••    I    ••••••••t«»«*»IX)« 


1 


1 


3 .  4     5 .  42     7 .  48 

1  1 

+ 


1 


3 .  49     5 .  492     7 .  49» 


■) 


(2). 


1 


1 


1 


( 


3  .  9     5  .  92     7  .  9» 

1 
3 .  49  "^  5 

1  1  1 


+ 


...) 


1  1  \ 

49*     7.49^^"/ ^  '* 

-      ^  ^4^ 


3.  16     5.16*     7.163 
52  5*  5« 


992     5 .  99*     7 .  99« 
1  1 


5*  "^  5  .  5* 


+ 


7.5« 
1 


...) 


1 


2392     5 .  239*     7  .  239« 


...)  (5). 


Series  (1)  is  known  as  Enter's;  series  (5)  as  MdcJiin^s;  the 
other  series  were  suggested  by  Hutton,  whose  method  has  been 
followed  in  the  above  derivations. 
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The  last  series  may  be  simplified  by  noting  that 

*a^"^  TOT  =  *a^~^  TiF  -  *a^"^  inr> 
which  the  student  should  prove. 

541.  We  will  now  prove  the  important  proposition  that  ir 
and  also  tt^  are  incommensurable.  For  this  purpose  it  will  be 
necessary  to  give  a  short  account  of  continued /ractums. 


Contirvued  Fractions, 
542.     A  continued  fraction  is  a  fraction  of  the  form 
^ and  is  usually  written  shortly     ^       ^        ' 


Oa^&c. 
We  will  give  a  few  theorems  on  fractions  of  the  form 

,  where  Oj,  bi,  o^,  b^ ... 


bi      62     63 


are  all  positive.     Such  continued  fractions  are  said  to  be  of  the 
second  class. 

The  simple  fractions  —  ,  —  ,  —  are  called  the  componerUsi  the 


fractions  obtained  by  stopping  at  these  are  called  the  convergents : 
and  the  fractions  obtained  by  omitting  them  are  called  the  re- 
mainders. 

Thus  ^  being  the  n^^  component,  -^ ^^^^      is  the  n^  re- 

a^-  fl^n+l  ~  ^n+2  —  •  •  • 

mainder. 

The  first  convergent  is  —  ^  the  second       ^  4  =  —     \  ,  and 

^— — 
so  on. 

Also,  if  F  is  the  fraction,  and  p„  the  w*^  remainder, 

i^  =  — ^— ;  pi  =  — ^—  ,  and  generally  p„_i  =       ** 


«i-pi  Og-Pa  ~        ^n"Pn 
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Lastly,  if  c„  is  the  n***  convergent  of  F,  and  y„  the  n*^  converg- 
ent of  pi, 

543.     Theorem  I.     The  convergents  are  in  ascending  order 
of  magnitude,  provided  that  they  are  all  positive. 

For  we  have  c,=  -^  and  c„,,=  -A-  . 


Oi-yn-i  <h-yn 

Assuming,  then,  that  a  convergent  y„  of  the  n*^  order  is  greater 
than  y^_i  of  the  (n-  1)***  order,  we  see  that  c^^^  of  the  («+  1)*** 
order  is  greater  than  c„  of  the  n*^  order. 

Now  clearly  the  2^*  convergent j-r—  is  greater  than  the 

!■*  convergent  — .     Hence,  universally,  a  convergent  is  increased 
by  taking  an  additional  component. 

544.  Theorem  II.  If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  the  continued  fraction 
is  itself  positive  and  not  greater  than  unity. 

For  assuming  that  y„  of  the  w*^  order  is  not  greater  than  unity, 
c^^-i  of  the  (n  +  1)***  order  is  at  greatest  — ^  ,  which  is  not  greater 
than  unity  ;  and  is  positive,  since  o^  is  not  less  than  y,^. 

Now  clearly  the  P*  convergent  —  is  not  greater  than  unity. 

Hence  no  convergent  can  be  greater  than  unity;  and  all  are 
positive. 

And,  therefore,  the  fraction  itself  is  positive  but  not  greater 
than  unity. 

545.  Theorem  III.  If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  while  that  of  the  first 
exceeds  its  numerator  by  more  than  unity,  the  continued  fraction 
is  itself  less  than  Unity. 

J..T.  26 
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For  the  fraction  = —  ,  where,  by  the  last  theorem,  p^  is  not 

<h-  Pi 

greater  than  unity.    Hence  the  fraction  is  at  greatest  — ^  which 
is  less  than  unity. 

546.  Theorem  IV.  An  endless  continued  fraction  of  the 
second  class,  in  which  the  numerator  and  denominator  of  every 
component  are  finite  integers,  and  in  which  every  remainder  is 
positive  and  less  than  unity,  must  be  incommensurable. 

For,  if  possible,  let  the  fraction  be  commensurable  and  equal 
to  J  where  A  and  B  are  finite  positive  integers. 

JO. 

Here  C  the  numerator  of  pi  is  a  finite  positive  integer. 

D  E 

Similarly    pj  =  -^ ;     Ps  =  7s  >  <^c->  where  /),  E  are  positive 

integers. 

Now,  by  hypothesis,  each  of  the  remainders  pi,  pj...  is  less 
than  unity.  Hence  B,  C,  D,  E...  form  a  series  of  positive  integers 
which  are  in  descending  order  of  magnitude  and  yet  infinite  in 
number:  this  is  absurd.  Hence  the  endless  continued  fraction 
cannot  be  commensurable. 

547.  Since  the  convergents  of  a  continued  fraction  of  the 
second  class  (if  positive)  are  in  ascending  order,  such  a  fraction 
resembles  a  series  all  of  whose  terms  are  positive.  Hence  more- 
over such  a  fraction  cannot  have  more  than  one  finite  limit. 

It  should  be  observed  that  the  assigned  characteristics  may 
be  supposed  to  begin  to  hold  after  any  Jlnite  number  of  compo- 
nents. For  example,  the  n}^  convergent  of  any  continued  fraction 
must  be  commensurable  if  its  components  are  commensurable. 
Hence,  if  the  remainder  after  the  n***  convergent  is  incommen- 
surable, the  whole  fraction  is  incommensurable. 
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548.     To  prove  that  ir  is  incommensurable. 
By  Art.  513, 

t&nO  = 


1-  3-  5-" 
If   possible,  let  -•  =  —  ,  where  m  and  n  are   finite  integers. 

Put  $  =  ^w.     Then  tan  ^  =  1 ;  thus 

_  m/n  m^/n^  m^/n^ 
T^  T^     5^" 

m      m'       m^ 


n—  Sn—   5n—' 
If    r    is    taken    large    enough,    in    every   component   from 

onwards,  the  denominator  wiU  exceed  the  numerator 


m^ 


(2r+l)n 

by  more  than  unity.  Hence,  by  Theorem  III.,  every  remainder 
from  this  point  onwards  will  be  positive  and  less  than  unity. 
Hence,  by  Theorem  IV.,  the  fraction  must  be  incommensurable. 
But  it  is  not      Hence  tt  cannot  be  commensurable. 

549.     To  prove  that  tt^  is  incommensurable. 
By  Art.  513, 

1  -  ^  cot  ^  =  s—   ^ —  »T—  •  •  • 
o  -    0—   7  — 

If   possible  let  -j-  =  — ,  where  m  and  n  are  finite  integers. 

Put  6  =  ^TT.     Then  cot  ^  =  0  ;  thus 

m/n  m^/n  m/n 

m      m^n     mn 


3n—  5n—  7n—  *" 

As   before   this   is  impossible.     Hence  ir*  cannot   be   com- 
mensurable. 

Observe,     This  proposition  includes  the  last. 

25—2 
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Examples  XIX. 

1.     tan  ^ >  ^  and  <  ^r — ^.  2.     cot  ^<2  and>  ^  —  -  . 

3.  Given  tan  $•>$  and  cos  ^  >  1  -  J^,  show  that 

sin^>^-i^^. 

1     B 

4.  Given  tan  6->6.  show  that  cot  ^  <  7?  -  t  J    and  further 

u     4 

1      d 
that  cot  ^  **=  ^  "  o  • 


5. 


If  aj  >  i,  cot ^  >  1  -  a;  +  ar*. 

2'         1  +  a;^ 


6.  sin  6  >  tan  6-\  tan^  ^. 

7.  (2 cos^  -  1)  (2  cos  20  - 1)  (2  cos  2«  ^-  1) 

.    ^  2cos2«^+l 

...  to  7i  factors  =  -^r 7^ — r — . 

2  cos  ^  +  1 


tan^* 


8.  ^1  -  tan"  ^  (\  -  tan^  -\  (l  -  tan^  gs)  •  *  *  ^  *^/*  = 

9.  ^  tan  J^  + 1  tan ^^  +  |  tan  |^  +  . ..ewf  in/  =  IjO  -  cot  ^. 

1  IT 

10.  tan"^  i  +  tan~^  i  +  . . .  +  tan"^  -5 r  +  . . .  ad  inf,  =  -- 

^  ^  71^  4-71+1  "^4 

11.  Find  the  limits,  when  x  is  zero,  of 

(cosa;)co*«,  (1  -  sin  2a;)«>8e«%  (cos  aaj)«>8ec«^»  (sec  aa;)cot«^« 

2  +  ^3     2+V(2-*-V3)     2 +  V{2  + 7(2  +  ^3)} 


12. 


. . .  ad  imf*  —  —^ . 

TT 


13.  If  ^  measures  an  acute  angle,  0  >  ^ 7; . 

®    '         2  +  cos^ 

cos^        ^  .  .  . 

14.  If  —75 — I 75  has  its  least  positive  value,  0  >  ^3  -  1.  I 

0  COS0>  ^  'V  I 
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15.  The  chord  of  a  circle  subtending  an  angle  $  at  the 
centre  =  2  sin  ^0, 

16.  Without  using  any  trigonometrical  formula,  but  assuming 
only  that  the  chord  of  a  circle  changes  its  sign  without  changing 
its  magnitude  when  the  arc  changes  its  sign  without  changing 
its  magnitude,  and  that  the  chord  is  nearly  equal  to  the  arc 
when  both  are  small,  prove  the  following  three  propositions 
for  approximating  to  the  value  of  the  arc  : — 

(1)  Subtract  the  chord  of  the  arc  from  8  times  the  chord  of 
the  half-arc  and  divide  the  result  by  3. 

(2)  Add  the  chord  of  the  arc  to  256  times  the  chord  of  the 
•quarter-arc,  subtract  40  times  the  chord  of  the  half-arc,  and 
divide  the  result  by  45. 

(3)  If 

^     (4ic-  1)  (4«aj-  l)...(4~aj-  1)  =  Aa:*  -  /lub"-^  +  va;*»-^ -  ...  -h  (-  l)" 
then 
(4  -.  1)  (42  -  1)...(4»  -  1)  a  =  X.  2«  c„  - /i .  2*^-1  Cn.i  +  ...  +  (-  l)~Co 

where  a  =  the  arc,  and  c^  =  the  chord  of  a/2"*. 

17.  Find  the  limit,  when  a:  =  1,  of  ^-^ . 

x—l 

Find  the  following  limits,  when  x  =  0;  or  ^  =  0 ;  (18—33). 

18.  ^LZ^,  19.     ""-Z^.  20.        '^'^^ 


X  a^  '     1  -  cos  qx  * 

^-      sinhoj-o;  cosh  05-1  „      cosh  a; -cos  a; 

X  —  sm  X  1  -  COS  X  Sinn  x 

24.     0-'  (sin  ^  +  sinh  e  -  20),        •  25.  0-^  (cosh  ^  -  cos  ^  +  O'). 

-  ^      m  sin  X  —  sin  mx  ^_  sin^  nx  -  sin*  mx 

26.      —. r .  27. 


a;(cosaj  — cosTJia;)  *  '  1— cos^a; 

Q      2  sin  3a;  —  3  sin  2a;  ^^      sin  2x+  2  sin'  a;  —  2  sin  a; 

Zo,      : ,  2y.     5 

X  —  sin  X  cos  X  —  COS"*  x 

^^         (sin  X  +  sin  2x  -  sin  3a;)* 
(cos  a;  —  2  cos  2a;  +  cos  3a;)' ' 
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« -         (5  sin  a;  —  4  sin  2x  +  sin  3a:)* 
(5  cos  a;  —  8  cos  2x  +  3  cos  Sxf  ' 


8 


32.  (^)r 


33.     (  cos  -  +  sin —  )   . 
\       n  n  J 


Prove  the  following  statements :  (34 — 49). 

34.  cosh  2a5  =  cosh'  x  +  sinh*  a;  =  2  cosh*  aj  —  1  =  1  +  2  sinh'  x, 

35.  sinh  2a;  ==  2  sinh  x  cosh  ar. 

-^      .      ,   ,  ,      tanhaj  +  tanhv 

36.  tanh(a;  +  y)  =  , — .     ,      .     /  . 

^       ^'     1  +  tanh  aj  tanh  y 

37.  tanh  x  —  cosech  2aj  —  coth  2aj. 

38.  coth  X  =  cosech  2a3  +  coth  2a;. 

39.  cosh  3a;  =  4  cosh'  a;  —  3  cosh  x, 

40.  sinh  3a;  =  4  sinh'  a;  +  3  sinh  a;. 

41.  The  terms  in  the  expansion  of  coshna;  and  of  sinhTzar 
are  taken  alternately  from  the  expansion  of  (cosh  x  +  sinh  a;)**. 

42.  sech*  X  +  tanh*  a;  =  1 .  43.     cosech*  a;  +  1  =  coth*  x, 

44.  Cosh  and  Coth  are  always  greater  than  1 ;  Sech  and 
Tanh  are  always  less  than  1 ;  Sinh  and  Cosech  may  have  any 
value. 

45.  cosh  y  cosec  x  +  sinh  y  cot  a;  >  1 . 

46.  If  cos  X  =  sech  y ;  then  sin  a;  =^  ^^  tanh  y  and  tan  a;  =>=  ^  sinh  y. 

47.  If  sin  X  =  sech  y ;  then  cos  a;  =  *  tanh  y  and  cot  a;  =  =fc  sinh  y. 

48.  cosh  TT^fl-^  pj  n.+  g-J  n  +  gjj  ...  <w?  inf. 

49.  ^  =  tanh  0  +  ^  tanh'^  +  \  tanh*^  6  +  ...  ao?  inf. 

Sum  the  following  series  to  infinity;  (50 — 55). 

50.  X  sinh  a  +  a;*  sinh  2a  +  a;®  sinh  3a  +  . .. 

51.  a;  cosh  a  +  -j^  cosh  2a  +  -j^  cosh  3a  +  ... 

[A  [3 
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52.     l-"-^cosh)8  4-^cosh2/3-^co8h3^+.. 


I  '^       \2  ^        1 3 

53.  sinh  a  —  |  sinh  2a  +  J  sinh  3a  -  ... 

54.  cos  $  cosh  <^  +  J  cos^  ^  cosh  2<l>  +  ^  cos'  ^  cosh  3<^  +  . . . 

55.  1  +  -  cos  a  sinh  B  +  ^;^^V  cos^  a  sinh  2)8 

^^<^-^)(^3-^^)cos3asinh3,g^.. 
|3  .  ^« 


Prove  the  following  statements :  (56 — 65). 
5fi      i      i      L      1  _^ 

Pi7     1     1     i     1        -![! 
p  ^  32     52  ^  72  "*"  •  •  "~  g  * 

5«      i     1     1     JL     _L         -Zif 

^^'  ][2  "^    52  "*"    ^2  "^    IP  "*"    132  +  •••   —    g     . 

59.  The  sum  of  the  reciprocals  of  the  squares  of  all  integers 
except  the  multiples  of  r  is  (r*  -  1 )  w^/6r*. 

60.  The  sum  of  the  reciprocals  of  the  squares  of  all  odd 
integers  except  the  multiples  of  2r  +  1  is   ^\^ — Ap-^  . 

61.  The  sum  of  the  reciprocals  of  the  squares  of  the  products 
of  all  pairs  of  integers  is  -^j^tt^]  and  of  all  pairs  of  odd  integers 


isTrir'^- 

62. 

1111                         TT* 

14+  2*"^  3*"^4*'^"*~90* 

63. 

1111              ^* 
14+34+  54+  74+ 96' 

/%    A 

IT       4»         8«          122 

64. 

4~3.5  '7.9  *  11.13  •  • 

65. 

TT       2«         42         6^ 
2"  1.3  *  3.5  •  5.7  ••• 
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66 


.     Show  that \ — TT-  =  P  ( 1  + ;i  I  and  hence  that 

sin  ^  \       rrr-hOJ 

1  /     1     \* 

cot  0  =  %  71  and  cosec*  $  =  %{ -p: )  . 

rw  +  0  yrir  +  6/ 


67.     Show  that 


cos  (^  +  <^)  ^  p/i  .  ^  \ 

CO80      ~     V       (2r  +  l)i7r  +  ^y 

■and  hence  that 

1  /  1  \2 

-tan^  =  2,-^r =-r-= ^and  sec*^=2{7^r r-r-^ z)  • 

(2r  +  1)  JTT  +  ^  \(2r  +  l)fjr  +  $/ 

68.  Hence,  using  the  identity,  cosec  0  =  ^  cot  ^^  + 1  tan  ^0, 
show  that  cosec  ^  =  2  (-  1  )* 21  > 

•and  sec^  =  S(- l/.-x :rT-^ ^. 

/./%      Ti.  11    ^1       sinaj-sinhcc     ,      a5  .a; 

69.  If  cos  X  cosh  a;  =  1,  then r —  -  tan  ^  or  -  cot  7; . 

cosfic-cosha:  2  2 

70.  Prove   that  sin  2^  =  2  sin  tf  cos  0  from    the   factor    ex- 
pressions of  sin  6  and  cos  0. 

71.  Resolve    vers^   into   factors   without    making    use    of 
■expression  for  sin  0, 

^  /tan  2$  +  tanh  2<l>\  ^ /tan  ^  -  tanh  <^\ 

^^'     ^^'^     Vtan2^-tanh2<^>'^^''     Vtan  ^  +  tanh  <^; 

=  tan"^  (cot  0  coth  <^). 

73.  ^...o...(i.M)(,-«)(:4)(,.«)... 

7r»        1        1         1        1 
And  hence  32  "^  P"  3»  **"  5»  "  ?»"^  **• 


^        64c\       12;~3*'^5*^7*"*"  9*"^"* 
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75.     =  cosh  ^x  cosh  ^x  cosh  ^  . . . 

and  hence         -=  =  cosech^ »  +  ttq  sech^  W  +  t?  sech*  t  +  •  •  • 

or  2*  2      4*  4 

,  111111 

and  = =■  +  jr  . .  +  -r  .  T  +  . . . 

log  a;     x-l      2      i+x^     ^      l-ha^ 

^^       IT.      .-Traj  1  1  1 

77.     ^coth^  =  5^+^— p,+  -^^,^^,-^,+  ... 


78. 


A         2  2  2  \ 

V    *'l  +  P"*"  1+2^^  l+32^**7 


/        1  1  1  \  71^ 

V4  +  l'"^4  +  32'^4  +  52^'*7'"  8* 


79.     tanha;  = 


80.     sin     a;  = 


1+  34.   5+  7  +  - 
a;         ar^  Gar*  20a^ 


1+  6-ar»+   20-ar'+    42-ar^  +  *" 


la*  2a:«  12ar» 

81,     cos    x  =  - — 


1+  2-ar'+  12-aj*-».  30-ar»+"* 

82.  Find  the  general  form  of  the  component  in  80  and  81. 

Qo      X       1         «         ar»  3V  5W 

83.  tan~^  a?  =  = — 


1+  3-ar»+  5-3ar»+  7-5*2+"* 

84.  Calculate  -tt  to  3,  4,  5,  6,  7  decimal  places  respectively 
irom  the  formulae  1,  2,  3,  4,  5  of  Art  539. 

85.  Calculate  -tt   to   5   decimal  places    from   the    formulae 
of  Art.  533. 

86.  The  equation  0  =  cos  0  has  one  and  only  one  root :  and 
this  root  lies  between  ^w  and  ^tt. 


CHAPTER  XX. 

THE  CONSTRUCTION   OF  TABLES  AND   INTER- 

POLATION. 

§  1.  The  CoNSTEucrrioN  of  Tables. 
550.  To  calculate  the  value  of  v, 

X -04  ==-032 

=  •00128 

=•0000512  • 

=  -000002048 

=  -00000008192 

=  -0000000032768 

=  -000000000131072 

-  -0000000000062429 

=  -0000000000002097 
„  =-0000000000000084 
1  ^  702 = -0002040816326531 
70  =-0000029154518950 
70  =-0000000416493128 
70  =  -0000000005949902 
70  =  -0000000000084998 
70  =-0000000000001214 
1  -1-992  =  -00,01,02,03,04,05,06,07 
99  =-00,00,01,03,06,10,15,21 
99  =-00,00,00,01,04,10,20,35 
99  =-00,00,00,00,01,05,15,35 
99  =-00,00,00,00,00,01,06,21 
99  =-00,00,00,00,00,00,01,07 


^  1= 

•8             + 

-r  3  = 

•0106666666666667  - 

■¥   5=  ' 

•   256        4- 

^  7=  • 

73142857143  - 

-^  9=  • 

2275555556-1- 

-Mi  = 

74472727  - 

-M3  = 

2520615-*- 

-M5=  • 

87381  - 

-M7=  • 

3084-*- 

-M9=  • 

110- 

-J-21=  " 

4-1- 

t\f=  ' 

0142857142857143- 

-V-  3=  • 

9718172983  + 

H-  5  = 

1189980- 

-T-  7=  ' 

174-*- 

A=  • 

0101010101010101  -♦- 

-^  3= 

3435367174  - 

-^  5= 

210307  + 

-^  7  = 

15- 

s 

•8103582097472824  + 

•0249600463498340  - 

iT=  • 

7853981633974484 

.-.  7r=3 

141592653589793 

We  will  use  the  formula  J  ir  =  4  tan"^  \  -  tan"*  -^  +  tan"*  ^. 

The  multiplier  ^^j,  which  occurs  in  4tan~*  j^,  may  be  written 
4 . 10-^ 

Any  pair  of  digits  in  any  power  of  -^  may  be  found  by 
adding  the  preceding  pair  of  digits  to  the  corresponding  pair  in 
the  preceding  power.     See  above. 
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551.  To  find  sin  10". 

We  have     ^-f- 100  =  -03141592653589793, 

. •.  IT  ^  600  =  -00523598775598299, 

TT  -  600  -  9  =  -00058177641733144, 

TT  -4-  600  ^  9  -J- 12  =  -00004848136811095. 

Now  let  0  =  circular  measure  of  10"=  |  tt  -f-  90  -r-  60  -r  6  =  above 
calculated  decimal. 

Then,  by  Art.  485,  sin  $  lies  between  6  and  0  —  ^0^  for  any 
acute  angle. 

But  if  0  measures  10",  6  <  -00005,  i.e.  <  J.  10-*, 

.-.  i^<^^j-.  io-^<i.io-^^ 

Hence  writing  6  for  sin  0,  the  error  in  sin  10"  will  be  less 
than  ^  .  10-^».     That  is. 

For    13   places    of  decimals,    sin  10"  =  circular    measure    of 
10"  =  -0000484813681. 

552.  Similarly  we  have  sin  5"  =  -00002424  nearly  by  halving 
the  circular  measure  of  10". 

Thus  sin^  5"  =  (2424  x  10-«)'  =  5876  x  10"", 

.-.  \  (1  -cos  10")  =  -0000000005876, 
.'.  2(1 -cos  10")  =  -0000000023504. 

553.  To  calculate  the  sines   of  angles  which  are  multiples 
of  10". 

If  a  denotes  any  angle,  we  have 

sin  (n  +  1)  a  +  sin  (n  -  1)  a  =  2  sin  na  cos  a, 
.*.   sin  (n  +  1)  a  -  sin  na  =  sin  ?ia  -  sin  (n  —  l)a-(2  —  2  cos  a)  sin  na. 

In  this  equation  let  a=  10".  Then  we  have  found  sin  a  and 
2  —  2  cos  a. 

Putting  n  =  1  gives  us  sin  20"  -  sin  10". 

Putting  71  =  2  gives  us  sin  30"  -  sin  20". 
And  so  on. 

The  advantage  of  the  above  mode  of  working  is  that  the 
labour  is  reduced  to  the  mere  multiplication  by  the  small  quantity 
2  —  2  cos  a. 
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554.  To  teat  the  error  involved  in  tlie  process  of  calculating 
t/ie  sines  o/ multiples  o/lO", 

Whatever  error  was  originally  involved  in  the  value  used  for 
sin  10"  is  increased  n.  fold  in  calculating  sin  n,  10". 

For  the  error  arising  from  the  term  (2  —  2  cos  a)  sin  na  is  less 
than  10~*  X  (the  error  in  sinna)  and  may,  therefore,  be  neglected. 

Assuming  then  that,  if  the  error  in  sin  a  is  8,  the  errors  up  to 
sin  na  are  multiples  of  8,  we  have 

sin  (n  +  1)  a  =  2  sin  na  —  sin  (n  —  1)  a  -  . . . 

in  which  the  error  is  clearly  2n8  —  (?i  -1)8,  i.e.  (n  +  1)  8. 

Thus,  by  induction,  tue  have,  universalis/,  the  error  in  sin  na  is 
n  times  the  error  in  a. 

Let  us,  then,  use  the  value  of  sin  10"  which  is  correct  to 
within  ^ .  10"".  Then  the  error  in  60*  would  be  less  than 
60  X  60  X  6  X  J  .  10"",  i.e.  less  than  J .  10"^  Hence  the  above 
value  will  enable  us  to  calculate  the  sines  up  to  60°  correctly 
to  the  first  8  decimal  places. 

555.  When  the  sines  of  angles  up  to  60"  have  been  calculated, 
the  remaining  sines  may  be  found  by  simple  addition  from  the 
formula 

(1)  sin  (60*  +  ^)  -  sin  (60*  -  il)  =  2  cos  60"  sin  ^  =  sin  ^. 

Or,  stopping  short  at  45°,  the  remaining  sines  may  be  found 
by  approximating  to  the  value  of  J2  from  the  formula 

(2)  sin  (45"  +A)-  sin  (45"  -  il)  =  2  cos  45"  sin  A  =  J2,  sin  A. 

Or,  stopping  short  at  30",  the  remaining  sines  up  to  60°  may 
be  found  by  approximating  to  the  value  of  ^^3  from  the  formula 

(3)  sin  (30"  +  ^)  -  sin  (30°  -  ^)  =  2  cos  30°  sin  ^  =  ^3 .  sin  ^. 

After  this  we  may  use  formula  (1)  to  find  the  remaining 
sines. 

556.  Having  found  the  sines,  the  other  ratios  may  be  found 
from  the  following : — 

cos  A  =  sin  (90°  -  A), 


I 
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tan  A  =  sin  A  -r-  cos  A  and  tan  (45°  +  A)  —  tan  (45°  —  A)  =  2  tan  2A. 

cot  A      =  tan  (90°-^), 
cosec  A=^  (tan ^A  +  cot ^A), 
sec  A     =  cosec  (90°  -  A). 

557.  The  accuracy  with  which  the  calculations  are  per- 
formed may  be  tested  by 

(1)  The  known  values  of  the  ratios  of  certain  angles  (as 
proved  in  Chap.  IV.),  the  surd  expressions  in  which  may  be 
evaluated. 

(2)  The  known  values  of  the  ratios  of  certain  differences  in 
the  angles. 

Thus  since  the  ratios  of  3°  are  known  from  those  of  18° 
and  15°,  the  ratios  of  angles  differing  by  3°  may  be  successively 
found  independently. 

(3)  The  following  two  so-called  Fomiulce  of  Verificationy 
viz.  : 

sin  (36°  +  A)  -  sin  (36°  -  ^)  -  sin  (72°  +  A)  +  sin  (72°  -  il)  =  sin  ^. 
cos  (36°  +  A)  +  cos(36°  -  A)  -  cos (72°  +  A)  -  cos  (72°  -A)  =  cos  A. 

558.  The  method  of  constructing  the  tables  of  the  logarithms 
of  given  numbers  has  been  explained  in  Chapter  XVIII.  Having 
found  the  ratios  of  angles  as  above,  we  may,  therefore,  use 
the  table  of  logarithms  to  find  the  logarithms  of  the  ratios.  But, 
by  the  method  explained  in  the  following  article,  we  may  find  the 
logarithms  of  the  ratios  without  using  the  table  of  the  ratios. 

559.  To  find  the  logarithm  oftlie  cosine  of  any  angle. 

In  order  to  calculate  logarithms  we  require  to  use  factor 
formulae.     Thus  we  have 


cos 


'-('-?)('- 5)  ('-i?)- 


Now  put  6  =  —  .  ^  .     Thus 

-(>-)-('-S('-^.)('-^)- 
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Taking  logarithms,  we  have    log  cos  (  —  90°  j 

=  log  (n  +  m)  +  log  (n-m)  —  2  log  n 

+  log  (3n  +  m)  -i-  log  (3n  -  w»)  -  2  log  3n  +  ... 

The  logarithms  of  the  first  one  or  two  factors  may  thus  be 
found  from  the  table  of  logarithms ;  those  of  the  remainder  should 
be  found  from  the  formula 

logio  (1  -  a;)  =  -  logio  e  (a;  +  lar*  +  ^ar^  +  . . .). 

Thus  after  finding  the  logarithms  of  the  first  two  factors  by 
the  tables,  we  have  for  the  remainder  to  subtract 

These  series  converge  with  sufficient  rapidity  for  purposes  of 
calculation. 

560.  After  calculating  the  logarithms  of  any  one  ratio,  to 
find  the  others  requires  no  more  complex  operation  than  mere 
subtraction. 


§  2.     The  Theory  of  Interpolation. 

561.  We  shall  now  examine  the  basis  and  limits  of  the 
theory  of  Proportional  Differences,  which  is  applied  to  inter- 
polate values  of  quantities  intermediate  between  two  tabulated 
values.  The  general  nature  of  the  discussion  may  be  thus  in- 
dicated. 

Ijet/{x)  be  some  function  of  a;,  whose  values  are  tabulated  to 
mi  assigned  degree  of  accuracy  for  successive  values  of  x  differing 
by  am,  assigned  amount.  We  shall  show  that  to  a  certain  deter- 
minable degree  of  accuracy 

/(x  +  d)-/{x)  =dx  (some  function  of  x) 

when  d  does  not  exceed  a  certain  amount. 

The  coefficient  of  d  in  the  above  equation  is  independent  of  d, 
but  dependent  upon  x  and  upon  the  form  of  the  functional    It  is 
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called  the  Differential  Coefficient  oif{x)  with  respect  to  x'y  and  is 
written  yi  (aj).     Thus  approximately 

f{x  +  d)  -f{x)  ^d,f^  (x). 

The  degree  of  accuracy  of  the  above  equation  increases  as  d 
decreases.  The  general  object  of  the  discussion  is  to  determine 
with  what  degree  of  accuracy  it  holds  in  any  case. 

562.  After  showing  how  far  the  equation 

holds   true   in  any  case,  we  may,  by  varying  d  and   fixing   ic, 

write 

f(x^d!)-f{x)^d;.f^(x), 

Thi,«4  f{x^d)-f(x)  _  d 

f{x^d')-J\x)-d" 

If  then  d'  is  the  amount  by  which  the  successive  values  of  x 
in  the  tables  differ,  this  equation  gives  us  either 

(1)    f(x  +  d)  —/{x)  in  terms  of  d, 
or   (2)     d  in  terms  'oi/{x  +  d)  —/(x). 

Though  these  two  problems  are  theoretically  identical,  yet 
they  require  a  different  discussion  when  applying  the  theory 
to  interpolate  in  the  tables.  For,  firstly ^  the  tabulated  differences 
in  X  are  constant  so  that  those  \nf{x)  are  variable;  and,  secondly, 
the  accuracy  with  which /(a;)  is  determined  for  any  value  of  x  is 
constant,  but  that  with  which  x  is  determined  for  any  value 
oif{x)  is  variable.  In  consequence  of  this  distinction,  it  will  be 
found  that y (a;  +  d)  must  be  expanded  in  powers  of  d,  not  x  +  d 
in  powers  oi/(x  +  d)  ~/{x). 

563.  To  find  the  difference  of  the  logarithms  of  two  numbers 
approximately  in  terms  of  the  difference  of  the  numbers. 

Let  d  be  less  than  n.     Then 


log  (n  +  d)  -  log  n  =  log =  log  ( 1  +  -  j 

_     (d     .d'     ^d^        \ 
~^\n'^^^^n'~'-)' 


where  /x  stands  for  the  modulus  log^o  e. 
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In  this  series  the  terms  are  continually  decreasing  and  alter- 
nate in  sign. 

Hence,  the  series  differs  from  —  by  a  quomtity  less  than  ^^ . 

Now  fM.  =  logio  e  <  logg  3,  Le.  <  \, 

d  d^ 

-  is  not  greater  than  IQ-^i  then  ~ 
w  °  '  n^ 

greater  than  10~^. 


Cv  f/ 

Suppose  then  that  -  is  not  greater  than  10~^;  then  —  is  not 


Hence,  if  -  is  not  greater  than  10~^,  the  equation 

log  (w  +  c?)  —  log  n  =  fji- 
holds  as  far  as  2p  decimal  places. 

564.  To  a/pply  the  logarithmic-difference  formvla  to  the  inter- 
polation of  the  required  logarithm,  of  a  given  number. 

Tables  are  published  of  the  logarithms  of  all  integral  numbers 
from  10000  to  100000.  Hence,  if  we  require  the  logarithm  of  a 
fraction  lying  between  two  such  integers,  the  ratio  of  o?  to  n  is 
never  greater  than  10""*.  Hence,  if  the  logarithms  were  tabu- 
lated to  8  decimal  places,  we  might  interpolate  in  such  a  table, 
correctly  to  8  decimal  places,  the  logarithms  of  any  fractional 
numbers  by  means  of  the  formula 

log  {n  +  d)  -  log  n  _d    . 
log(w-H  l)-logw      1' 

565.  Conversely,  to  apply  the  logarithmic-difference  formula 
to  the  interpolation  of  the  required  number  corresponding  to  a  given 
loga/rithm. 

The  logarithms  are  tabulated  to  7  decimal  places.  In  the 
difference  formula,  put  d=l.     Thus 

log  (n  +  1)  -  log  n--=N.  10"*'  say. 
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Here  N  is  the  tabulated  difference  in  the  logarithms  corre- 
spotiding  to  the  difference  1  in  the  numbers  at  any  part  n  of  the 
table.  Hence  we  can  find  N  different  numbers  between  w  + 1 
and  n  whose  logarithms  differ  in  the  first  7  places  of  decimals. 
Hence,  at  this  part  of  the  table,  we  can  find  accurately  to  an  N^ 
of  unity  any  intermediate  number  whose  logarithm  is  given  cor- 
rectly to  7  decimal  places. 

Now  N  varies  inversely  as  w. 

Hence,  as  we  proceed  in  the  table,  we  can  interpolate,  between 
numbers  differing  by  the  constant  amount  unity,  a  continually 
smaller  number  of  values  corresponding  to  given  logarithms 
calculated  to  a  fixed  number  7  of  decimal  places. 

566.  To  find  the  difference  of  the  sines  of  two  angles  approxir 
mtUdy  in  terms  of  the  difference  of  the  cmghs, 

'  Let  S  <  1  be  the  circular  measure  of  an  angle.     Then 

sin  (a  +  8)  —  sin  a  =  cos  a  sin  8  —  sin  a  (1  —  cos  8) 

=  cos  a  (8  - 18»  +  ...)  -  sin  a  (^8*-3^8*+ ...). 

In  this  series  after  8  cos  a  the  terms,  taken  in  pairs,  are  con-- 
tinually  decreasing  and  alternate  in  sign. 

Hence  the  series  differs  from  8  cos  a  by  a  quantity  less  than 
J8*  sin  a  +  ^8^  cos  a. 

Iiet  8  be  the  circular  measure  of  an  angle  less  than  V,     Then 

3-15         '0027     ^^^«     o    iA-4 
<  — 7i — •  <  "OOOo  <  3 .  10    , 


180  X  60         9 
.-.  8»  <  9  .  10-8  and  8«  <  27 .  10"". 

Also  sin  a  and  cos  a  are  <  1. 

.-.  i8«sina  +  ^»cosa<i.lO-^ 

Hence,  if  8  is  not  greater  than  the  circular  i^easure  of  1',  the 
equation 

sin  (a  +  8)  —  sin  a  =  8  cos  a 

holds  as  far  as  7  decimal  places. 

J.  T.  26 
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667.  To  interpolate  the  sine  of  any  given  angle  bettoeen  a  and 
a  +  1',  we  may  use  the  above  formula  which  will  give  the  required 
sine  correctly  to  7  decimal  places. 

668.  But  conversely,  to  interpolate  an  angle  corresponding  to 
a  given  sine,  in  the  sine-difference  formula  put  for  3  the  circular 
measure  of  T.     Then 

TT 

sin  (a  +  1')  -  sin  a  =  rr^oT^  cos  a  =  JV.  10"'  say. 

Here  N  is  the  tabulated  difference  in  the  sines  corresponding 
to  the  difference  1'  in  the  angles  at  any  part  a  of  the  table. 
Hence  we  can  find  N  different  angles  between  a  +  1'  and  a  whose 
sines  differ  in  the  first  7  decimal  places. 

Now  as  the  angle  a  increases  up  to  90°,  cos  a  and  therefore  N 
decreases.  Hence  we  can  find  intermediate  angles  from  their 
sines  with  continually  decreasing  accuracy  as  we  approach  90"*. 

For  example,  sin  78°  6'  and  sin  78°  6'  differ  by  600 .  10"'. 
Hence  up  to  78°  6'  we  can,  from  the  sines  of  angles  given 
correctly  to  7  places,  interpolate  angles  correctly  to  within  a 
600*^  of  a  minute ;  i.e.  a  10***  of  a  second.  Again  sin  84°  3'  i^nd 
sin  84°  4'  differ  by  300  .  10~^  Hence  up  to  this  point  we 
can  similarly  interpolate  correctly  to  within  a  6***  of  a  second. 
And  so  on. 

669.  To  Jmi  the  difference  of  ike  tangents  of  two  angles 
approximately  in  terms  of  the  difference  of  the  angles. 

Here  we  have 

«^      .  sin  (a  +  S)  cos  a  -  cos  (a  +  8)  sin  a 

tan  (a  +  8)  -  tan  a  = ^^ ^ — -. sv — ^ 

^         ^  cos  (a  +  0)  cos  a 

sin  8  sec'  a 


cos'  a  cos  8  —  cos  a  sin  a  sin  8     cot  8  -  tan  a ' 
Now  cot  8<  ^ .     Hence  the  difference  of  the  tangents 


sec' a 


1/8 -tan  a 


,  d  fortiori  >  8  sec'  o. 
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1     8 
But  cot  8  >  -5  -  o  •     Hence  the  difference  of  the  tangents 

Ssec^a 


l-Stana-JS*' 
Thus  tan  (a  +  8)  -  tan  a  differs  from  8  sec*  a  by  a  quantity  less 


than 


8"  sec*  a  (tan  a  +  i8)  ,    ^       ,     . 

— ^i — r— ^ Tcl-^  =  newrly  cr  sec*  a  tan  a. 

1-8  tan  a  -  i8*  ^ 


This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately tana  sec*a=l,  when  a  is  34**;  =10,  when  a  is  64**; 
=  100,  when  a  is  78°;  =  1000,  when  a  is  84**:  and  so  increases 
more  and  more  rapidly  up  to  90°,  when  it  is  infinite.  Hence  the 
tangent-difference  formula  is  less  and  less  accurate  as  the  angle 
approaches  90**. 

570.  Hence,  to  interpolate  a  tangent  corresponding  to  a 
given  angle  between  a  and  a  +  1',  the  equation 

tan  (a  +  8)  -  tan  a  =  8  sec*  a 

holds  for  7   places,  up   to  34**;  for   6  places,  up  to   64°;    for 
5  places,  up  to  78° ;  for  4  places,  up  to  84° ;  and  so  on. 

671.  Conversely,  to  interpolats  am,  angle  corresponding  to 
a  given  tangent,  in  the  tangent-difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

IT 

tan  (a  +  1')  —  tan  a  =  ^^^^^  sec*  a  =  N,  10""'  say. 

Here  N,  which  varies  as  sec*  a,  increases  as  a  increases.  Its 
smallest  value,  viz.  the  difference  between  tan  0  and  tan  T,  is 
about  3000.  Hence  even  here  we  could  find  an  angle  correctly 
to  within  nearly  -^  oi  &  second  corresponding  to  a  tangent  given 
correctly  to  7  decimal  places. 

Now  the  difference  in  the  tangents  for  1'  is  at  34**  about 
4000  X  lO-'^;  at  64°,  1600  x  lO"*;  at  78°,  600  x  10-»;  at  84% 
270  X  10"*;  and  so  on. 

26—2 
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Hence  we  can  find  angles,  when  the  tangents  are  given 
correctly  to  7  decimal  places  from  0  to  34*,  with  an  accuracy 
increasing  from  -^  to  ^  of  a  second:  when  the  tangents  are 
given  to  6  places  from  34°  to  64°,  with  an  accuracy  increasing 
from  ^  to  ^  of  a  second :  when  the  tangents  are  given  to 
5  places  from  64°  to  78°,  with  an  accuracy  increasing  from 
^  to  -^jj  of  a  second:  when  the  tangents  are  given  to  4  places 
from  78°  to  84°,  with  an  accuracy  increasing  from  1  to  ^  of  a 
second  :  and  so  on. 

572.  Tofmd  the  difference  of  the  secants  qftux)  angles  approxi- 
mately  in  terms  of  the  difference  of  the  cmgles. 

Here  we  have 

.       «,.  sec  a  sec  8 

sec(a+d)— seca  =  i — t-- — r    -r,  — seca 
^         '  1  -  tan  a  tan  o 

=  secasec8(l  +  tan  a  tan  8  +  tan' a  tan' 8  +  ..,)  — secou 

Now  sec  8  >  1  and  tan  8  >  8.  Hence  the  difference  of  the 
secants  >  8  sec  a  tan  a. 

But  cos  8  >  1  —  ^8^  and  sin  h'<h.  Hence  the  difference  of  the 
secants 

sec  a 

<  -i Ti 5-s:l  —  sec  OL 

l-8tana-^ 

Hence  sec  (a  +  8)  -  sec  a  differs  from  8  sec  a  tan  a  by  a  quantity 

yseca(^+tan'a4.^8tana)     ^.^j.^^  g. ^^^ a (ncc^ a     W 
l-8tana-i8«  -  rwar^y  d  sec  a  (sec  a  -  i). 

This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately sec  a  (sec' a-  J)  =  1  when  a  is  33°;  =  10  when  a  is  63°; 
=  100  when  a  is  77°;  =1000  when  a  is  84°;  and  so  increases 
more  and  more  rapidly  up  to  90°  where  it  is  infinite. 

Hence  the  secant-differenc|3  formula  is  less  and  less  accurate 
as  we  approach  90°. 
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573.  Hence,  to  interpolate  a  secant  corresponding  to  a  given 
€mgle  between  a  and  a+  1',  the  equation 

sec  (a  +  8)  -  sec  a  =  S  sec  a  tan  a 

holds  for  7  places  up  to  33* ;  for  6  places  up  to  63** ;  for  5  places 
up  to  77* ;  for  4  places  up  to  84* ;  and  so  on. 

574.  Conversely,  to  interpolcUe  cm  angle  corresponding  to  a 
given  secanty  in  the  secant-difference  formula  put  for  8  the  circular 
measure  of  T.     Thus 

sec  (a  +  V)  —  sec  a  -  ^^^^^  sec  a  tan  a  =  N .  10"'  say. 

Here  ^  increases  as  a  increases.  Hence,  as  we  approach  zero, 
we  can  interpolate  an  angle  with  less  and  less  accuracy  correspond- 
ing to  a  given  secant.  For  instance  sec  11*  28'  and  sec  11*  29' 
differ  by  600  x  10~^  Hence  here  we  can  find  angles  to  within  ^ 
of  a  second  corresponding  to  secants  given  correctly  to  7  places. 
Again  sec  3*  13'  and  sec  3*  14'  differ  by  160  x  10"^  Hence  here 
we  can  interpolate  an  angle  correctly  to  within  only  f  of  a 
second.     And  so  on. 

On  the  other  hand  as  we  approach  90*  we  find  the  following 
results.  The  difference  in  the  secants  for  V  is  at  first  about 
2x10-^  and  at  33*  about  2000x10"';  at  63*,  1200xl0-«; 
at  77*,  600  X  lO-'^ ;  at  84*,  250  x  10"* ;  and  so  on. 

Hence  we  can  find  angles,  when  the  secants  are  given  correctly 
to  7  decimal  places  from  1'  to  33*,  with  an  accuracy  increasing 
from  30"  to  ^  of  a  second ;  when  the  secants  are  given  correctly 
to  6  decimal  places  from  33*  to  63*,  with  an  accuracy  increasing 
from  J  to  ^  of  a  second ;  when  the  secants  are  given  correctly 
to  5  decimal  places  from  63*  to  77*,  with  an  accuracy  increasing 
from  I  to  3^  of  a  second ;  when  the  secants  are  given  correctly 
to  4  decimal  places  from  77*  to  84*,  with  an  accuracy  increasing 
from  1  to  ^  of  a  second;  and  so  on. 

575.  The  secondary  ratios  cosine,  cotangent,  and  cosecant  of 
sn  angle  being  simply  the  sine,  tangent^  and  secant  respectively 
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of  the  complementary  angle  need  not  be  treated  separately.  As 
the  secondary  ratios  vary  incongruently  with  the  angle,  their 
differences  will  be  negative  when  the  difference  in  the  angle 
is  positive.     Thus  approximately 

cos     (a  +  8)  —  cos     a  =  —  8  sin  a, 
cot     (a  +  8)  —  cot     a  =  ~  8  cosec*  a, 
cosec  (a  +  8)  —  cosec  a  =  —  8  cosec  a  cot  a. 

Precisely  similar  limits  of  accuracy  attach  to  these  equations 
as  to  those  of  the  primary  ratios;  if  we  substitute  0  for  90*, 
greater  angle  for  less  angle,  and  so  on. 

576.  To  find  the  difference  in  the  log  sines  of  two  angles 
in  terms  of  the  differ eruie  of  the  a/ngles. 

Here  we  have 

log  sin  (a  +  8)  -  log  sin  a  =s  log  (cos  8  +  cot  a  sin  8). 

Now  cos  8  <  1  and  sin  8  <  8. 

Hence  the  difference  of  the  log  sines  is  <  log  (1+8  cot  a) 

<  fi  (8  cot  a  —  J8^  cot^  a  +  ...)  if  8  cot  a  <  1. 

This  series  has  terms  alternate  in  sign  and  decreasing  in  magni- 
tude.     Hence,  d,  fortiori^  the  difference  in  log  sines  is  <fi8  cotcu 

Again 

log  sin  (a  +  8)  -  log  sin  a  =  log  cos  8  +  log  (1  +  cot  a  tan  8). 

Now  cos  8  >  1  —  J8*  and  tan  ^^^^ 

Hence  the  difference  of  the  log  sines  is 
>/x{8cota-i8»(l  +  cot»a)  +  ^8»cot»a-^8*(J^  +  cot*a)  +  ...}. 

Thus  log  sin  (a  +  8)  -  log  sin  a  differs  from  ftS  cot  a  by  a 
quantity  which  is  <  J^/Lt8'  cosec^  a. 

This  quantity  decreases  as  a  increases. 

Now  if  8  measures  an  angle  not  greater  than  1',  |/a8*  is 
not  greater  than  2 .  10"®. 

Now  it  will  be  found  on  examining  the  tables  that  approxi- 
mately cosec^a  =  5    when   a  is   2V ]  =50  when  a  is  8*;   =500 
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when  a  is  2 J° ;  =  5000  when  a  is  48' :  and  so  increases  more  and 
more  rapidly  down  to  0  where  it  is  infinite. 

Hence  the  log  sine  difference  formula  is  less  and  less  accurate 
as  we  approach  0. 

577.  Hence,  to  interpolate  a  log  sine  corresponding  to  a  given 
angle  between  a  and  a  +  T,  the  equation 

log  sin  (a  +  3)  —  log  sin  a  =  /i3  cot  a 

holds  for  7  places  down  to  27°;  for  6  places  down  to  8°;  for  5 
places  down  to  2^** ;  for  4  places  down  to  48' ;  and  so  on. 

578.  Conversely,  to  interpolate  an  angle  corresponding  to 
a  given  log  sine,  in  the  log  sine  difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

log  sin  (a  +  1')  -  log  sin  ^-^-tkoKcv  ^^^  a  =  iV.  10"'  say. 

Here  N  varies  as  cot  a  and  therefore  increases  as  a  decreases. 
Hence,  as  we  approach  zero,  we  find  the  difference  in  the  log 
sines  for  1'  is  at  27^*  about  2478x10-';  at  8",  900  xlO"'; 
at  2i^  300  X  10-»;  at  48',  90  x  10"*. 

Hence  we  can  find  angles,  when  the  log  sines  are  given 
correctly  to  7  decimal  places  down  to  27°,  with  an  accuracy  that 
increases  up  to  ^  of  a  second;  when  the  log  sines  are  given 
correctly  to  6  places  from  27°  down  to  8°,  with  an  accuracy  that 
increases  from  |^  to  ^  of  a  second ;  when  the  log  sines  are  given 
correctly  to  5  places  from  8°  down  to  2^°,  with  an  accuracy 
that  increases  from  §  to  ^  of  a  second;  when  the  log  sines 
are  given  correctly  to  4  places  from  2^°  to  48',  with  an  accuracy 
that  increases  from  2  to  §  of  a  second :  and  so  on. 

As  we  approach  90°,  cot  a  decreases ;  hence,  we  can  inter- 
polate angles  from  their  log  sines  with  continually  less  and  less 
accuracy  as  the  angle  increases  to  90°.     Thus 

The  difference  in  log  sines  for  1'  is  at  64°  35'  about  600  x  10"'; 
at  81°  54'  about  180x10"';  at  84°  34'  about  120x10"';  at 
87°  19'  about  60  x  10"';  and  so  on. 
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Thus  when  the  log  sines  are  given  correctly  to  7  decimal 
places,  we  may  find  the  corresponding  angle  at  64*"  35'  within 
•^  of  a  second;  at  8F  54'  within  ^  of  a  second;  at  84**  34' 
within  ^  a  second ;  at  87''  19'  within  1  second ;  and  so  on. 

579.  Since  approximately 

log  sin  (a  +  3)  -  log  sin  a  = /x8  cot  a    I. 

.*.  changing  a  into  |?r  +  a, 

log  cos  (a  +  8)  —  log  cos  a  =  - /x8  tana ...11. 

.*.  subtracting  II.  from  I, 

log  tan  (a  +  8)  —  log  tan  a  =  2fi8  cosec  2a III. 

Again,  since  log  (1  -r-  a;)  =  -  log  x, 

from  III,         log  cot  (a  +  8)  —  log  cot  a  =  -  2fjLS  cosec  2a IV. 

from  II,  log  sec  (a  +  8)  -  log  sec  a  =  fi8  tan  a V. 

from  I,  log  cosec  (a  +  8)  -  log  cosec  a  =  —  /a8  cot  a  VI. 

Similar  limits  of  accuracy  attach  to  these  latter  equations  as 
to  I. 

580.  We  have  seen  that  as  the  angle  decreases  to  zero,  the 
degree  of  accuracy  with  which  we  can  interpolate  from  the 
log  sine  difference  formula  decreases  rapidly.  Hence  it  is  im- 
portant to  overcome  this  difficulty.  The  method  is  explained  in 
the  following  articles. 

581.  We  have  log  sin  6  =  log —^— +  log  ^  I. 

„       ,      sin(^  +  8)     ,      sin^     ,      sin(e  +  8)     ,      0  +  8 

=  log(l  +  8cot^-i82+...)-log(l  +  |) 

= /x8  (^cot  ^  -  ^^  -  J/a8* /^cosec^ «  -  ^\  +  . . . 

The  terms   in   this   series   after  the  first   are  alternate  in 
sign  and  diminishing  in  magnitude.     Hence  the  difference  of  the 
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-functions  log     ^  ■  differs  from  /a8  (cotfl  — ^j  ^7  *  quantity  less 


tihan 


J/i8«  (cosec»  tf  -  i)  . 


Now  when  6  is  small  cosec*  0  is  nearly  equal  to  ^ ;  hence,  8 


being  less  than  the  circular  measure  of  1',  the  above  quantity  is 
less  than  10"'. 

Hence  a  table  of  functions  of  the  form  log  (sin  0-^0)  for 
every  minute  would  be  one  in  which  we  could  use  the  formula  of 
proportional  differeuces  correctly  to  7  decimal  places. 

It  is  necessary  to  explain  how  such  a  table  could  be  used. 

582.  To  explain  how  a  UMe  of  fwnctiona  of  the  form 
log  (sin  0  ^B)  cotUd  be  used. 

Let  $  contain  n  seconds.  Then  equation  I.  of  last  article 
may  be  written 

Xsinw"  =  log— ^  +  lO  +  logc  +  logw H 

where  a-  denotes  the  circular  measure  of  1"  =  4*848137  x  lO"'. 

By  reference  to  the  table  of  logarithms  we  shall  find  that 
logo- =  6-6855749. 

Hence  a  table  might  be  constructed  in  which  the  constant 
4*6855749  is  added  to  the  value  of  log  (sin  0-^6)  for  every  minute 
(or  smaller  interval)  of  small  angles. 

Then  to  find  the  log  sine  corresponding  to  an  angle  of  w",  we 
should  add  to  this  tabulated  value  the  logarithm  of  n  found  from 
the  table  of  logarithms.  Moreover  since  n  would  not  be  more 
than  100000  we  could  interpolate  for  fractional  values  of  n  if 
required  to  find  log  n. 

Conversely,  to  find  the  angle  corresponding  to  a  log  sine,  we 
should. first  interpolate  in  the  ordinary  tables  to  find  an  approsci- 
ma/te  value  of  the  angle.     We  should  then  use  this  value  to  find 
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log  —Z7-   +  10  +  log  <r  from  the  tables :  and  subtract  this  from  the 

given  Zsin  in  order  to  find  logn  by  equation  11.  The  error 
arising  from  using  this  approximation  would  be  proportional  to 
fi(cot0—l/0)j  which  is  a  very  small  quantity  compared  with 
fi  cot  6,  to  which  the  error  in  log  sin  ^  is  proportional. 

The  above  method  is  known  as  JDelamhre^s  Method. 

583.  A  modification  of  Delambre's  Method  is  applicable  to 
the  log  sines  and  also  to  the  log  tangents  of  small  angles.  It  is 
called  Maskelyne^s  Method, 

We  have 

Zsinn''=:log  — ^—  +  10  +  logo-  +  logw II. 

L  tanw"  =  log  — ^— +  10  +  log  <r  +  log  w III. 

Now  sine  =  e-J^  amd  tane  =  ^  +  ^^  and  cos^  =  l-|tf» 
approximately  for  small  angles. 

.   sintf  J        ,  tan^    ,      ^.-1  .      ^  , 

. .      A    =  (cos  6)    cmd     ^    =  (cos  6)      approximately. 

.,sin^  ..tantf         „,  ^ 

..  log  — ^  =  Jlogcos^  and  log  — ^  =  -  f  log  cos  ^. 

Hence  the  equations  II.  and  III.  may  be  used  by  employing 
the  ordinary  tables  of  the  log  cosines. 

584.  The  method  of  argument  in  this  section  may  be 
summed  up  as  follows  : 

By  expanding  f{x  -\-d)-/  (x)  in  powers  of  d,  we  find  that  it 
is  approximately  equal  to  a  quantity  involving  d.  It  differs, 
however,  from  this  quantity  approximately  by  a  second  quantity 
involving  cP. 

The  limit  of  the  term  involving  d^  assigns  the  limit  of  accuracy 
with  which  the  formula  of  proportional  differences  may  be  used. 
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Thus,  in  interpolating  a  value  of  f{x)  when  the  value  of  x  is 
given,  the  degree  of  accuracy  va/i^ies  inversdy  with  this  second 
term  which  involves  <P. 

But,  in  interpolating  a  value  of  x  when  the  value  of  f(x)  is 
given,  the  degree  of  accuracy  variea  directly  with  the  first  term 
which  involves  d, 

585.  When  the  term  involving  cP  is  so  Icvrge  as  to  incon- 
veniently restrict  the  degree  of  accuracy  with  which  a  value  of 

f{x)  may  be  interpolated,  then  the  differences  in  f{x)  are  said  to 
be  irregular. 

When  the  term  involving  {;?  is  so  smaU  as  to  inconveniently 
restrict  the  degree  of  accuracy  with  which  a  value  of  x  may  be 
interpolated,  then  the  differences  in  f{x)  are  said  to  be  in- 
sensible. 

586.  In  the  preceding  two  articles  it  is  essential  to  note  that 
the  possibility  of  applying  the  formula  of  proportional  differences 
depends  primarily  upon  the  smallness  of  the  second  term  in- 
volving d^. 

Hence  the  absolute  smallness  of  this  term  measures  the 
accuracy  for  interpolating /(a;)  from  x. 

And  the  relative  smallness  of  this  term  as  compared  with  the 
first  term  measures  the  accuracy  for  interpolating  x  ivom.f{x). 

587.  The  general  conclusions  are  summed  up  by  using  the 
terms  irregular  and  insensible, 

I.  The  differences  in  sin  a  are  insensihU  as  a  approaches  90° : 
hence  the  accuracy  for  interpolating  a  from  sin  a  diminishes  as  a 
increases. 

II.  The  differences  in  tan  a  and  in  sec  a  are  irregula/r  as  a 
approaches  90®;  hence  the  accuracy  for  interpolating  tana  or 
sec  a  from  a  diminishes  as  a  increases :  and  the  differences  in 
tana  and  sec  a  are  insensible  as  a  approaches  zero;  hence  the 
accuracy  for  interpolating  a  from  tana  or  sec  a  diminishes  as 
a  diminishes. 
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III.  The  differences  in  log  sin  a  and  log  tan  a  are  irregtUar  as 
a  approaches  zero;  hence  the  accuracy  for  interpolating  log  sin  a 
or  log  tan  a  diminishes  as  a  diminishes :  and  the  differences  in 
log  sin  a  and  log  tan  a  are  insenMle  as  a  approaches  90^ ;  hence 
the  accuracy  for  interpolating  a  from  log  sin  a  or  log  tan  a 
diminishes  as  a  increases. 


Errors  in  measv/rement. 

588.  The  determination  of  a  required  length  or  angle  by 
means  of  trigonometrical  formulse  illustrates  the  value  of  the 
investigations  of  this  chapter. 

Thus  the  required  magnitude  is  a  certain  function  of  magni- 
tudes directly  measured.  But  any  magnitude  directly  measwred 
is  subject  to  an  error,  whose  limit  is  generally  known.  Hence  it 
becomes  important  to  evaluate  the  possible  error  in  the  derived 
magnitude. 

A  few  examples  will  illustrate  this  point, 

Example  1.  The  height  A  of  a  tower  is  determined  by  measuring 
a  horizontal  line  a  from  itis  base  and  the  angle  of  elevation  B  of  the  top 
of  the  tower  at  the  end  of  the  line.  Find  the  possible  error  in  the 
height  h  due  to  the  possible  error  h  in  the  angle  B» 

Here  we  have  h=^a  tan  $  for  estimated  height 

and  h'^a  tan  {fi + b)  for  real  height. 

.  •.  possible  error,  i.e.  A'  -  A = a  {tan  (^ + d)  -  tan  B) 

=adsec2^  approximately. 

Hence  the  absolute  possible  error  varies  as  sec^^,  and  therefore 
increases  as  B  increases. 

But  the  rela/tive  possible  error,  i.e.  the  ratio  of  the  absolute  possible 

error  to  the  whole  height  =  — r — r-  =2d  cosec  2B :  which  is  least  when 

atan^ 

Example  2.  The  height  A  of  a  hill  is  determined  by  measuring  the 
angles  of  elevation  a  and  j9  of  the  top  and  bottom  of  a  tower  of  height 
h  on  the  top  of  the  hill.  Find  the  possible  error  in  A  due  to  a  posfflue 
error  8  in  the  angle  a. 
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Here  we  have  (A+6)  cot  a=Acot)3, 

6  cot  a 


and  h'  = 


cot ^  — cot o     tana  cot  j9-l' 
h 


tan(o+d)coti9-l' 

.  ^-^'^tan(tt+a)  coti3-l 

"     h'    ~     tanocot)3-l 

dsec^a  cotfl  .      .  1 

=  tanacotg-l  ^VVro^^^lj. 

=d{cot(o-i8)+tana}, 

which  gives  the  relative  error. 


Examples  XX. 

1.  Show  that  the  equation  mi6  =  0  may  be  used  with  the 
following  degrees  of  accuracy  : 

From  zero  to  18'  up  to  7  places:  from  zero  to  52'  up  to 
6  places;  from  zero  to  95'  up  to  5  places;  from  zero  to  164'  up  to 
4  places. 

Hence  calculate  the  sines  of  7'  12";  30'  15";  l**;  and  2**  11'  T 
as  accurately  as  is  possible  from  the  formula  sin  0  =  6, 

2.  Given  that  the  moon  subtends  at  the  earth  an  angle  of 
half  a  degree,  find  the  distance  at  which  a  circular  plate  of  six 
inches  diameter  must  be  placed  so  as  just  to  conceal  it. 

3.  Given  that  the  radius  of  the  earth  is  3960  miles,  show 
that  the  number  of  Tnilea  in  the  visible  horizon  from  a  point  of 
observation  at  a  given  number  of  feet  above  the  ground  may  be 
found,  approximately,  by  adding  to  the  number  of  feet  its  half 
and  taking  the  square  root  of  the  result. 

4.  Given  that  the  tangents  of  32°  11',  32'  12',  57**  48'^ 
57"  49' are  respectively  -6293274,  -6297336, 1-5879731, 1-58899.79, 
find  the  cosecant  of  64°  22'  26". 
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5.  Given  that  sm(45° +  ^)= '71,  show  that  A  is,  ap- 
proximately, 14'  or  89**  46',  the  circular  measure  of  1'  being 
•0002909. 

6.  Given  that  — x—  =  =-=75-7 ,  show  that  0  is  the  circular  mea- 

0       no* 

sure  of  3°  22'  approximately. 

7.  Given  that  the  tangents  of  21"  20'  and  34"  20'  are 
•3905541  and  '6830066  respectively,  find  the  tangent  of 
55"  40'. 

8.  From  a  table  of  tangents  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  ^th  part 
of  a  second  when  the  angle  is  about  30" :  and  to  within  about 
^th  part  of  a  second  when  the  angle  is  about  60". 

9.  From  a  table  of  log  sines  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  f  of  a 
second  when  the  angle  is  about  88"  or  about  3J^". 

10.  Find  Zsinl"  40'  15"  by  interpolating  in  the  table  of 
log  sines  directly.  Then  find  its  value  by  Maskelyne's  method ; 
and  hence  compare  the  degrees  of  accuracy  of  the  two  methods. 

11.  Find  the  angle  whose  log  sine  is  2*7523456. 

12.  If  the  angle  C  of  a  triangle  be  very  obtuse,  the  number 
of  seconds  in  its  defect  from  180"  is  very  nearly 

206265     /  (2 («  +  &)(«  + ft -<^)' 


.      /  r2{a  +  b){a  +  b-c)\ 


13.     An  angle  a  +  8  is  found  by  interpolating  in  the  table  of 
logarithmic  sines  given  for  every  minute. 

Show  that  the  circular  measure  of  the  error  involved  is, 
approximately, 

(/xS  -  8*)  cosec  2a, 

where  ft  is  the  circular  measure  of  1'. 

Hence  show  that  the  maximum  error,  in  calculating  an  angle 
between  a  and  a  +  1',  is  about  0" '00435  cosec  2a. 
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14.  If  the  area  of  a  triangle  is  calculated  by  measuring  two 
sides  and  the  included  angle  as  197  ft.,  2030  ft.,  and  60° 
respectively,  and  if  there  is  an  error  of  2"  in  the  measurement  of 
the  angle,  show  that  this  will  involve  an  error  of  about  1  sq.  ft. 
in  the  areia. 

15.  If  the  angles  B  and  (7  of  a  triangle  are  found  from 
Ayhy  c\  and  if  there  is  a  small  error  8  in  il ;  show  that  the  errors 
in  B  and  C  are  to  one  another  as  tan  B  to  tan  G :  and  hence  that 
they  are,  respectively, 

—  S  sin  B  cos  G  cosec  A  and  —  8  sin  C  cos  B  cosec  A. 

16.  If  errors  a\  h\  c'  are  made  in  the  measurement  of  the 
three  sides  a,  6,  c  of  a  triangle,  show  that  the  error  in  ^  is 

-  Ja  (6'  cos  (7  +  c'  cos  5  -  a')IS. 

17.  If  an  error  a'  is  made  in  a  and  no  errors  are  made  in  h 
and  c ;  then  /,  rj',  B'y  the  errors  involved  in  r,  r^,  E  respectively, 
wiU  be  given  by 

B!  —  a  cot  B  cot  G  cosec  A, 

18.  The  height  h  of  an  object  is  estimated  by  measuring  its 
angles  of  elevation  a,  j3,  y  at  three  points  il,  ^,  (7  in  a  straight 
line,  such  that  BG  =  a,  AG  =  b,  AB  =  c.  If  a,  jS',  y  be  the  errors 
in  a,  P,  y,  show  that  the  error  in  ^  is 

h^  /a  cos  a     ,     bcoB/S    ^     ccosy     A 
abc  \  sin* a  *  sin*  j8  *  ^      sin*y       / 


CHAPTER  XXI. 
IMAGINARY  AND  COMPLEX  QUANTITIES. 

§  L    General  Theobems. 

589.  It  was  pointed  out,  in  the  introduction  to  Chap.  XL, 
that  the  square  of  every  positive  or  negative  quantity  is  positive. 
Hence,  a  quantity  whose  square  is  negaMve,  is  neither  positive  nor 
negative.  Such  a  quantity  is  usually  called  Inutginary;  while 
positive  or  negative  quantities  are  called  Real. 

In  this  chapter  we  shall  exhibit  the  use  of  Ima>gvnary 
quantities.  By  their  means  the  results  of  the  preceding  ten  chapters 
may  be  systematised  and  extended.  We  shall  not  interpret 
imaginary  quantities  at  present,  but  shall  merely  use  them 
syinholically :  i.e.  we  shall  deduce  results  by  their  use  which 
involve  only  real  quantities.  To  accomplish  this  it  is  necessary 
to  postulate  that 

Imaginary  quantities  skaU  he  governed  by  the  same  laws  of 
operation  as  real  quantities. 

In  the  same  way  {bb  was  indicated  in  the  introduction  to  Chap.  XL) 
negative  quantities  may  be  introduced  symbolically  without  interpreta- 
tion, by  assimiing  that  they  follow  the  same  laws  as  positive  quantities. 
It  was  afterwards  shown  that  the  relation  of  negative  to  positive  could 
be  used  to  represent  oppositeness  cf  direction. 

590.  In  confining  ourselves  to  positive  and  negative  quantities^ 
we  confine  ourselves  to  quantities  which  have  the  samie  or  the 
opposite  sign :  ie.  the  addition  of  two  such  quantities  is  always 
equivalent  to  addition  or  subtraction. 
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So  in  introducing  hnagina/ry  quantities,  these  may  be  dither 
positive  imaginary  or  negative  imaginary.  That  is,  we  dhall 
imply  that  the  addition  to  any  imaginary  of  a  negatwe  imaginary 
is  equivalent  to  the  subtraction  of  the  corresponding  positivel 

Thus  we  have  fowr  affections  of  quantity ;  viz;  pdsitivc^  real, 
negative  real,  positive  imaginary,  and  negative  imaginary. 

591.  If  a  is  any  positive  real  quantity,  ^/(  — «)  i*  an 
imaginary  quantity,  to  whicfe  we  may  attribute'  either  sSgn. 

But  since  we  postokrte  ^at  all  dui*  symbols  shtkll  ol»6y  the 
same  laws^  we  ha^te  (fifed'  Art.  233) 

V(-«5=V{*x(-i)}=>xV(-i). 

Hence  the  squa/re  root  of  cmy  negative  number  com  he  expressed 
as  the  prod/uct  of  a  real  nwmher  into  the  square  root  of  —  1, 

Thus  the  only  symbol  we  need  use  is  ^(  —  1). 

The  symbol  i  will  be  used  as-  the  equivalent  of  the  positive 
value  of  the  ^(  —  1);  and  —  t,  therefore,,  as  the  negative  value  of 
theV(-l). 

592.  Wholly  imaginary  quantities.  A  real  number  xf  is 
called  a  wholly  imaginary  quantity. 

Wholly  imaginary  quantities  are  incomparable  with  wholly 
real  quantities. 

Thus,  if  a  and  b  are  both  real  quantities,  the  equation  a  =  bi 
involves  a  contradiction,  unless  a  =  0  and  6  =  0, 

Thus,  the  one  equation 

ei^bi 

is  interpreted  to  mean  the  same  as  the  ttvo  equations 

a  =  0  and  5  =  0. 

This  is  the  fundamental  principle  which  enables  tLS  to  ndmike 
use  of  symbols  of  imaginary  quantities. 

593.  Comply  quwnHti^,  The  sUm  of  a  wholly  Hi^  and  a 
wholly  imaginary  quantity  is  called  a  complex  quantity; 

J.  T.  27 
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Such  a  sum  cannot  be  interpreted  at  present ;  but  its  use  is 
explained  by  a  corollary  from  the  last  article.     Thus 

If  a,  by  Cy  d  are  wholly  real,  the  equation  a-\-hi  =  c-^di  is 
equivalent  to  a  —  c  =  (c?  —  h)i. 

Hence  it  is  also  equivalent  to  the  tvx>  equations 

a  — c  =  0  and  d  —  b  =  0,  i.e.  a  =  c  and  b  =  d. 

Thus  if  one  complex  expression  is  equal  to  another,  toe  may 
equate  aepa/ratdy  the  real  and  imaginary  terms. 

In  the  symbol  a  +  bi,  we  may  suppose  that  either  a  or  6  is 
zero:  so  that  complex  quantities  include  wholly  imaginary  and 
wholly  real  quantities.  The  remainder  of  this  chapter  deals 
mainly  with  complex  quantities. 

Cor^u^cUea,  Norms^  amd  Moduli, 

594.  The  complex  quantities  y  -\-zi  and  y-^zi  are  called 
Conjugates  of  one  another. 

The  quantity  y^  +  »*  is  called  the  Norm  of  y  +  zi. 

The  positive  value  of  the  square  root  of  the  Norm  is  called 
the  ModuZus, 

Thus  the  norm  of  either  of  two  conjugate  complex  quantities 
is  their  product 

And  the  modulus  of  either  of  two  conjugate  complex  quantities 
is  their  geometric  mean. 

595.  The  necessary  and  sufficient  condition  that  a  complex 
qu>antity  should  vanish  is  that  its  norm  [or  modulus]  should 
vanish^ 

For,  if  y  and  z  are  real  and  not  zero,  f^  and  s^  must  both  be 
positive.  Hence  y^  +  z^  cannot  vanish  unless  both  y  and  z  vanish. 
Thus,  if  3r*  +  «^  =  0,  y  +  «i  =  0. 

Conversely,  if  y  +  zi  —  0,  we  must  have  y  =  0  and  »  =  0 ;  and 
/.  y»  +  »»  =  0. 


GENERAL  THEOREMS.  419 

696.  The  norm  [or  modulus]  of  the  product  of  two  complex 
quarUities  is  equal  to  the  product  ofthevr  norms  [or  moduli]. 

For  (a  +  5*)  (c  +  cK)  =ac  —  6c?+  {(bdi-^-hc)  *, 

and  {ac-'hdf  +  {ad-\-bcY  =  a''c'  +  b^(P  +  a'cP  +  6V 

CoE.  The  norm  [or  modulus]  of  the  n^^  power  of  a  complex 
quantity  is  the  n^_  power  of  its  norm  [or  modulus]. 

597.  If  the  product  of  tu>o  complex  qucmtitiee  vanishes  one  oj 
the  factors  rmist  vcmiaK 

For,  by  Art,  595,  in  order  that  (a.+  hi)  (c  +  di)  may  vanish,  its 
norm  must  vanish. 

That  is,  by  Art.  596,  (a*  +  IP)  (c»  +  d?)  must  vanish. 

.'.  either  a'  +  6"  or  c*  +  cP  must  vanish. 

.'.  by  Art,  595,  either  a +  hi  or  c-^di  must  vanish. 

Theorems  on  Equations. 

598.  The  theorems  on  factors  in  Arts.  412,  413,  414  may  be 
expressed  as  theorems  on  equations^  and  thus  be  applied  to  cmy 
complex  (including  real)  quantities. 

Thus,  if  Oj,  ttj,  Ojj...  are  (complex)  roots  of  the  equation 
/{x)  =  0  (oi,  Oj,  ©3  being  all  different),  then  /(oi)  =  0,  /(a,)  =  0, 
y(<h)  =  0,  and  so  on.     Thus,  for  all  values  of  x,     . 

/(iB)=<^(a;)(aj-ai)(iB-aj)(iB.-a8) 

lif{x)  is  of  the  n^  degree,  pa^  being  its  highest  term,  and  if 
Oi,  asi...a,^  are  n  roots  oif(x)  =  0\  then,  for  all  values  of  a;, 

/(«)  =  ;>  (a;  -  Oi)  (oj  -  Oj) . . .  (a;  -  a„). 

599.  Hence,  an  equation  of  the  n^  degree  cannot  have  more 
thorn  n  roots. 

For,  if  possible,  let  a^^^  be  an  (w  +  P^)  root  of  the  above 
equation/(a;)  =  0 :  so  that/(a„^i)  =  0. 

Then,  putting  x  =  a^^j  in  the  above  identity, 

/(^n+i)  =^  (ftn+i  -  «i)  (an+i  -  «a>  ^  •  •  (^n+l  -  ^n)- 

27—2 
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But  the  factor  p  is  not  zero,  because,  by  hypothesis,  the 
equation  is  of  the  w***  degree.  Hence  one  of  the  factors  a^^-^  -  ttj, 
a»+i  — Oj,...  must  be  zero  by  Art.  697.  That  is,  a^^^  niust  be 
equal  to  one  of  the  roots  o^,  a^...an. 

600.  The  complex  roots  of  an  eqtuUion  with  real  coefficients 
enter  in  conjugate  pairs. 

Let  /(x)  be  any  integral  function  of  ^,  in  which  the  co- 
efficients of  the  several  powers  of  x  are  all  reed. 

Then  writing  y  +  zi  for  a,  the  real  terms  must  be  those  which 
involve  even  powers,  and  the  imaginary  terms  those  which 
involve  odd  powers  of  z.     Hence 

If /(y  +  zi)  =  P  +  Qi,  then  /(y - zi)  =  P-Qi. 

Therefore,  if  f/  +  zi  is  a,  root  of  f{x)  =  0 ;  we  have  P  =  0  and 
©  =  0;  and  .'. /(y  -  ai)  =  0.     That  is 

If  y  +  «i  is  a  root  of  /{x)  =  0,  then  y  —  »i  is  also  a  root  of 

601.  To  express  the  product  of  any  nwmber  offcbctora  of  the 
form   cos  a  +  i  sin  a  as  a  complex  qv/irUity, 

We  have  shown  geometrically,  that 

cos  (a + j3)  =  cos  a  cos  fi  —  sin  a  sin  j3, 
and  sin  (a  +  j8)  =  sin  a  cos  ^  +  cos  a  sin  /}. 

Hence,  since  i*  =  —  1,  (cos  a  +  i  sin  a)  (cos  P  +  i  sin  p) 

=  cos  a  cos  )8  + 1  sin  a  cos  p-\-i  cos  a  sin  )8  —  sin  a  sin  j3 
=  cos  (a  +  )8)  +  i  sin  (a  +  j8). 

Hence  again  (cos  a  +  i  sin  a)  (cos  )3  + 1  sin  P)  (cos  y  +  »  sin  y) 

=  {cos  (a  +  j3)  +  i  sin  (a  +  )8)}  (cos  y  +  f  sin  y) 
=  cos  (a  +  )8  +  y)  +  i  sin  (a  +  )8  +  y). 

And  so  on.     Thus  the  product  of  any  number  of  factors 
(cos  a  +  i  sin  a)  (cos  j8  +  i  sin  j3) . . .  (cos  ^  +  f  sin  £) 
=  cos  (a  +  j3  +  ...  +  ^)  +  i  sin  (a  +  )8  +  ...  +  i). 
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602.  To  find  the  cosine  cmd  sine  of  the  sum  of  way  nuwh&r  of 
c/ngles  in  terms  of  the  cosines  cmd  sines  of  the  a/ngles. 

Multiply  out  the  product  on  the  left-hand  side  of  the  above 
equation:  and  equate  the  real  and  imaginary  parts.  Then; 
observing  that 

**  =  -!;  t'  =  -i;  t*  =  +  l;  i'  =  i;  and  so  on; 

we  have 

cos  (a  +  )3 +...+ ^)  =  cos  a  cos  )8...cos  ^  — S  sin  a  sin  j8  cosy  ...  cos  I 
+  Ssinasinj8sinysinScos€...cos|— ... 

sin(a+j8+...+ 1)  =  2sinacos)3...cos|-2sinasin)8sinycos8...cos| 

where  the  symbol  2  denotes  *  the  sum  of  all  terms  of  the  form 
obtained  by  interchanging  the  letters  a,  )8,  y...f  in  the  product  to 
which  it  is  attached.' 

This  conclusion  is  the  same  as  that  obtained  in  Art.  350. 
The  two  methods  of  proof  should  be  carefully  compared. 


De  Moivre's  Theorem, 

603.     As  in  Art.  601  we  have,  for  all  real  values  of  m  and  n, 
(cos  mO  + 1  sin  mO)  (cos  n$  +  ism  nS)  =  cos  (m-{-n)0-{-i  sin  (m  +  n)  6, 

That  is,  calling  cos  mO  +  i  sin  mOj  f{Tn), 

f(m)  ^f(n)  =f(m  +  n). 

Hence,  by  the  Index  Theorem  of  Art.  463,  m  and  n  being 
real, 

f(n)  is  one  value  of  {/(l)}**, 

i.e.  cos  n6  +  i  sin  nO  is  one  value  of  (cos  0  +  i  sin  fl)*, 
for  all  positive  and  negative  values  of  n. 

This  result  is  so  important  that  we  wiU  give  a  proof  of  it 
without  introducing  the  index  theorem  in  its  general  form. 

It  is  usually  known  as  De  Moivre^s  theorem. 
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^ 


604.      Whatever  poeitwe  or  negative  value  n  manf  have^ 
cos  nd  +  »  sin  nO  is  one  of  the  values  of  (cos  0-hi  sin  0)\ 

We  have  cos(tf +  <^-»-^+  ...)  +  tBin(tf +  <^  +  ^+  ...) 

=:  (cos  6-^isin.O)  (cos  ^  +  »  sin  ^)  (cos  ^  + 1  sin  ^) . :.. 

Now  let  0  =  ^  =  ^=...  and  let  there  be  n  of  these  angles* 
Thus,  if  n  is  a  positive  integer, 

cos  ntf  +  »  sin  ntf  =  (cos  ^  +  »  sin  tf)* (1). 

Next  let  n  be  a  negative  integer  =  —  wi  say.     Then 
COB  ntf  +  »  sin  710  =  cos  mO  -*  t  sin  m6 

cos*  mO  -  i*  sin*  mO 


cosm^  +  tsinm^ 
1 


"(cos0  +  isintf)«^^^^^ 

=  (cos  tf  +  i  sin  tf)-« .........(2). 

Lastly,  let  n  be  a  fraction  =  -  say,  where  p  and  q  are  integraL 

Then    (cosntf  +  fsinw^)«=^cos-^  +  tsin^^j 

=  COS pO-^i  Bin  p0  by  (1)  and  (2) 
=  (cos  tf  + 1  sin  ey  by  (1)  and  (2) 

/. cos ntf  + 1  sin nO  is  one  of  the  values  of  ^(cos O-^-isiaO)^:  or 

cos  n0  +  1  sin  n^  is  one  of  the  values  of  (cos  O  +  i  sin  0)\ 

p 
605.    To  find  q  vahs^  of  (cos  0  +  isin  B)^  where  p  a/nd  q  Oflre 

prt/me  to  one  another. 

We  have  cos 0  +  isia0  =  cos (0  +  2\ir)  +  i sin (fl  +  2Xir)  where  X 
has  any  integral  value. 

.*.  any  one  of  the  values  of  cos  -  {0  +  2\ir)  +  »  sin  -  (tf  +  2Xir)  is 

p 
a  value  of  (cos 6  + ion Oy. 

Giving  to  X  any  two  values  /x  and  /x',  the  expressions 

cos  -  (6  +  2/Air)  +  i  sin^  (^  +  2/xir) 
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and  cos  -  {B  +  2ftV)  +  i  sin  -  (^  +  2ftV) 

would  be  equal,  only  if  cos -(tf  4-  2/iwr)  =  cos  -  {fi  +  2/iiV) 

and  sin^  (^  +  2/iwr)  =  sin  ^  (^  +  2/iiV) ; 

ie.  if  the  angles  -  {$'•¥  2/Lwr)  and  -  (^  +  2/aV)  were  equi-cosinal  and 
equi-sinal ; 

ie.  if  -  (^  +  2iJi.Tr)  -  ~  {6  +  2/A'ir)  were  a  multiple  of  2if  ; 

i.e.  if  p  (/i  *-  /x')  were  a  multiple  of  q. 

If  then  p  and  q  are  prime  to  one  another,  this  condition 
becomes  *  if  /x  -  /x'  is  a  multiple  of  g'.' 

Hence,  if  we  give  to  X  the  q  values  0,  1,  2..»w  — 1,  we  shall 
obtain  q  different  values  of  cos  -  (^  +  2Xir)  +  i  sin  -  (^  +  2X7r) :  and, 

if  we  give  to  \  higher  values,  the  values  of  this  expression  will 

simply  recur. 

p 
Hence  q  values  of  (cos  tf  +  »  sin  By*  are  given  by  the  q  values  of 

cos^  (^  +  2Xir)  +  i  sin^  {B  +  2Xir). 

606.     To  find  q  values  of  the  q*  root  of  amy  complex  quantity. 

Let  a  +  6i  be  any  complex  quantity :  and  let  p  denote  the 
positive  value  of  J(d^  +  6*).     Then  p  is  the  modulus  oia  +  hL 

Since  a/p  and  5/p  are  each  numerically  less  than  unity,  and 
are  such  that  ths  sum  of  their  squares  is  eqiud  to  unity ^  therefore, 
there  is  one  and  only  one  angle  between  0  and  27r  whose  cosine  is 
ajp  and  whose  sine  is  5/p.     Let  this  angle  be  B, 

Thus  a-^hi=-p  (cos  tf  +  i  sin  B), 

Now,  since  p  is  positive,  there  cannot  be  Toore  than  one 
positive  q^  root  of  p.     And  there  is  one  positive  q^^  root  of  p, 
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whos0  value  can  be  approximately  determined  by  the  Binomial 
Theorem. 

Let  pfl  denote  this  positive  value  of  j^p. 

Then,  by  the  proposition  of  the  last  article,  q  values  of  the 
q^  root  of  cos  ^  +  *  sin  ^  are  given  by  the  q  values  of 

cos Htsin . 

Hence  q  values  of  the  q^  root  of  a  +  6i  are  given  by  putting  X 
successively  equal  to  0,  1,  2,,,.q-l  in  the  expression 


pq  I  COS +  %  sm ) . 

\        q  q    J 


9.  9. 

607.  There  is  one  point  in  the  above  result  that  requires 

special  attention. 

p 
In  the  theory  of  indices,  we  use  the  symbol  a«  as  the  equivalent 

of  «/(a^)  or  {Ijaf, 

Now,  by  the  theory  of  fractions,  ofi  =  a^.  Is  it  then  legiti- 
mate to  infer  that  iJ{aP)  =  '''/(a*^)  ? 

By  the  above  proposition  ^{a^)  has  q  values;  and,  by  Art.  599, 
it  cannot  have  more  than  q  values.  Similarly  ^(a^)  has  rq 
values  and  no  more. 

Hence  i/{a^)  and  *i^(a^)  have  not  the  same  number  of  values : 
and,  therefore,  cannot  be  said  to  have  the  same  meaning. 

The  q  values  of  ^{a^)  are,  however,  all  contained  amongst  the 
rq  values  of  ^^(a*^) :  as  the  student  may  show  for  himself. 

The  roots  o/*  +  1  -  1,  +  i,  and  -  i. 

608.  In  De  Moivre's  theorem,  Art.  605,  let^  =  1. 
Now  put  ^  =  0.     Thus  cos  ^  =  1,  and  sin  ^  =  0. 

Hence  the  q  q^^  roots  of  uniti/  are  given  by  the  q  values  of  * 

2Xw      .    .    2X7r 
cos ►  +  ^  sm . 
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Next  put  0  =  w,     Thus  cos  ^  =  -  1  and  sin  tf  =  0. 

Hence  the  q  q^  roots  of  minus  vmity  are  given  by  the  q 
values  of 

2X+1         .  .    2X+1 

cos IT  +  *  Sin TT. 

<1  9. 

Next  put  tf  =  l^r.     Thus  cos  ^  =  0  and  sin  ^  =  1. 

Hence  the  q  g'***  roots  of  %  are  given  by  the  q  values  of 

4\  +  1    It     .  .    4X  + 1    -K 

cos  —        .  ^  + 1  sin .  -jr . 

g         2  q         Vi 

Next  put  B  =  \Te.     Thus  cos  ^  =  0  and  sin  ^  =  —  1. 
Hence  the  q  q^  roots  oi  -i  are  given  by  the  q  values  of 

4X+3      TT        .     .       4\  +  3      TT 

cos .  jr  + 1  sin ,  27 . 

q         2  q         2 

609.     Again,  in  Art.  606,  put  tf  =  0.     Then  a  +  W  reduces  to 
€»,  Le.  p,  a  reoZ  positive  quantity. 

Hence  the  q^  roots  of  a  are 


a«  ( 


2X7r      .  .    2Xir\ 
cos + 1  sin  —  I , 

9  9  / 


-where  the  expression  in  the  bracket  represents  the  q^  roots  of 
tmity. 

Again  put  ^  =  tt.     Then  a  +  bi  reduces  to  a,  Le.  —  p,  a  real 
negative  quantity. 

Hence  the  q^  roots  of  a  are 

,        1/       2X+1         .   .    2\  +  l    \ 
(—  a) «  I  cos TT  +  ^  sin ir  ) , 

\  S'  y        / 

where  the  expression  in  the   bracket  represents  the  q^  roots 
of  miniM  unity. 

.    We  may  illustrate  the  important  result  of  Art.  606  by  showing  that 
the  ratio  of  any  two  ^  roots  of  a  quantity  is  a  q^  root  of  unity. 

Thus  giving  to  X  any  two  values  fi  and  /,  the  ratio  of  the  two 
corresponding  ^  roots  of  a + 6i  is 

cos  (B + 2^flr)/g + i  sin  (B + ^ii'v)lq 

cos  (^ + 2/[*  V)/g' + i  sin  [b + 2/LtV)/2' ' 
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either  {$  +  2/x7r/w)  +  (tf  +  |^V/w)  or  (0  +  2fiTln)  -  (fl  +  2ii'ir/n) 
is  a  multiple  of  2ir ; 

i.e.  unless  either  wtf  is  a  ijiultiple  of  tt,  or  ft  -  /  is  a  multiple 


of  n. 


If  nO  is  a  multiple  of  tt,  cojg  ^  =  ±  1 :  which  has  been  excluded 

Hence,  giving  to  X  the  ti^  yalues  0,  1,  2...W-  1  we  have  2« 
values  of  a;. 

Hence 


1=/^=*"^  ja:»-2a;cos^^  + 


2X 


where  the  two  factors,  obtained  by  taking  the  upper  and  lower 
signs  before  i,  are  multiplied  together. 

613.     Put  cos  ^  +  i  sin  0  = 


X, 


Multiply  by  cos  ^  -  i  sin  $»^    Thus 

l-a;(cos^-isin(^)  or  cos tf - i sin ^  =  a;-\ 

Also,  by  De  Moivre's  thec.rem,  n  being  integral 

cosn^  +  tsinn^  =  a^  and  cosn^ -ismnO^ x-\ 

Moreover  by  addition  andj  subtraction 

2cos^  =  a;  +  i-^;'  2i sin ^  =  a; - aj-^ 
2cosn^  =  a5**  +  a5-».  2i sin  nO  =  x^ -x-\ 

These  are  extremely  useful  transformations. 
We  showed,  in  Arts.  41^5^  413,  that 

a;**  +  a;-*  and  l^a^  _  «.-»)  ^  («.  _  aj-i) 

are  respectively  the  same  fimctions  of  x-\-x-^  as  2cosw^  and 

2sinn^/2sin^  are  of    2cos.<9,      But    we  did  not  there  Equate 

the  corresponding  expression,  g,     To  do  this  we  must  implicitly 

introduce  imaginaries.     For  i  >  ^os  0  must  be  <  2  for  any  reed  angle, 

and  a;  +  a:-i  must  be  >  2  for  a ^y  ^ea/ value  of  aj  (v  aj-2  +  aj-i  is 
a  square  quantity).  * 
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V 

614.     In  Art.  610,  where  n  is  even,  write  2m  for  n  and 
divide  both  sides  by  as"*.     Thus 

(aj  +  a5"^-2cos— Va5  +  a5""^-2cos  —  )...  (a;  +  a5"^  — 2cos tt], 
mj\                         m)      \                            m       J 

Now  put  05 +  05"^  =  2  cos  ^;  thena;-fl3"^  =  2isin^;  and 

ajw  _  aj-m  ^  2%  sin  mO. 

Thus  sin  mO  =  sin  6  x 

(2 cos ^-2 cos  —  I  ( 2 cos^- 2 cos —  )..•(  2 cos ^-2 cos ir). 

\  mj  \  m/      \  w       / 

Again,  in  Art.  611,  where  n  is  even,  write  2m  for  n,  and 
divide  both  sides  by  ai"*.     Thus 

a5>» +  »"'"  = 

Ix  +  X"^  —  2  cos  o"*  )(^  +  ^"^  ~  2  cos  o—  )  • . •  (fl5+a3"^- 2  cos  -^ TT  ). 

Now  put  X  +  x"^  =  2  cos  ^ ;  then  x^  +  a;""*  =  2  cos  m^.     Thus 
2  cos  mO  = 

(2 cos  ^  -  2  cos  9— )( 2  cos  ^ -  2  cos  ^  j .. .  f  2cos^-2cos  — ^ ttV 

Agap  in  Art.  612,  divide  both  sides  by  x^.     Thus 
,  +aj'"*-2cosw^  =  (a;  +  a3"^-2cos^)  ia;  +  aj"^-  2cos  (^  +  —  U  ... 


ja;  +  oc-i  -  2  cos  (o  +  ^^  2^^ I . 

Now  put  x  +  a;"^  =  2  cos  a ;  then  a;**  +  ic~*  =  2  cos  wo.     Thus 
2  cos na—2  cos n^  =  (2  cos  a  —  2  cos  ^)  j  2  cos  a  -  2  cos  (0  +  — )  !■ . . . 

J2  cos  a- 2  cos  (^4-^?^^^  2irj\, 

These  6  results  are  the  same  as  those  obtained  in  Arts.  41^ 
420,  421. 
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§  2.     Expansions  by  De  Moivbe's  Thbobbm. 

615.  In  the  following  propositions  we  shall  require  to  make 
use  of  the  Principle  of  Continuity. 

Def.  a  function  of  a  variable,  whose  value  may  be  made  to 
change  by  as  small  a  quantity  as  we  please,  by  making  the 
change  in  the  variable  sufficiently  small,  is  said  to  be  con- 
tinuous. 

Pbop.  An  endless  series  in  ascending  integral  powers  of  a;  is 
a  continuous  function  of  x,  for  all  values  for  which  it  is  con- 
vergent. 

For  let,/(a;)  =Cq  +  CiX  +  c^  +  ...  +  c„a^  +  ... 

Then  changing  x  into  x  +  d,  we  have 

/(x  +  eQ  =  Cq  +  Ci  (a;  +  cQ  +  Ca  (05  +  <£)*  +  ...+  c»  (a5  +  d)*  +  . .. 

Here  the  first  term  in  c,^  (as  +  d)*  is  c^a^. 

.\  f{x  +  d)  -f{x)  =  d.  S  where.  S  is  finite,  since  /(x  +  d)  is 
convergent. 

Now,  if  a  is  any  assignable  quantity  riot  zero,  we  can  make 
d  less  than  a-r-S,  since  ^  is  not  infinite.  Hence  / (x  -h  d)  —/(x) 
may  be  made  less  than  assignable  quantity  a  by  sufficiently 
diminishing  d.     That  is, /(a;)  is  continiuma. 

The  above  proposition  is  required,  when  we  know  the  value  of 
a  series  for  some  particular  value  of  x,  but  cannot  otherwise 
determine  which  of  a  number  of  different  forms  must  be  assigned 
to  its  general  value.  The  proposition  shows  that  we  must  a^ssign 
such  a  form  to  the  general  value  of  the  series  as  will  make 
it  change  cantinv,(m8ly  from  its  known  value  when  x  changes 
continuously. 

616.  In  deducing  expansions  involving  complex  quantities, 
our  results  are  based  on  the  Binomial  Theorem. 

We  have,  then,  first  to  examine  whether  the  expansions 
are  convergent.  This  will  require  that  both  the  series  of  real 
terms  and  the  series  of  imaginari/  terms  are  convergent. 
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We  have,  secondly,  to  show  how  the  proof  of  the  Binomial 
Theorem  is  to  be  applied  to  complex  quantities.  The  student  will 
notice,  then,  that  the  index  theorem  required  that  the  index 
m  involved  should  be  real  (positive  or  negative)  and  that  /{m) 
should  be  single-valued.  If  these  conditions  are  fulfilled  f{m) 
may  be  itself  complex.  Then,  if  f{m)  x/(n)  =f{m  +  n),  f{n)  is 
one  of  the  values  of /(l)".  This  theorem  applies,  as  shown  in 
Arts.  465,  466,  to  any  series  of  the  form  of  the  Binomial  Ex- 
pansion, whether  x  be  complex  or  real,  provided  n  is  real.  It 
will  remain,  therefore,  to  determine  to  which  of  the  values 
ofy(l)"  the  series  must  be  equated,  when  n  is  fractional. 

617.     In  De  Moivre's  theorem,  let  ri  be  a  positive  integer. 

Then  cos  nd-^-iBmnO^  (cos  0  -¥%  sin  6)^. 

Expanding,  by  the  binomial  theorem  for  a  positive  integer, 
and  equating  the  real  and  imaginary  terms,  we  have 

cosw^  =  cos*^ \ — jr-^  COS*-*  ^  sin*  tf  +  . . . 

sinn^  =  7^cos'>-^^sin^-^^^,^"^^^^~^^cos"-»^sin«tf+,.. 

Dividing  we  have 

^     wtan^-4w(w- l)(w- 2)  tan*^+ ... 

tan  raf  = ^      ., — —. =-rT — tts 

l-^n(n-l)tan*^  +  ... 

,    .  cot»^-i«(n-l)cot»-*tf+... 

cotw^-  ^     ^  ' 


ncot"-^^-Jn(n-l)(w-2)cos*-«^+... 
These  results  have  already  been  obtained  (Art.  359). 

618.     Let  n  be  a  negative  integer,  =  —  m  say. 
(1)     Lettantf<l.     Then 

cosw^  +  isinw^  =  (cos^  +  tsin^)**  =  cos*^(l  +ttantf)*. 

We  may  expand  in  ascending  powers  of  tan  0,  since  tan  6  is 
^  1.     Thus,  equating  real  and  imaginary  terms, 

cos 71^  =  cos* ^ {1  -|7i(n-  1)  tan*tf+  ...} 

sinwtf  =  cos'*^{wtan^-Jn(n-l)(n-2)tan»^+...} 

where  n  is  negative.     Or 
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sinwtf  =  sec"*tf  {mtantf-^w(m  +  l)(m+  2)tan'tf  +  ...} 
-where  m  is  positive. 

(2)     Let  tan  ^  >  1.     Then 

cos  nO  +  i  sin  nO  =  (cos  ^  +  i  sin  tf)*  =  sin*  0{i  +  cot  Sy*. 

/.  i"*  cos  n^  (n  even)  or  t-**+^  sin  nO  (n  odd) 

=  sin*tf  {1  -  |7i(n- 1)  cot»tf +...} 
^~n+a  gjjj  ^  ^yj  even)  or  i-^'*'^  cos  w^  (n  odd) 

=  sin»^{ncottf-^(n- 1)  (71-2)  cot?  tf+...} 
•where  w  is  negative.     Or 

(-1)2  cos  mtf  (m  even)  or  (-  1)  *  sin  mO  (m  odd) 

=  cosec**  tf  {1  -  |m  (m  +  1)  cot^  tf  +...} 

m-Hi  m-1 

(-  1)  2  sin  mtf  (m  even)  or  (—  1)  ^  cosmtf  («i  odd) 

=  cosec"*^{mcottf-^(m+  l)(m  +  2)cot'tf +...} 

where  m  is  positive. 

619.     Let  n  be  fractional  -p/q  say. 

Then,  by  De  Moivre's  theorem,  the  q  values  of  (cos  tf  +  »  sin  Oy 

are  given  by  cos  -  <^  +  *  sin  -  <^   where  <^  is    any  angle    whose 

cosine  =  cos  6  and  whose  sine  =  sin  $, 

Now -suppose  tan  ^  <  1. 

Then,  by  the  binomial  theorem,  since  pjq  is  real  so  that  the 
argument  of  Art.  466  holds  although  oos0  +  tsin0  is  complex, 

the  q  values  of  (cos  tf  + 1  sin  ^)«  are  given  by  the  series 

,j^^6)  |i_H^)^t^%l>(p-g)(p-2g)(j>-3g)^tan«?^« 

_       I 
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where,  by  Art.  606,  the  multiplier  «/(cos^  0)  has  q  values ;  and 
the  series  into  which  it  is  multiplied  is  finite  and  single-valued, 
since  tan^<  1. 

Now  suppose  cos  0  is  positive. 

Then  ^/(cos^  0)  has  one  real  positive  valine.  Using  this  value 
in  the  above  series,  the  upper  line  is  wholly  real  and  the  lower 
line  is  wholly  imaginary. 

Hence  the  upper  line  =  cos  -  ^  and  the  lower  line  =  i  sin  -  <j[>, 

where  ^  is  some  angle  whose  cosine  =  cos  0  and  whose  tangent 
=  tan  ft 

It  remains  to  determine  which  of  the  alternative  values  of  <^  is 
to  be  taken.  To  do  this  we  apply  the  principle  of  continuity. 
Thus 

As  cos  $  approaches  the  limit  +  1  and  tan  6  the  limit  0,  the 
upper  line  approaches  the  limit  +  1  and  the  lower  line  the  limit  0. 

Hence,  in  the  limit,  the  upper  line  =cos-0  and  the  lower  line 
=  isin -0.     Hence  the  general  values  of  the  upper  and  lower 

line  are,  respectively,  cos  -  0  and  i  sin  -  ^,  where  0  is  the  (positive 

or  negative)  a>cute  angle  whose  cosine  =  cos  0  and  whose  tangent 
=  tan  ft 

For,  if  any  other  values,  e.g.  cos  -  (2ir  +  6)  and  i  sin  -  (27r  +  0) 

were  given,  then  as  0  approached  the  limit  0,  the  two  series 

would  approach  the  limits  cos  -  27r  and  ^sin-  27r,  and  yet  when  0 

q  q 

reached  its  limit,  the  two  series  would  be  1  and  0  respectively. 

This  would  involve  a  breach  of  continuity,  which  we  have 
shown  to  be  impossible  in  a  convergent  series. 

J.  T.  28 
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Hence  we  conclude  as  follows : 

If  n  is  fractional,  and  if  tan  ^  <  1,  and  if  cos  6  is  positive,  then 
cos«^{l--Jw(n-l)tan*^  +  ^w(7i-l)(7i-2)(n-3)tan*tf...}  =  oosn^ 
co8^6 {nt&nO - ^n  (n -  1)  (n -  2)  tan^^ +...}  =  sin w^ 
where  $  is  ctcute,  and  cos**  0  has  its  real  positive  value. 

620.  Next  let  cos  6  be  negative,  and  let  q  be  odd. 

Then  taking  the  real  negative  value  of  ^/(cos^  0)  if  p  is  odd, 
and  the  real  positive  value  of  ^/(cos^  0)  if  p  is  even,  the  upper 
line  is  wholly  real  and  the  lower  line  wholly  imaginary. 

Now  as  cos  0  approaches  the  limit  -  1  and  tan  6  the  limit  0, 
the  upper  line  approaches  the  limit  +1  or  - 1  according  as  ^  is 
even  or  odd,  and  the  lower  line  the  limit  0.     Hence,  in  the 

limit,  the  upper  line  =  cos  ~  qir  and  the  lower  line  =  i  sin  -  qv. 

Hence,  by  the  principle  of  continuity,  the  general  values  of  the 

upper  and  lower  line  are,  respectively,  cos  -  0  and  i  sin  -  6y  where 

0  is  the  angle  nearest   to  qir   whose   cosine   =cosO  and  whose 
tangent  =  tan  0. 

621.  Next  let  cos  0  be  negative ;  and  q  even,  but  ^  odd. 

Then  p  and  q  being  supposed  prime  to  one  another,  p  is  odd. 
Then,  by  Art.  608, 

«/(cos^  6)  =  ^(-  cos^  0)  .  (  cos pir  +  i  sin piA 

where  k  has  ^.ny  integral  value.     Put  2\  +  1  =  ^q.     Then  one 

value  of   «/(cos^^)  is  t^(-cos^^) .  (-  1)  ^  where  «/(-cosP^)  has 
its  rea^  positive  value. 

Giving  to  ^(cos^  0)  this  value,  the  upper  line  becomes  wholly 
imaginary  and  the  lower  line  wholly  real. 

Thus 
^(-cos^^){l-^J^)(*^7....}=(-l)^^in|^; 
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I 

=  (-1)2  cos|i^; 

where  <^  is  some  angle  whose  cosine  =  cos  0  and  whose  tan  =  tan  0, 

Now  as  cos  0  approaches  the  limit  -  1  and  tan  0  the  limit  0, 
the  upper  line  here  approaches  the  limit  1  and  the  lower  line  the 
limit  0. 

Hence,  in  the  limit,  upper  line  =  (—  1)  *  sin  -  .  ^ ; 

and  lower  line  =  (- 1  )"*"  cos  - .  ^ . 

^      '  q     2 

Hence  the  general  values  of  the  upper  and  lower  line  are, 

pi}       p  E^       p 

respectively,   (^  1)  *  sin-  ^  and  (- 1)  *  cos  -  6,  where  0  is  the 

angle  nea/rest  to  \qir^   whose  cosine  =cos^  and  whose  tangent 
=  tantf. 

622.  Let  COS0  be  negative,  and  p  and  q  have  any  values 
prime  to  one  another.     Then,  by  Art.  608, 

/  2t  4-1  ■      27*  -4-1         \ 

^(cos*  0)  =  ^{-  cos  ey  f  COS pr  +  i  sin pir) . 

Hence  giving  to  ^(—  cos  Oy  its  reed  positive  value,  we  have 

^^+1  a//  n\v(t     p (p - q) /ta,n  e\^         ] 

-^~p^x^J{^coBOr\l^^^^^i^~)  +...| 


cos 


=  cos-^;  and 


.    2r 
sin  — 


tl^.^^-^er{i~^^{'^)\...} 


cos?r±2p..^(_cos^)p{^^  -  pip-^)(p-^)(^\„,j 


P 

?8— 2 
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where  0  is  the  angle  nearest  to  {2r+l)ir  whose  cosine  =cosd 
and  whose  tangent  =  tan  0, 

This  result  includes  those  of  the  preceding  two  articles. 

2r+l 
For,  if  J  is  odd,  we  may  put  2r+ 1 =^,  so  that  cos ^=(  -  ly^ 

2r+l 
and  sin jotr=0.    Hence  the  series  for  coapS/q  and  sin  p6/q  reduce 

to  the  forms  given  in  Art.  620. 

And,  if  J'  is  even  and  ^  odd,  we  may  put  2r+l=J^,  so  that 

cos  —  -j57r=0  and  sin jojr=(-l)~^.     Hence  the  series  reduce 

to  the  forms  given  in  Art.  621. 

Moreover,  if  q  and  ^q  are  both  even,  we  cannot  make  either 
cos^(2r+l)7r/9'  or  sinjt?(2r+l)7r/g'  vanish,  so  that  coa  pS/q  and 
sinpB/q  cannot  be  expressed  in  a  single  series. 

623.  The  result  of  the  last  article  follows  immediately  from 
Art.  619. 

For,  if  ^  -  (2r  +  1)  tt  is  acute,  the  multipliers  of 

cos  (2r  +  1)  pv/q  and  sin  (2r  +  \)pTFJq 

in  the  series  of  Art.  622  are,  by  Art.  619,  respectively 

cos  {0  -  (2r  +  1)  tt}  pjq  and  sin  {6  -  (2r  +  1)  tt}  pjq. 

Hence  the  expressions  given  for  coBpO/q  and  BiapO/q  are 
equal  respectively  to 

2r  +  l        p^     2r+l      \       ,  .    /2r  +  l         p^    2r4l 


cos 


/2r  +  l         ».     2r+l      \        ,  .    /2r  +  l  p^    2r41      \ 

\  q         2       2       /  \  q         q       ql     / 

624.     Lastly  suppose  tan  tf  >  1. 

p  p  p 

Then         (cos  ^  +  i  sin  ^) « =  (isin  tf)«  (1  - ♦  cot  Oy  . 

If  sin  6  is  positive,  by  Art.  608, 

If  sin  6  is  negative,  by  Art,  608, 

/.  .    />v-     «//     •    m«/       4r  +  3     pir     .  .    4r  +  3     pvX 
(^ sin ^) «=«/(- sin tf)Pf  cos ,  ^^%Bm .  ^\  , 

where  ^  (sin^  B)  and  ^  (-  sin  fff  are  taken  as  real  positive. 
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Write  G  for  the  series  1  _Pill±(^'  +  . . . 

and^for  the  series  j,°"*^--P<^-g>j^-^g)  .  f^P*^)'^... 

q  1.2.3  \   q   J 

Here,  when   cottf  =  0,  C=l  and  /S=0.     This  gives  us  the 
clue  for  discovering  their  general  value. 

Thus,  if  sin  6  is  positive, 
^(sm''0)(c.cos^^  .  21^8.^^.  f  )  =  cos|^, 

«id^(sin»'0)((7.sin^*^  .^-^.cosi!:±l  .^)=sm^tf, 

where  S  is  the  angle  nearest  to  \  (4r  +  1)  ir  whose  sine  =  sin  ^  and 
whose  cot  =  cot  6. 

But,  if  sin  0  is  negative, 
^(-sm^FfCcos .  ^  +  «.sm .  ^)  =  cos-^, 

^^        ^  V  q       ^  q        ^)        q 

and  ^(-sin^)i'f(7.  sin^^  .  ^-^.cos^^  .  ^V«i^-^» 

w^here  ^  is  the  angle  nearest  to  J  (4r  +  3)  tt,  whose  sine  =  sin  6  and 
whose  cot  =  cot  0.     Thus 

(A)  If  p  is  even,  g'  of  the  form  4r  +  1,  and  sin  6  positive, 
<7 .  «/ (sin^  ^)  =  (- 1)  2  COS  "  ^  awef  .y .  «/ (sinP  ^)  =  (- 1)  ^  sin?  ^. 

(B)  If  p  is  even,  g  of  the  form  4r  +  3,  and  sin  0  negative, 
Or^^{-&inO)P=(-l)^cos?-eandS.!l/{-&inOy  =  (^l)  «  sin?^. 

(0)     If  p  is  odd,  g  of  the  form  4r  +  1,-and  sin  0  positive, 
(7.  «/(sin^^)  =  (-l)^sin?^^ii^^.  ^{smP6)  =  {-iyoos^0. 

(D)     If  jo  is  odd,  q  of  the  form  ir  +  3,  and  sin  0  negative, 
C .  ^  (-  sin  0)^  =  (-  1)^"^  sin  ?  SandS:^  (-sin  ^)^  =  (- 1)"^'  cos  ?  ^. 

s^  I  q 

In  (A),  (B),  (C),*(D),  0  is  the  angle  nearest  to  ^qir. 
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625.  In  the  following  article,  an  important  application  is 
made  of  the  Binomial  Theorem..  The  proof  given  is  equivalent  to 
establishing  an  equation  involving  the  first  and  second  differential 
coefficients  of  the  function  to  be  expanded. 

626.  To  expand  {(1  +  x')^  +  xp  in  potvera  ofn^  where  x  <  1. 
We  may  write 

the  first  two  terms  being  immediately  derivable  from  the  bi- 
nomial theorem. 

Now  write  x^-h  for  oj.     The  left-hand  becomes 

1  +  w  (aj  +  /*)  +  a^  (oj  +  A)'  +. . .+  a^  (a;  +  A)*"  +. . . 

The  right-hand  becomes 

{(l+a^  +  2Aaj  +  A2)*  +  a;  +  A}«={(l+a:^)*+i.2Aa;(l+a;=)"*+a;+A+...}'* 

Thus,  equating  the  coefficients  of  7t,  after  substituting  from 

(1). 

(l+ar')*(w+2a2aH-. .  .+ra,irf  "^+. .  .)=w(l+wa;+a2aJ*+. .  .+a^ 

Again  in  (II)  write  x-vh  for  x.     Then 
{(l+a2)*  +  Aa;(l+a^)"*+...}{n  +  2a2(a;  +  A)+...+ra,.(a;  +  A)*-i+...} 

=  71  {1  +  71  (a;  +  A)  +  Oa  (a;  +  A)'  +. ..+  a,,  (a;  +  A)*"  +. . . }. 

Equating  the  coefficients  of  h  again,  we  have 

( 1 +a:^)*{  2a2+ . . . +^(^-1  )ar«''"^+ •  •  J+i»(  1 +«^)  ~  *(w+2a2+ •  •  •  ■n'Or^ 
=  n  (w  +  2a2a3 +. . .+ ra,iB^"^ +. . .) 

=  w«(l+a:2)"'*(l+?iaj  +  a2a^+...+  a,^+...)by(II). 

Multiply  by  (1  +  (^f.     Thus 

(1  +a*){2aa+...+  r(r-l)a,iir-2+...}  +  a;(7i  +  2a2+...+  ra,i«f-^+...) 

=  71^(1  +7ia;  +  a2a;2+...+  a,uc*'+...)     (Ill) 

ti  (III)  equate  the  coefficients  of  a:**.     Thus 

(r  +  2)  (r  +  1)  a,.+2  +  r  (r  -  1 )  a,.  +  ra,.  =  v^a^  \ 

_        n^  —  ir^ 
••  '**-^'"'(7-+l)(r  +  2)'*'-- 
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Putting  T  in  succession  0,  1,  2,  3....  we  have 

(n--r>f2)(n-r  +  4)...(n  +  r~2) 

"V  ,  7l>iA>    "T"  .  .  .  . 

Also  substituting  for  a,,  a,...  in  (II),  we  have 

^^(7^-r  +  l)(7^-r  +  3).:.(r^  +  r-l)^  ^      -i 

[r  -J- 

627.  In  these  two  expansions,  the  multiplier  of  the  alternate 

terms  is  — z-r-^ jr  o?^,  the  limit  of  which  is  —  v?.     Hence,  if 

X  is  wholly  real  and  lies  between  +  1  and  —  1,  or  if  x  is  wholly 
imaginary  and  if  to?  lies  between  +  1  and  -  1,  the  series  are 
convergent. 

628.  The  above  formulae  may  be  transformed  in  many  ways. 
If  a;  is  wholly  real  and  less  than  1,  the  series  are  'positive 

(as  the  student  may  show) :  hence  the  real  positive  values  of  the 
fractional  powers  must  be  taken. 

629.  A.     Let  (1  +  ar")*  +  a;  =  » ;  then  (1  +  7?)^  -  x  =  z-\ 

and  2x  =  z  —  z~\ 

If  X  lies  between  -  1  and  +  l^z  lies  between  J2  -  1  and  ^2  +  1 ; 
and  we  have 

^=^-^2(^-.0-^2T4(^-^)^47rV(^-^)^-- 

Hence  any  power  of  z  may  be  expressed  in  ascending  powers 
oi  z  —  in  a  series,  which  is  convergent  if  z  lies  between  ^2-1 

and  ^2  +  1. 

It  would  thus  appear  that,   by  expanding  the  powers  of 
z  —  z"^  by  the  binomial  theorem,  we  could  expand  any  power  of  z 
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in  positive  and  negative  integral  powers  of  z.  And  this  is  in  a 
sense  trua  But  the  resulting  series  would  be  divergent,  unless 
we  took  the  terms  in  groups  corresponding  to  the  integral  powers 
of  2  —  »"\ 

630.  B.  Let  a;  =  cot^;  then  ^(l+a:*)  +  a;=cosec^+cot^=cot|^. 
If  then  X  lies  between  - 1  and  + 1,  we  may  take  0  between 

^TT  and  Itt,  so  that  cot  ^$  is  positive.     Thus 

C0t'>^^=l+7tC0t^-f  ^COt'tf  +  ^;^   ""^COt«tf+.... 

631.  To  expand  cos  n$  and  sin  nO  in  powers  of  sin  ^,  when  n 
has  a/ny  real  value. 

In  the  formulae  of  Art.  626,  put  x  =  ismO,  Then  ,^(1  +  ar^)  +  a; 
=  cos^  +  isin^.  Hence  the  series  represent  some  value  of 
(cos  0-\-i  sin  ^)%  i.e.  of  cos  n<^  +  i  sin  n^  where  <^  is  some  angle 
whose  cosine  and  sine  are  equal  to  those  of  6  respectively. 

If  ^  =  0,  a;  =  0 ;  and  the  series  become  =  1  =  cos  vS. 

Hence,  by  the  principle  of  continuity,  if  0  is  a^cute^ 

n^  n^  (n^  -  2*) 

1  -  rr  sin*  0  +  — ^—71 — -  sin* $-...=  cos nO; 

.    .    w(w2-P)   .  ..     n(n^--V)(n^-3')   ...  .       . 

nsmO ^— rs — -am^6-¥ r^ ^sin*tf- ...  =sinn^, 

12  14  cos^ 

.     .     n(n'-2')    .  3^     n{n'-2^){n^-4:^)    .  ,.  sin  n^ 

w  sin  ^ ^-rs — ^  sin*^  +  — ^ -;-^^ ^sin''  0-...=     — ^  . 

13  |5  cos  6 

The  first  and  last  of  these  series  terminate  only  if  h  is  an 
even  integer;  the  middle  two  terminate  only  if  n  is  an  of/c? 
integer.  For  these  special  cases,  the  above  formulae  were  proved 
in  Art.  375. 

632.  To  show  that,  if  ti  is  positive,  the  series,  obtained  by 
mvMi/plying  all  the  terms  in  the  expansion  of  (1  —  1)*  by  any 
positive  or  negative  finite  quantities,  is  convergent. 
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As  soon  as  r  becomes  greater  than  w,  the  terms  in  the  ex- 
pansion of  (1  —  1)**  after  the  r*^  have  all  the  same  sign. 

If  w  is  ^ositivey  the  series  is  convergent  by  Art.  461,  and  is 
in  fact  equal  to  zero.  Hence  the  sum  of  the  terms  after  the  r^^  is 
finite,  being  numerically  equal  but  opposite  in  sign  to  the  sum  of 
the  terms  icp  to  the  r^\ 

Hence,  if  all  the  terms  after  the  r*'^  are  multiplied  by  any 
positwe  finite  quantities,  the  resulting  series  will  be  conver- 
gent by  Art.  453.  And  if  any  of  the  signs  are  then  chcmged, 
the  resulting  series  will  still  be  convergent  by  Art.  445. 

Hence,  the  series  obtained  by  muUiplying  all  the  terms  in 
the  expa/nsion  of  (1  —  1)*,  where  n  is  positive,  bg  any  positive 
or  negative  finite  quantities  is  convergent.  Q.  E.  d. 

633.  To  expand  (2  cos  0)^  in  ratios  of  miUtiples  of  By  where  n 
hxM  am,y  {integral  or  fra>ctional)  positive  t?aZit«. 

The  general  value  of  (2  cos  O^  is  given  by  the  expression 

(2  cos  BY  (cos  2X7r  ,n  +  i  sin  2Xir .  n). 
Again      (2  cos  Oy  =  {cos  tf  +  i  sin  ^  +  (cos  ^  + 1  sin  B)-^}\ 

Expanding  by  the  binomial  theorem,  the  general  value  of  the 
above  is 

(cos^  +  tsintf)*+w(cos  tf  +  i  sin  6)^-^  +  Jn(«- 1)  (cos  ^+tsin^)*-*+ . . . 
where,  though  each  of  the  expressions  (cos  0-¥i  sin  0)^-^  is  many- 
"oahiedy  yet  each  is  obtained  from  the  preceding  by  dividing  by 
the  single-valued  expression 

(cos  ^  +  i  sin  &fy  i.e.  cos  2tf  +  i  sin  2^. 
Hence,  by  De  Moivre's  theorem,  the  above  expansion 
=  cos  n^  +  71  cos  (ri  —  2)  ^  +  J  w (n -  1)  cos  (w  -  4)  ^  +  . .. 
+  i  sin  w^  +  m  sin  (n  -  2)  ^  + 1  m  (n  -  1 )  sin  (n  -  4)  ^  +  . . . 

where  B  must  have  the  same  value  throughout 

Since  n  is  positive,  this  series  is  convergent  by  the  last  article. 

Hence-  also,  by  making  a  sufficiently  small  change  in  the 
value  of  $f  we  may  make  the  change  in  the  value  of  the  series  as 
small  as  we  please. 
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Now  suppose  tf  =  2rw,  where  r  has  any  specified  integral 
value.     Then  the  series  becomes 

(cos 2nr .  »  +  i sin 2rTr .  n){l  +n  +  Jw(n-  1)  +  ...} 
=  (cos  2r7r .  7i  + 1  sin  2rw .  n)  (positive  value  of  2*) 

by  the  binomial  theorem,  n  being  greater  than  —  1.     (Art.  462.) 

Thus,  if  cos  ^  =  1,  we  have 

(cos  2r7r .  w  + 1  sin  2nr .  n)  {positive  value  of  (2  cos  ^)'*}, 
=  cos7i^  +  ncos(w-2)tf  +  Jw(7i-1)  cos(w-4)  ^+  ... 
+  t  sin  vA  +  in  sin  (w—  2)  ^  +  \^n  (w-  1)  sin  (n  -  4)  ^  +  ... 
where  0  —  2nr. 

If  then  B  changes  continuously  from  2nr  to  (2r«fc|)ir,  cosd 
remains  positive,  the  positive  value  of  (2  cos  BY  ^o  changes  con- 
tinuously, and  the  above  series  changes  continuously.  Hence 
the  multiplier  cos  2nr  .n  +  i  sin  2r7r .  n  must  not  change  dis- 
continuously  into  cos  2rV  ,n  +  i  sin  2rV .  n. 

Thus,  if  cos  6  has  any  positive  value,  the  above  equation  still 
holds  if,  in  the  series,  we  take  0  to  be  the  angle  nearest  to  2r7r 
whose  cosine  =  cos  0. 

Next  suppose  ^  =  (2r  +  l)7r,  where  r  has  any  specified  value. 
Then  the  series  becomes 

{cos  (2r  +  l)ir.n  +  i  sin  (2r  +  1)  tt  .  w}  (positive  value  of  2**). 

« 

Thus,  if  cos  ^  =  -  1,  we  have 
{cos  (2r  +  1)  TT .  71  + 1  sin  (2r  +  1)  tt  .  ti}  {positive  value  of  (-  2  cos  0)% 
=  cos nO  +  n  cos  (n  —  2)0  +  ^n(n-  1)  cos  (n  —  4)  ^  +  ... 
+  i  sin  nO  +  m  sin  (w  —  2)  tf  +  Jtw  (w  —  1)  sin  (n  -  4)  ^  +  ... 
where  ^  =  (2r  +  1)  w. 

As  before  then,  if  cos  $  has  any  negative  value,  this  equation 
still  holds,  if,  in  the  series,  we  take  ^  to  be  the  angle  nearest  to 
(2r  +  1)  TT  whose  cosine  =  cos  6, 

634.  In  the  first  result  of  the  last  article  suppose  0  is  acute. 
Then,  r  =  0 ;  and,  equating  real  ia-nd  imaginary  terms,  we  have 

cos  nO  +  n  cos  (n  -  2)  ^  +  Jn  (n  -  1)  cos  (n  -  4)  ^  +.. . 
and        sin7i^  +  wsin(»-2)^  +  ^n(w-  l)sin(«-4)^+... 

equal,  respectively,  to  the  real  positive  value  of  (2  cos  ^)*  and  to  0 
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A.  If  however  0  is  not  acute,  but  differs  from  2rTr  by  an 
acute  angle,  the  above  series  are  equal  to  the  real  positive  value 
of  (2  cos  0)^  multiplied,  respectively,  by  cos  2rir .  n  and  sin  2r7r .  n. 

Thus,  if  n=p/q,  where  q  is  even,  we  may  put  2r  =  q,  and  the 
above  series  become  equal  respectively  to  the  real  value  of 
-  (2  cos  tf )»  and  to  0. 

If  further  ^q  is  even,  we  may  put  2r  =  ^q,  and  the  above 
series  become  equal,  respectively,  to  0  and  to  the  real  value  of 

(-  1)^  (2  cos  ^)» 

B.  If  0  differs  from  (2r+  l)ir  by  an  acute  angle,  the  above 
series  are  equal  to  the  real  positive  value  of  (-  2  cos  6)^  multiplied, 
respectively,  by  cos  (2r  +  1 )  w .  w  and  sin  (2r  +  1)  tt  .  w. 

Thus,  if  n=p/qy  where  q  is  odd,  we  may  put  2r  + 1  =g;  and 

the  above  series  become  equal,  respectively,  to  (-  1)^  (—  2  cos  0)^ 

and  to  0. 

If  q  is  even  and  ^  is  odd,  we  may  put  2r  +  1  =  ^^^  •  and  they 

p-i 

become  equal,  respectively,  to  0  and  (-  1)  ^  (—2  cos  0)\ 

635.  To  extend  the  above  results  to  the  case,  when  n  is 
negative. 

Let  {n\  represent  the  coefficient  of  af  in  (1  +aj)**. 

Then,  as  shown  in  Art.  464, 

This  formula  follows  at  once  from  the  fact  that  (1  +  03)**+* 
must  be  obtainable  from  (1  +  xY  by  multiplying  by  1  +  a;. 

Now  let 
f{n)  =  cos  n6  +  (n)i  cos  (w  -  2)  ^  +  . . .  +  {n\  cos  (n  -  2r)  0 

+  i  sin  nB  +  i  {n\  sin  (w  -  2)  ^  +  . . .  + 1  {n\  sin  (n  —  2r)  9 
where  the  coefficients  are  those  of  (1  +  a?)**  and  the  series  termi- 
nates at  (n)y.  Multiply  by  2cos^,  and  resolve  each  product 
2  cos  6 00& pO  into  the  sum  of  cos  {p-¥\)0  and  cos (p-VjO^  and 
2 cos 6 sin^d  into  sin(p+l)^  +  sin(p-l)^.  Thus, by  the  above 
relation  between  the  coefficients  of  the  binomial  expansions, 
2costf./(n)=/(n+l) 

+  {n)r  cos  {n  —  2r--\)0-¥i  {n\  sin  (n  -  2r  -  1)  6. 
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If  then,  when  r  is  indefinitely  increased,  (l)y*(7i  +  1)  remains 
finite,  (2)  (n),.  remains  finite,  (3)  cos  0  is  not  zero,  then  f{;n)  will 
be  finite. 

Now  it  was  shown  in  Art.  519  (and  also  in  Art.  462),  that, 
when  r  is  infinite,  (n),.  is  zero  or  infinite  according  as  n  is  greater 
or  less  than  -  1.     If  w  =  -  1,  (ri)^  becomes  d=  1. 

If  then  n  lies  between  0  and  -  1,  the  series /(ri)  is  convergent 
And  =  (2  cos  BY  provided  cos  B  is  not  zero. 

If  71  =  -  1,  the  series /(w)  is  finite,  but  indeterminate. 

If  7i  <  - 1,  the  series  f(n)  is  infinite  for  all  but  certain 
special  forms  of  r,  when  r  is  infinite. 

636.  In  the  expansions  of  the  ratios  of  nB  in  terms  of  the 
ratios  of  ^,  we  may,  by  putting  n  =  oc,  obtain  expansions  of  the 
ratios  of  B  in  terms  of  B,     This  has  been  done  in  Art.  501. 

637.  But,  by  putting  w  =  0,  we  obtain  expansions  of  B 
in  terms  of  the  ratios  of  B. 

The  results  are  true,  in  each  case,  only  if  B  represents  the 
•circular  measure  of  an  a(mU  angle. 

Thus,  from  Art.  619,  we  have,  if  tan^<l, 

^^^  1.2.3       ^"^^^  1.2.3.4.5  ^^^     ■•• 

sinn^ 


wcos*^' 


n 


i  tan» e  .  (^ --  I) ^^r^^^-  •^>  W 6  - ...  =  ^^-^-'-f^ . 


2  1.2.3.4  -     -     —  ^cos»^ 

Putting  Ti  =  0,  and  observing  that  the  expansion  of  cos*  B  in 
powers  of  n  gives  \-vn  log  cos  B-\-\{^i  log  cos  ^)^  +  . . .,  we  have 

tan^-|tan8^  +  |tan«^-...=^    (1), 

Jtan2^-Jtan*^  +  Jtan«^-...=logsec^    (2). 

[The  latter  result  follows  at  once  from  the  equation 

sec^  =  (l+tan2^)*.] 
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Again,  from  Art.  631,  we  have 

o  5  n 


7^2 


Putting  n  =  0,  we  have 

sin^^     2sinf^     2  . 4  sin«  ^            0' 
^~"*"3T~^375     6     +--2  ••••'• W- 

Again,  from  Art.  634,  we  have 
sm(2-»)^  +  -j— 2  sm(4-«)^  +  ^^ — ,   ^  ^ — ^9in(6-w)^4. ... 

_  sin  nO 

/O  \ZJ       ^-1  />!  \/l         (w'-l)(w-2)  ^  . 

COS  (2  -7i)  ^  +  -=— o  cos  (4  -  n)  ^  +  -^ — toq — ^  cos  (6  -  w)  ^  +  ... 

X.J  i.J.O 

_  (2cos^)^-  cos  nO 

—     ■■  ^ 

Putting  n  =  0,  we  have 

,sin2^-|sin4tf  +  |^sin6^-...  =  ^ (6), 

cos2tf  — |cos4^  + Jcos6^-  ...  =:log2cos^  (6). 

Other  results  may  be  obtained  on  the  same  principle. 

§  3.     Complex  or  Imaginary  Indices. 

638.  The  use  of  complex  expressions  of  the  form  a  +  bi,. 
where  a  and  b  are  real,  is  explained  for  symbolical  purposes  by 
the  understanding  that  the  equation  a'hbi  =  c  +  di  shall  be 
interpreted  to  mean  that  a  =  c  and  b  =  d. 

It  remains  then  to  examine  what  use  can  be  made  of 
imaginary  or  complex  indices. 
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639.  Def.  Let  f{x)  be  some  single-valued  algebraical 
function  of  x^  not  containing  x  as  an  index,  such  that  for  any 
complex  values  of  x  and  y^ 

then,  if  /{x)  =  X  and/(l)  =  a, 

X  is  said  to  be  a  value  of  the  a^^  power  of  a ;  and  x  is  said  to 
be  a  logarithm  of  X  to  base  a. 

Thus  the  several  ybmw  oi/{x)  which  will  satisfy  the  conditions 
that  /{!)  =  a,  and  /(x)  x  f(y)  -f{x  +  y),  will  be  the  several 
values  of  a". 

And  the  several  valves  of  05,  which  will  satisfy  the  equation 
f{x)  =  X  for  any  of  the  above  forms  of  /,  will  be  the  values  of 
logaX  for  that  particular  form  oif. 

640.  To  find  the/orms  ofi  (x). 
Suppose  that 

f{x)  =  Cq  +  caj  +  c^  +  Cjic*  +  . . . 

Since  the  relation /(a;)  x/(y)  =/{x  +  y)  requires  thaty(O)  =  1, 
w§  see  that  c^  =  1.     The  same  relation  gives 

1  +c(a;  +  y)  +  C2(a;  +  y)*+  ...  +c^(a5  +  y)*'+ ... 

=  (l+ca5  +  C2aj*+  ...  +c^_iaf-^+  ...)(1 +cy+ ...). 

By  multiplying  out  the  term  c^  {x  +  y)**,  the  coefficient  of  y  is 
clearly  rc^"^.     Hence  equating  the  coefficients  of  yaf  "^ 

,  C  •  ^r— 1 

7*0,.  —  C  .  v,._]^,       •  .   Cif  —  ^-____  ^ 

T 

Putting  r  successively  equal  to  1,  2,  3,...  we  have 


Hence 


/(ar)  =  1  +  caj  +  -|2-  +  -T2-+  ...  +  -|^  +  ... 
The  coefficient  c  is  obtained  from  the  condition  that  ^(1) 
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shall   have  any  given   value  a;   i.e.   c  is  any  solution  of  the 
equation 

If  c  is  any  root  of  this  equation,  the  several  values  of  a"  are 
the  several  corresponding  values  of 

And  the  several  values  of  log^X  for  each  value  of  c,  are  the 
several  values  of  x  found  from  the  equation 

l+ca;+-7y+   .   -  +  ...=A. 

641.     To  find  the  natv/re  of  the  roots  of  the  equation  f  (x)  =  1, 
where 

I.  f{x)  =  1  has  no  real  root,  except  a;  =  0.     For,  if  05  is  real, 
f{x)  is  the  real  positive  value  of  {/(I)}*.     But  /(I)  >  1.     Hence 

all  real  positive  powers  of  /(I)  are  >  1 ;  and  all  real  negative 
powers  of  f(\)  are  <  1.  Hence  f{x)  cannot  =  1,  for  any  real 
value  of  X,  other  than  zero. 

II.  f{x)  =  1  has  no  complex  root. 

For,  since  the  coefficients  in  /(x)  are  real,  if  a  +  W  were  a 
root  oif{x)  =  1,  a  — hi  would  be  a  root. 

But /(a  +  hi)  x/(a  -  hi)  =/(2a). 

If  then  both  /(a  +  hi)  and  /{a  —  hi)  were  equal  to  1,  /(2a) 
would  be  equal  to  1 ;   .'.  by  I.,  a  must  be  zero. 

Hence  all  the  roots  oi/{x)  =  1  are  wholly  imaginary. 

III.  Any  integral  multiple  of  the  common  measure  of  any 
two  roots  oi/(x)  =  1  must  also  be  a  root. 

Let  rfii  and  r^fd  be  two  roots  having  the  common  measure  fii, 
so  that  r  and  /  are  integers. 
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Then,  since  f{x)  ^/(y)  =^/(x  +  y),  and   since  /(rfxi)  =  1  and 
f(r'fd)  =  1,  therefore 

/{pr  '^p'r')  id  =  1,  where  p  and  p'  are  any  integers. 

But,  by  the  theory  of  numbers,  we  may  make  j9r  —  j9V'=  1. 

Hence  ^d  is  a  root  of  f{x)  -  1 ;  and  .'.  any  multiple  of  yd  is 
a  root. 

IV.  All  the  roots  of  f{x)  =  1  must  be  integral  multiples  of 
some  common  root. 

For,  if  id  and  any  root  outside  the  series  rid  have  any 
common  measure,  all  the  multiples  of  this  common  measure  will 
be  roots.     And  the^e  will  include  the  series  r/xi. 

Hence,  as  long  as  we  take  two  commensv/rable  roots,  all  the 
roots  will  be  included  in  the  multiples  of  their  common  measure. 

But,  if  two  roots  \i  and  Xi  were  incommensurable^  we  could 

find  a  fraction  -  as  near  as  we  please  to  p ;  so  that  pX'i  —  qki^ 

which  would  also  be  a  root,  could  be  made  as  small  as  we  please. 
And  since  any  multiple  of  this  root  would  be  a  root,  it  would 
follow  that  any  wholly  imaginary  value  whatever  would  be  a 
root.   That  is,  writing  x  =  iy,  the  equations 


would  be  true  for  all  real  values  whatever.     But  this  is  im- 
possible since  the  coefficients  of  these  equations  are  not  zero. 

Hence 

The  roots  off{x)  ^l  are  all  the  positive  and  negative  integral 
multiples  of  eorrve  wholly  imagirux/ry  rod  which  we  may  caU  2irt.*         *] 


*  The  introduction  of  the  symbol  ir  will  be  justified  later  by  showing  that 
it  has  here  its  usual  value. 


I 
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642.     To  find  the  general  form  of  the  values  oflogj). 
The  general  values  of  log  ah  are  the  roots  of 

1  +ca:+    1^-  +  -r^  +  ...  =6 (1), 

where  c  is  any  root  of  ~ 

1+C  +  -  -f  r5  +  ...=a. 

b    [^ 

Let  X^a  be  any  one  of  the  roots  of  this  equation  :  and  X^a  +  k 
any  other  root.     Then,  the  left  hand  being /(c),  we  have 

/(Ka)^/(k)=/{Ka  +  k); 

.'.     axf(k)  =  a,         :.    f{k)^\. 

.*.  ^  is  any  solution  of  the  equation y* (a;)  =  1 ;  i.e.  k  =  2mn, 
.*.     the  roots  oi/(x)  =  a  are  X^a  +  2n7ri, 
and  the  roots  oif{x)  —  b  are  XJb  +  2miri, 

Hence  the  roots  of  (1)  are  — ,  where  c  =  X^a  +  2n7rt. 

c 

That  is, 

the  general  values  of  log^^  are  ^ ^^. 

°  X^a  +  2mn 

This  means  that  there  is  some  function  of  x,  viz, : 

<^(aj)  =  1  +  (X«a  +  27i7rt)  03  +  ^-^ — nr—^^+  ••• 

l_ 
such  that 

(1)  <^(a;)x<^(y)  =  <^(a:  +  y). 

(2)  <^(l)  =  a. 

(3)  ,^(a,)  =  6,     ifa,  =  ^^_^_., 

where  X^  (t)  is  any  solution  ofl+aj+.^+rq  + 

Particular  cases  of  this  result   should   be  carefully  noted. 

Thus  we  will  put 

,,114 

^^^^^^f3-'T4-'-=^ 


=  t. 


J.  T.  29 
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Then  for  a  write  e.     Then  one  value  of  A«e  is  1.     Thus 

the  general  values  of  loge6  are  -^ — ^ — ;-. 
Or  again,  put  6  =  1.     Then  one  value  of  \jb  is  0.     Thus 

the  general  values  of  log^l  are  r^ ^ — •  • 

Here  put  a  =  e.     Thus 

the  general  values  of  logj  are 


1  +  2nir% 

Putting  m  and  n  equal  to  0,  we  see  that  X^  is  a  special 
value  of  logg6.  Putting  w  =  0,  we  see  that  ^rrnri  is  a  value 
of  logel. 

And  in  general  we  find : 

Each  logarithrriy  such  as  \ogJb,  has  a  dovhh  infinity  of  values, 
which  is  obtained  by  giving  a  single  infinity  of  vahbes  to  log«6  omd 
to  loge^. 

643.     To  find  the  general  values  ofa^. 

The  expansion  1+05+-^+-^  +  ... 

I_      li 
may  be  called  the  expansional  value  of  e^. 

Thus,  since  the  general  value  of  a*  is 

where  c  =  X^a  +  2niri ;  we  have 

The  general  values  of  a^  are  the  expansional  values  of 

^(Xea+2niri)x  f^j.  ^ji  integral  values  of  n. 

Assuming  then  that  a  may  be  complex,  we  will  apply  this  to 
the  three  cases  according  as  a?  is  wholly  real,  wholly  imaginary,  or 
complex. 

(1)     Let  X  be  wholly  real  =p/q  say. 

Then  the  expansional  values  of  e<^+2nir»)P/«  are  those  of 
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Here  putting  w=0,  1,  2...g  — 1,  we  get  q  different  values, 
since  27ri  is  the  smallest  value  of  x  for  which  the  expansional 
value  of  6*  is  1.     After  this  the  values  recur.     Hence 

p 
If  x=- ;  p  and  q  being  real  integers  prime  to  one  another, 

a^  has  q  different  values ;  which  form  a  geometrical  progression, 

2pni 

whose  common  ratio  is  a  q^  root  of  unity,  viz.  e  ^   . 

(2)  Let  X  be  wholly  imaginary  =  yi. 

Then  the  expansional  values  of  gCA*a+2«.«)y»  ^^^  those  of 
^tyAja   g-2nif»^     rpj^jg  gives  a  different  value  for  every  value  of  n. 

Hence,  if  a;  is  wholly  imaginary,  a^  has  an  infinite  number 
of  values,  which  form  a  geometrical  progression  whose  common 

ratio  is  the  expansional  value  of  e**^. 

(3)  Let  X  be  complex  ^^y  +  zi. 

Then  the  expansional  values  of  e^^+^^MrOiy+^i)  ^^.^  ^^^^^  ^^ 

^y^a  ^  ^izX^    ^-2»^  ^  ^2nyH      r^^^  ^^^^  ^-^^nzrr  ^^  ^^  .^^^.^  number 

of  values  in  geometric  progression  :  and  the  number  of  values  of 
^ym  |g  QQ^2X  to  the  denominator  of  y, 

644.  To  trace  the  changes  in  the  expansional  value  of  e**, 
where  x  is  real. 

Writing  y(£ci)  =  the  expansional  value  of  e**, 
we  have 

/{xi)  ^f{yi)  =f{{x  +  y)  i}. 

Let  x(^)  ^^^  ^^  (^)  ^®  ^^^  ^^  ^^^  imaginary  parts  oi/(xi). 

Then 

{X  («)  +  *^  («)}  {X  (3^)  +  ^  (y)}  =  X  (^  +  y)  +  *'/'(«  +  y)' 
Hence  equating  the  real  and  imaginary  terms 

xi^+y)=x{^)'X(y)"^(^)'^{y) (i)» 

tA(a:  +  y)='A(»)-x(y)  +  x(a^)-^(2/)    (2). 

29—2 
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Now  since  x  (^)  contains  only  even  and  ^  (x)  only  odd  powers 

of    Xy 

•'•     X{-^)  =  X{^)  and  ^(-aj)t=-i/r(a:) ....(3), 

also  xW  =  l        a^d        j/r(0)  =  0 (4), 

and  x(«-3^)  =  x(«^)-x(y)  +  ^(^)-'/'(2^)  (^)» 

^  {x-  y)  =  il/  (x) ,  xiy)  -x(^) '  ^(y) (6)- 

From  (1),  (2),  (5),  and  (6)  we  have 

x(2/)-x(«)  =  2'A{H«^+2/)}.^{H«-y)} (7), 

Putting  in  (5)  y  =  a:,  we  have 

1  =  {X(«)}'  +  {^W (9)- 

Hence  ;((a;)  and  j/r  (x)  are  arithmetically  not  greater  than  1. 

Now/(27n)  =  1,  /.  /{xi  +  2in)  =/(xi)}  i.e.  the  values  oif{xi) 
recur  whenever  x  is  increased  by  27r. 

Again,  since 

f{2iri)  =  1,  /.  fiiri) «  VI  =  +  1  or  - 1. 

But  /{in)  cannot  be  +  1,  because,  by  definition,  2ir  is  the 
smallest  value  of  x  for  which /(ici)  =  1. 

/.    /(iri)  —  —  1 ;         i.e.  ;(  (tt)  =  —  1  and  t/r  (tt)  =  0, 

••  x("~'^)-~l  *^^  i/^(— •7r)  =  0. 
.'.     /(ici  +  iri)  =  -/(xi) ; 
i.e.     X  (^  "*■  ^)  =  ■"  X  (^)  ^""^^  xj/  {x  +  ir)  =  -  ij/  {x)» 
.'.     X  ('^  ~  *)  =  ""  X  (^)  *^^  ^  (tt  —  a;)  =  t/r  (a?). 
Again,  since 

/(Tri)  =  -  1,        .-.  /(jTri)  =  V( -  1)  =  +  t  or  -i; 
so  that  ;(  (j^tt)  =  0  and  xj/  ( Jir)  =  + 1  or  - 1. 

We  must  show  that,  from  a;  =  0  to  re  =  ^tt,  x  (x)  and  if/  (x)  are 
both  positive.  If  a;  is  a  small  positive  quantity,  x  (^)  and  ij/  (x) 
are  clearly  positive.  Hence,  being  continuous,  they  cannot 
become  negative  without  passing  through  the  value  zero. 

If  possible,  let  xiy)  or  ^  (y)  =  0  for  some  value  of  x  between 
0  and  Jtt.     Then,  since 
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Ix  (y)}'  +  {"A  (y)Y  =  1  and  /(yi)  =  X  (y)  +  if  (y), 
f{yi)  would  equal  ±  1  or  ±i.     Hence  y(2yi)  would  be  ±  1  and 
f(4tyi)  would  be  1.     But /(at)  is  not  1,  untila3=2ir,  .*.  neither 
\p  (y)  nor  x  {v)  can  vanish  if  y  is  between  0  and  Jtt. 

/.  t/r  (a;)  and  x  (aj)  are  always  positive  from  a;  =  0  to  05  =  ^tt. 
.'.     /(iTi)=  +  i;         i.e.     x(W=^  *^^  ^(J^)  =  l- 

•*•     x(-i'r)  =  0  and  i/r(-^7r)  =  -l. 

i.e.     X  (^  +  i'r)  =  -  i/f  (a?)  and  i^  (^  +  i'r)  =  x  {x\ 
•'•      X  (i'T  -  aj)  =  ^  (a;)  and  '/'(i'T-aj)  =  x(a:). 

•*•     X (W  =  ^  (t'^)  =  ~7o  s"^^®  {x  (^)P  +  {^  (^)P  =  1 :  a^^  so  on. 

Finally,  by  (7)  and  (8),  as  long  as  ^{x  +  y)  and  |(aj  —  y)  lie 
between  0  and  ^ir,  t^  (x)  must  incre(i8e  and  x  (^*)  uiust  decrease  as 
a;  increases. 

Thus,  between  0  and  j^tt,  t/r  {x)  continually  increases  from  0  to 
1 ;  and  x  (a?)  continually  decreases  from  I  to  0. 

Hence  the  values  of  i/r  {x)  and  x  (^)  cannot  be  repeated  as  x 
passes  from  0  to  ^tt. 

645.  To  find  a  value  for  Ae(l+y),  t.e.  a  root  of  the 
equation 

x^      a?  - 

12^"*"  j3^' *  ^^'^y- 

The  value  of  X^  (1  +  y)  has  to  satisfy  the  condition 
Ae(l+y)+ 12 + 13 +  •••  =2^  J 


.-.    when   Xe(l+y)  =  0,  y  =  Oand  jj-Y^^  =  l. 

If  then         ^e  (1  +  y)  =  Co  +  Ci2/  +  Cjjy*  +  C82/*  +  ..., 
we  must  have  c^  =  0,  and  Cj  =  1 ;  so  that 

Ae(l+y)  =  y  +  Cjy^  +  C82/»+  ...  +(?;./+  ... 


L 
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Writing /(«)  for  the  series  1  -i-  a?  +  ^jb*  +  JiC*  +  . . .,  we  have 

f{x)  x/(x')  =/{x  +  X')  ; 

.'.  if  a  is  a  root  of  /(x)  =  1  +  y ;  and  a'  of  /(x)  =1  -^  z;  then 
6*  +  a'  is  a  root  of /(a?)  =  (1  +  y)  (1  +  «)  =  1  +  y  +  (1  +  y) «. 

That  is,  we  may  write 
Xe(l+y)  +  ^.(l+2;)  =  X,{l+2/  +  (l+y)4; 
■'.  X,(l  +  y)+2J  +  Ca2;«+...={y  +  (l+y)«}+...+c^{y  +  (l+y)«J'-+... 

Equating  the  coefficients  of  z,  we  have 
Equating  to  zero  the  coefficient  of  y**,  we  have 

Putting  r  successively  equal  to  1,  2,  3...  we  have 

(-ir 

.-.     Xe(l  +  y)  =  y-iy«  +  i2/»-iy*+... 
which  is  a  convergent  series  if  mod.  y  is  not  greater  than  1.    [For, 
by  Art.  596,  mod.  y*  =  (mod.  y)*.     See  also  Arts.  616,  453,  445.] 

We  must  here  distinguish  the  cases  according  as  y  is  wholly 
real,  wholly  imaginary,  or  complex. 

(1)  Let  y  be  wholly  real. 

Then  the  series  for  X^  (1  +  y)  is  real ; 

•*•  y  ~  iy^  +  ii/^ "  iy^  +  . . .  =  the  one  real  value  of  log^  (1  +  y). 

(2)  Let  y  be  wholly  imaginary  =  zi  say. 
ThenX,(l+«t)-t(«--|«8  +  ^2»-...)  +  i(»'-|»*  +  Ji8«-.,.) 

A  —  Z% 

1  +  zi 
Thus  Xg  = ;  is  wholly  imaginary.     Now  when  z  equals  0,  the 

series  =  0 ;  hence  as  z  varies  from  0  to  1  or  from  0  to  —  1,  the 
series  changes  continuously. 
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Now  between  -  |ir  and  +  Jir  there  is  only  one  value  of  x  for 

which  the  expansion  of  e^  has  any  given  value. 

1  +  xi 
Hence  the  series  2i(«- J2j'  +  ^2j'— ...)  =  the  value  of  \^ ^ 

which  lies  between  -  ^ir  and  +  ^tt. 

.'.  X<5  (1  +  «i)  =  i  the  real  value  of  loge  (!+«') 

+  the  value  of  W^ .  which  lies  between  —  Jir  and  +  \ir, 

(3)     Let  y  be  complex  =y  +  zi  say.     Then 

X,  (1  +  y  +  «)  =  |\  (1  +  2y  +  y»  +  *»)  +  ^X.  i±^|i±^ , 
which  reduces  to  cases  (2)  and  (3). 

646.  Hence  we  can  find  an  expansion  for  ir. 

Thus  /{^vi)  =  i  =  ^j : .      .'.  K  T-—:  =  ^Tci. 

Hence  putting  «  =  1  in  (2)  of  last  article, 

i-jT  —  1  — ij-i  —  ij. 
^TT—  i  — ^  +  3^  —  y+... 

Other  expansions  for  ^ir  may  be  found  by  observing  that 

1+05     .    ^'*"y_\    l+aJ  +  y  +  ay 
l—x         1-y         1—x  —  y  +  xy 

Thus  patting  x  =  ^i  and  ^  =  |t,  we  have 

647.  The  indeterminateness  of  the  powers  and  logarithms 
of  quantities,  which  arise  from  our  introducing  imaginary 
indices,  gives  rise  to  some  difficulties  in  the  management  of 
equations. 

Thus  given  that  a  =  6,  we  have 

The  general  values  of  a*  are  the  expansional  values  of 
^{\jf+2nir{)x^  for  the  several  integral  values  of  n. 

And  the  general  values  of  log^  a  are  -:j — ^ ^  • 
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In  these  expressions  XJb  means  any  solution  of  the  equation 
obtained  by  equating  the  expansional  value  of  e*  to  6 :  i.e.  A^^ 
represents  some  logarithm  of  6  to  the  base  e. 

X  648.  The  indeterminateness  of  these  operations  may  be 
diminished  however  by  the  following  conventions  : — 

(1)  The  written  symbol  of  the  form  6*  shall  mean  th^ 
expansional  value  o/ef", 

(2)  The  written  symbol  of  the  form  log^  a  shall  mean  any 
value  of  X  for  which  the  expansional  value  0/6^  =  a. 

Then  from  the  equation  a  =  b,  we  should  deduce 

a*  =  g(log«6+2njr»)a; 

and  log^a  =  logg  b  +  2nin. 

In  this  way  the  logarithm  to  the  base  e  would  be  reduced  to 
a  single  indeterminateness.  But  those  to  any  other  base  would 
have  to  remain  doubly  indeterminate. 

y^  649.  Illustrations  may  be  given  of  the  confusions  arising 
from  neglecting  the  nature  of  the  indeterminateness  of  powers 
and  logarithms. 

(1)  We  have  1*  =  e*'^^«'^  =  e«  =  1. 

But  e^'^=  1,     /.  (e^^'y  =  1*;  i.e.  e'^""  =  1. 

This  result  is  apparently  absurd. 

It  must  be  amended  as  follows : 

p'=  e*i°«'^  =  the  expansional  value  of  e*(<>+2nw> 
=  the  expansional  value  of  e"^'*"^. 

This  is  an  indeterminate  result  one  of  whose  values  is  1,  viz. 
when  w  =  0. 

Next  we  have  a  value  of  e^*  is  1 ;  .'.a  value  of  e^^^  is  e"'^**"" 
for  some  value  of  n;  i.e.  the  expansional  value  of  e~^"^  is  the 
expansional  value  of  e"^""^  if  n  =  1. 

(2)  We  have  e^"^  =  1  :   .*.  e^"^^"*"*'  =  e. 
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Kaise  both  sides  to  the  power  1  +  2n7n,  then 

^l-4w»ir«+2(i»+n)ir<  _  A+invi  _ 

C  —~  6  —  Of 

for  any  integral  values  of  m  and  n. 

This  process  might  be  repeated  ad  infinitum. 

It  must  be  amended  as  follows : 

For  simplicity  we  may  understand  that  e*  means  the  ex- 

pansional  value  of  e*.     Then  we  may  write  ^  ^^^  =e,  for  any 
assigned  value  of  m. 

Raising  both  sides  of  this  equation  to  the  power  1  +  2mn  and 
still  understanding  expansional  values,  the  left  hand  becomes 
^(i-f2«iri+2m'irt)(i+2nir<)  ^j^^^.^  ^,  ^  unossigued. 

Assigning  to  m!  its  several  values  we  obtain  the  several 
values  required.  Amongst  these,  viz.  when  m'  =  -w,  we  have 
the  value  e. 

Applications  to  Trtgonotnetrical  Formulae, 

650.  Having  worked  out  a  purely  algebraical  theory  of 
imaginary  indices  or  logarithms  we  may,  by  means  of  De  Moivre's 
Theorem,  apply  the  results  to  Trigonometry. 

651.  To  find  a  series  for  cos  A-\-i  sin  A, 

"By  De  Moivre's  Theorem,  if  ^  is  a  real  angle  and  x  a  real 
quantity,  the  general  values  of  {cos  A  +  i  sin  A^  are  given  by  the 
expression  cos  x{A+n,  360**)  -hisin  x  (A  +n,  360**),  where  n  is 
any  integer. 

But,  by  the  theorems  above  discussed,  the  general  values  of 
(cos  A-^i  sin  -4)*  are  the  values  of 

1  +  ca;  +  -TT-  +  -TT^  +  •  •  • 
2 


where  c  is  any  root  of  the  equation 


c'      c» 


1  +c  +  -j^  +  1^  +  ...  =cosil  -^-iswiA (1). 
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Hence,  if  c  satisfies  (1), 
cosa;(^+w.360')  +  tsina;(il  +  w.360°)=l+ca:+--^  +  ...  (2). 


Now  ar,  being  fractional,  may  be  indefinitely  diminished. 
In  the  limit 

cosa;(i4^-n.360°)-l        2 sin^ ^x(A+n.  360°) _ ^ 

X  X 

,       sin  05  (il  +  n .  360°)       .      ,  .   .  ocao 

and       ^^ '-  ==  circular  measure  of  -4  +  « .  obO  : 

X 

.*.  from  (2),  i  x  (circular  measure  of  -4  +  w .  360°)  =  c. 

Let  B  and  27r  be  the  circular  measure  of  A  and  360°  respec- 
tively.    Then  by  (1), 

The  expansional  value  of 

6*^^''**''^  =  cos(9  +  isin^    ^3j 

This  result  justifies  the  introduction  of  the  symbol  tt  in  Art. 
641. 

652.  If  we  understand  by  e*  its  expansional  value,  we  have 
cos  ^  -t- 1  sin  ^  =  c'^  and  .*.  cos  ^  -  i  sin  ^  =  e~*^. 

.*.  cos  ^  =  I  (e^^  +  e"'^)  and  ^  sin  6>  =  J  (e^  -  e"^). 

These  are  usually  called  the  Exponential  values  of  the 
sine  and  cosine. 

It  would  be  more  correct  to  call  cos  $  and  i  sin  0  the  Ex- 
pansional values  of  ^  (e^  +  e~*^  and  ^  {e^  -  e~*^)  respectively. 
For  these  latter  are  at  first  sight  uninterpretable,  and  are  in  any 
case  indeterminate ;  while  cos  B  and  sin  B  are  both  interpretable 
and  determinate. 

653.  We  have  already  (Art.  608)  given  the  following  defini- 
tions : 

cosh  B  =  the  expansional  value  oi\(e  -i-  e"  ),  and 

sinh  B  =  the  expansional  value  of  ^  (e  —  e    ). 
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Hence  we  m&j  introduce  imaginary  anglea^  bj  the  defini- 
tions : — 

cos  id  =  cosh  6  and  sin  iO  =  i  sinh  0 ; 

which  will  result  from  our  writing  id  for  0  in  the  values  of  cos  0 
and  i  sin  6. 

Thus  a  whoUy  irrwugimja/ry  angle  has  a  wholly  real  cosine,  but  a 
wholly  imaginary  sine, 

654.     To  Jind  the  expansion /o7' ta.n~^  X, 
We  have 

cos  0-hi sin  0  =  e**  and  cos  0^i  sin  0  =  e~^^. 

•    K,r  ^;Tr;B;^«  1  +  ita.nO      20 

.  .  by  division,  = — rr tj  =  «    . 

•^  1  —  t  tan  o' 

But  since  here  e*  means  the  expansional  value  of  e*,  we  may 
use  logg  a  to  mean  a  value  of  x  for  which  the  expansional  value 
of  e*  is  a.     Hence,  if  tan  ^  <  1, 

2ie  =  lege  (1  +  i  tan  ^)  -  log^  (1  - 1  tan  0), 

=  2w7ri  +  2i  (tan^- Jtan»^  +  jtan'' *...) ; 

/.  ^  =  »ir  +  tan^-Jtan»^  +  |tan»^-  ... 

But  the  series  after  mr  is  equal  to  the  value  of  $  between  —  ^ir 
and  +  Jtt  by  Art.  645.  Or,  immediately  by  the  principle  of  con- 
tinuity, since  tan  0  =  0;  we  have 

tJU  "ir  «/      T^  TF"  •*/     ^^    ... 

=  the  circular  measure  of  the  acute  value  of  tan~^  x. 

655.  The  exponential  expressions  for  the  sine  and  cosine 
enable  us  to  use  very  compendious  proofs  of  propositions  (which, 
of  course,  are  otherwise  provable). 

They  have  two  important  uses : 

(1)  In  the  interpretation  of  functions  involving  complex 
expressions :  i.e.  the  reduction  of  these  functions  to  the  form  of  a 
complex  expression. 

(2)  In  the  summation  of  series  and  conversely  the  develop- 
ment of  functions  into  series. 


1 
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656.  Example  of  the  interpretation  of  a  complex  function. 

Keduce  {a  +  5iy^«*  to  the  form  A  +  Bi, 

Let 

a  +  hi  =  r  (cos  0-^i  sin  ^),  so  that  r^  =a^  +  h^  and  tan  $  =  hja. 

Then 

=  r^ .  6~^^  {cos  {q  log  r  +  J9^)  +  i  sin  (5'  log ?•  +  jt?^)}. 
.*.  -4  =  r^  .  6~^*  cos  (q  log  r  +  jt?^)  and  B  =  r^  ,  e~^^  sin  (^^  log r  -hpO). 

The  indetermiuateness  of  this  result  should  be  examined. 

We  take  r  to  be  the  positive  value  of  ^(a^  +  6*) :  so  that  to  log  r  we 
may  give  its  real  value.  Then  S  is  the  angle  whose  cosine  is  b/r  and 
whose  sine  is  a/r.     Hence  6  is  indeterminate — its  values  differing  by 

Stt.  Hence  the  magnitude  of  the  coefficient  e~^^  has  an  infinite  number 
of  values;  and  the  expression  cos  (^logr+jt?^)H-isin(3'logr+/?d)  has 
values  equal  in  number  to  the  denominator  of/?. 

657.  Example  of  the  AS'wmma^ion  o/"  AS'eWe*. 
To  find  the  two  sums : — 

(7  =  1  +  a;  cos  ^  +  ic^  cos  2^  +  a^  cos  3^  +  . . . 
S  =  0  +  aj  sin  ^  +  ar*  sin  2^  +  05*  sin  3^  +  ... 

We  have 

C  +  Si=l  -hx (cos ^  + 1  sin ^)  +  ar* (cos 26  +  i sin 26)  +  .,. 

=  l+xe^'  +  afe^^'  +  a^e^+,„ 

_1_  1  _1-^  <50s  ^  +  taj  sin  ^ 

I  -  a;6  *      1  —  a;  (cos  ^  +  i  sin  ^)      (1  -  a;  cos  6y  -  i'a;*  sin*  6 

.    ^          1  -  a;  cos  ^  -   rt  aj  sin  ^ 

. .  C^  S  :i — P^ 7; h  and  aS^  = 


1  -  2a;  cos  6  +  0^  1  —  2aj  cos  ^  +  a;* ' 

658.     Example  of  Devehpment  in  a  Series, 

To  expand  log^  (1  —  2a;  cos  ^  +  a*)  in  powers  of  x, 

Jjog^{\-2xG0^6+a?)=\ogl\-xe^-xe''^'+a?)=\og,{\-xe^){\-'^^ 

=  -a;(6^'  +  6-^)-ia;«(e2^+.-^)-^(6^**  +  6-^)-... 
.  • .  -  J  log,  (1  -  2a?  cos  ^  +  a*)  =  a  cos  ^  +  Jar*  cos  2  ^  +  ^  cos  3^  +.. . 
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659.     To  expand  0  in  powers  of  a,  when  sin $  =  xBm($  -^  a). 
Here  ««  -  «"«  =  W*+'>*  -  «*-<•+"'*, 


e 


m 


1  -  a»— ' 


.«  » 


.'.  (the  acute  value  of  20)  i 

=  expansion  of  {log  (1  -  a5g~*  )  —  log  (1  -  a;c*')} ; 
.*.  6  =  x  sin  a  +  Jos"  sin  2a  +  ^  sin  3a  +  . . . 


BernoulKa  Numbers. 

660.  The  following  is  an  application  of  the  exponential 
theorem,  which  is  extensively  used  in  the  expansion  of  functions. 

661.  In  the  expansion  of  (x  +  1)*  —  x*,  for  integral  values  of 
n  greater  them  1,  substitute  A^  for  x*"  and  eqvMte  the  result  to  zero. 

Thus  put  n  =  2  ;  then  2.4i  +  1  =  0 ;   .*.  ^i  =  -  J  : 

Putn  =  3;  then  3i42  +  3-4i  + 1=0;   .*.  ^a  =  +  J: 
and  so  on. 

The  substitutive  function  (a;  +  1)**  -  a;*  may  be  simplified  by 
subtracting  its  values  for  different  values  of  n;  since,  after 
substituting,  the  result  has  to  be  equated  to  zero. 

Thus  take  {x  +  If  -  a*  from  {x  +  l)^^^  -  a;«+^ ; 
take  the  remainder  ie.  a  (a;  +  1)*  -  a;**  (a;  —  1) 

from  a;  (a;  +  1)**+^  -  a;*+^  (a?  -  1) ; 

take  the  remainder  i.e.  a:^{x+  1)**  -  a;**  (a;  -  1)^ 

from  ar^  (a;  +  l)«+i  -  af*^  («-!)'; 
and  so  on. 

Thus  the  substitutive  function  becomes  a;*"  (a;  +  1)**  —  a:**  (a;  -  1)*^. 

(1)     Here  put  m  =  n;  then  we  have  «**  (x  +l)^-x^(x—  1)\ 

Here  all  the  terms  involving  even  powers  of  x  cancel ;  hence 
the  odd  terms  between  A^  and  A^  alone  remain. 
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Put  n  =  2 ;  thas  J,  =  0.     And  since  every  increase  of  n  by  1 
brings  in  one  new  odd  term,  we  see  that 

After  Ai  all  the  coefficients  with  odd  suffioces  vanish, 

(2)     Now  put  w  =  m  +  1  j  then  we  have 

jc"»  (x  +  1)*"+^  -  ic«+i  (x  -  1)"*. 

In  this  expansion  we  may  omit  the  odd.  powers  of  x  since  the 
substitutes  for  them  are  zero. 

The  term  involving 'ar*^-2»  in  a;*  {x  +  1)'"+^  is 
(wi  +  l)m  ...  (w- 2w  +  1) 


2W-4-1 


/j^-an 


The  term  involving  aij**-**  in  —  a?"**^  (a;  —  1)**  is 

m{m-\),.,{m-2n)  ^_^^ 


2w+I 


IS 


I.e. 


Hence  in  the  substitutive  function  the  term  involving  a:^-** 
n  +  ^~       j  X  {term  in  «»» (a;  +  l)*^"^^}, 


2m  -  2n  +  1 
m  +  1 


X  {term  in  ai^  (a:  + 1)*"+^}. 


■2r« 


Let  us  write  then  G^r  =  (2^  +  1)  -4. 

Then  the  valves  of  Q^  may  he  found  by  substituting  Car  for 
x^**  in  the  expansion  of  x"*(x  + 1)**"*"^  equated  to  zero,  the  odd 
coefficients  being  dropped, 

then  3(74  +  Ca  =  0 ;   •*•  0^=--^. 

then  4(76  +  ^C^  =  0;   :,  C^  =  J. 

then  SCs  +  lOCg  +  (74  =  0 ;   .-.  (78  =  -3;V 

then  6(7io  +  20(78  +  6(7^  =  0 ;   .'.  (7io  =  |. 

then  7(7ia  +  35(7io  + 21(78 +  (7«  =  0;   .\  (7ia  =  -||i. 

then  8(7i4  +  56(7^2  +  56(7io  +SCs  =  0;   ,'.  Gu  =  1r- 


We  have 

Put  m  =  2 

Put  m  =  3 

Put  m  =  4 

Put  m  =  5 

Put  m  =  6 

Put  m  =  7 
And  so  on. 
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In  the  above,  write  B^  —  {— If'^'^A^ ;  then  Bi,  B„  B^,..  are 
called  Bernoulli's  numbers. 

The  relations  l)etween  the  three  sets  of  coefficients  here  intro- 
duced should  be  carefully  noted.     Thus 

The  introduction  of  the  ^-coefficients  lesuls  to  the  simplest 
definition ;  while  that  of  the  C-coefficients  simplifies  the  calcula- 
tions. 

662.     To  eocpand  — — -  in  powers  of  is., 

[It  should  be  observed  that  if  6*=l+y;  this  expression  becomes 
-^ — —  which  (if  y<l)  can  be  expanded  in  powers  of  y.] 

When  a;  =  0,  the  given  expression  =  1 ;  for  e*  =  1  +  a:  +  . . . 
Hence  we  may  write 

^^-y- 1  +  ^laj  +  —  + -^  +  ...  + -j^  +  ... 
Now  e*-l  =«+,-+  7^+... +■;—+... 

II    1£         (!? 

Hence  multiplying  and  equating  the  coefficient  of  05*  (where 
w  >  1)  to  zero ;  we  have 


+  , =;r=^  + 


+  ...  +  ...    .  +  —  =0. 


n-\  |1      |n-2  |2      \n^Z  |3  [1  |w-l 


n 


Multiply  by  |n.     Thus 

That  is,  A^  may  be  found  by  substituting  A^  for  af  in  the 
expansions  of  (a;  +  !)**-«**  and  equating  the  results  to  zero. 

Hence  the  coefficients  A^y  A^^  A^...  are  those  found  in  the 
last  article. 


^ 
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Since  ^j  =  —  ^  ;  and  after  -4^  the  odd  coefficients  vanish,  while 
Br  =  (-  ly*^ A^r,  we  may  write 


e«-l 


663.     To  derive  other  expansions  from  Hie  above. 
We  have 


X 


X  X 

X       33      6*4-1        05      6^  +  6*        X  ,,    X 

+  -  =  -  .  -= ^  =  7.  .     _ i  =  K  .  coth  ^  , 


6*  -1      2     2  'e*-!      2' 


03 


03 


ar» 


a^ 


.-.     jrC0th-=l+^i--^3  +^3 


(1). 


Now  cosech  03  =  coth  \x  —  coth  x, 
.-.  ?cosecha:  =  i-A^  +  (2»-l)A^-(2*-l)A^-  ...(2). 


6 


03 


X 


Again  \  tanh  ^  =  coth  05  -  J  coth  ^  . 

.-.  itanh|  =  (2'-l)5,^-(2*-l)5,^+(2«-l)53^-...(3). 

Writing  here 

a;  =  iy  ;  cosh  \x  —  COS  Jy  and  sinh  \x=-i  sin  |^y, 


(4), 


y 


.•.|cot|  =  l-^|-^,^-^.^- 

664.     Now  we  have  (Art.  526) 

1      *«      2w 

.-.  |cot|=l-2y»s:^(l-2.g^)". 
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If  y  <  27r,  all  the  terms  can  be  expanded  in  ascending  powers 
of  2/*  by  division.     Hence 

I  cot  I  =  1  -  2aS',  where 
2VV       2V     2V       7     4VV       iV     4V       7 


6VV       6V6V         ;■*■•• 


Equating  coefficients  of  ^  in  the  two  expansions  for  |  cot  | , 


we  have 


[2r     (2^L    "^2^"^3»-'^4^'*"*'J' 
Hence  the  limit  of  the  ratio  of  each  term  to  the  preceding  in 
the  expansion  of  |  cot  |  is  i^  j  :  so  that  the  series  is  convergent 


if  y  <  2ir. 
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L  The  quantities  1,  i,  —  1,  —  i,  1,  *,  <kc.  form  a  geometric 
series.     Hence  deduce  the  rules  of  signs  in  their  multiplication. 

2.  Show  that  the  addition,  subtraction,  multiplication,  and 
division  of  complex  quantities  yields  always  a  complex  quantity. 

3.  If  (a  +  6t)  (c +  c?i)  is  wholly  real,  a,  6,  c,  and  —  <£  must 
form  u  proportion ;  if  it  is  wholly  imaginary,  a,  &,  d^  c  must  form 
a  proportion. 

4.  If  the  ratio  of  two  complex  quantities  is  wholly  imaginary, 
then  the  norm  of  their  sum  is  equal  to  the  sum  of  their  norms. 

5.  The  modulus  of  the  sum  of  any  number  of  complex 
numbers  is  never  greater  than  the  sum  of  their  moduli. 

J.  T.  30 
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6.  Show  that  the  square  root  ot  x  +  yiis 

*  U{hJ(o^  +  y*)  +  ia;}  +  »  V{  W(«'  +  y')-  M 
or  *  Uii  s/(a^  +  y')  +  H  -  i  M  V(a^  +  2/*)  -  J«}]. 

according  as  y  is  positive  or  negative,  where  the  positive  values 
of  the  square  roots  are  understood. 

7.  From  the  above  find  the  fourth  roots  and  the  eighth  roots 
of  +  1  and  —  1. 

8.  If  0)  be  one  of  the  complex  cube  roots  of  + 1, 

1  +  <o  +  0)^  =  0 ;  and  as"  —  asy  +  ^  =  (oioj  +  <o^y)  (<o^x  +  coy). 

9.  If     cos  2a  +  i  sin  2a  =  A  and  cos  2^  +  »  sin  2^  =  By  then 
2co8(a-^=y^  +  yf  and2sin(a-^)=y^-yf. 

10.  If  C7  and  2>  are  defined  in  the  same  way  as  A  and  B 
above, 

AB  +  CD=2cos{a  +  P-y^^).  {cos  (a  +  j3  +  y  +  8) 

+  i  sin  (a  +  )3  +  y  +  8)}, 

(^  +  ^)((7  +  2>)  =  4cos(a-j3)cos(y-8).{cos(a  +  )8  +  y  +  8) 

+  »  sin  (a  +  )8  +  y  +  8)}. 

11.  li  A,  B,  C  are  the  angles  of  a  triangle, 
cos  SA  +  cos  3^  +  cos  3(7  +  3 

=  (cos  A  +  cos  B  +  cos  (7)(cos  -4  +  cos  B  +  cos  (7-4  cos  A  cos  5  cos  G) 

+  (sin  -4  +  sin  5  +  sin  (7)  (sin  ii+sin5  +  8in(7  —  4sin-4  sin  B  sin  (7). 

12.  If  we  may  put  2  cos  -4=0?  +  -,  2  cos  J5  =  y  +  -  and  so  on ; 

X  y 

1  ^ 

show  that  2  cos  (-4  +  ^  +  (7  +  ...)  =  a;y«...  + 


13.  Find  the  fifth  roots  of  —  1,  first  by  Algebra,  and  secondly 
by  Trigonometry. 

14.  Express  l+»;    J^  +  i;    l-iJS;    -l-i;    1 +i  +  ^2, 
t  +  2  —  ^3  in  the  form  p  (cos  ^  +  t  sin  6)  where  p  is  positive. 
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15.  Find  the  general  values  of  the  sixth  roots  of  1,  —  1,  t 
and  —  ». 

1 6.  Evaluate 

(3  V3  +  3t  V3)* ;  (81  V3  -  81*)^ ;  (32  ^3  +  32i)^. 

17.  Expand   cos  70  and  sin  70  in  homogeneous   terms   in- 
volving cos  $  and  sin  0, 

18.  Expand   64  cos^  0  and   64  sin'  0  in   cosines   and   sines 
respectively  of  multiples  of  0, 

1 9.  2«  sinS  0  cos«  ^  =  6  sin  ^  +  8  sin  3^  -  3  sin  7^  -  sin  9^. 

20.  28  sin*^  0  cos^  ^  =  6  sin^  +  4  sin  3^  -  4  sin5d  -  sin  70  +  sin 9ft 

21.  x^  +  x~^  —  y"  —  y~**  =  (if  n  is  even) 
(a;  +  05"^  +  y  +  y'^){x  +  a?"^  —  y  —  y~^)  x 

p^i<»-2)r^^^-2 «  2 (a;  +  a-^) (y+  y'') cos^+y»  +  2/-^  +  ^cos^^^l  . 

22.  05**  +  a;"*  —  y*  -  y"**  =  (if  w  is  odd)  (as  +  o?"^  —  2/ - y"^)  x 
pHn-DV^  +  aj-2  -  2  («  +  aj-^) (y +2/-^)cos  ?^  +y«+2/-2+4  cos^  ?^1  . 

23.  cosh  na  -  cosh  w.)S  =  (if  w  is  even) 
22  (cosh  a  -  cosh  P)  (cosh  a  +  cosh  p)  x 

pHn-2)  r  ^gjj  2a  -  4  cosh  a  cosh  j3  cos  ?^  +  cosh  2j3  +  2  cos^  ^1  . 


n-l 
24.     cosh  na  -  cosh  np=(iin  is  odd)  2  2    (cosh  a  —  cosh  fi)  x 

cosh  2a  —  4  cosh  a  cosh  jS  cos  —  +  cosh  2i3  +  2  cos*  — ^    . 

w  '^  w  J 


>^i(«-i)r 


25.     If  7»  is  a  positive  integer,  and  tan  ^  <  1, 
cos«^  cos  71^=1 -i7i(w+l)tan>*+^w(w+l)(w+2)(ri+3)tan*^-... 
cos* 0 sin n0=n  tan  tf  -  Jn  (7i  +  1)  (w  +  2)  tan'  tf  +  ... 

9n_i     ^     ^      27n{n^-l)     81n^ (n^ -  2^) 
2b.     J-l+^+^g+     4.8.12    ■^4.8.12.16'*"** 

30—2 
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•     W  ~       12  ■^12.24'*"  12.24.36  "^  12.24.36.48"*"-  ' 

28.  «*>'  =  1  +  w  sinh  y  +  t^-  sinh'  y 

+        ,  — ^smh*y  +  — ^r -mLh^y+  ... 

if  y  lies  between  log^  (^2  -  1)  and  loge  (^2  +  1). 

29.  Hence 

.  ,         1    sinh'  y     1.3    sinh'  y 

^  _  sinh^  y     2    sinh*  y     2.4    sinh*  y 

2""^       3*"~^"'*'375 '""e    "   • 

y»     sinh'y     P+32  .  ^.        l«  +  3»+5»  .  ^, 

^= — 3-^ jg-    sinh»y+ ^ sinh'2/-... 


30 


tf»     sin'd     P  +  3»   .  ,  .     P  +  3»  +  5«  .  ,. 
.     TT  =  —1^  +  — =r~  Sin**  ^  + sm^  6  +  ... 


31.  If  ay+i=  1 +J  +  J  +  ^+ ...+-,  then 

0 log  sec  tf  =  ia^toj^*  ^ -  i«6  tan*  ^  +  ^07  tan' d  -  ... 
i(log8ec^)»-itf«  =  Jtan»^-|«4tan*^  +  J««tan«tf-... 

32.  If  05  =  tan  j-  (4Aj  +  1),  where  k  and  w  are  integers, 


33.     If 


1 


...  oti?  in/!  =  cos ^  +» sin ^  then 


a  +  ^i  +  a  +  ^i  + 

sini^=iV(a«  +  i8«). 

34.     Put  into  complex  form  : 

sin  (a  +  bi) ;  cos  (a  +  6i) ;  tan  (a  +  6i);  sec  (a  +  6t) ;  cot  (a  +  b%); 
cosec  (a  +  6i) ;   log^ (a  +  6i) ;    log^ ( 1  +  cc*) ;    tan~^ (a  +  bi);    a*;    i" ; 


a  = 
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35.  log^!''i^"^^.j  =  2itan-^(cot«tanhy). 

°sm(x-yt)  ^  ^' 

36.  lc)g^??i?±2^)  =  2ttan-^(tanatanhy^^ 

°cos(a5-2/*)  ' 

37.  tan-^  (e")  =  Jrwr  +  i^r  -  |i  log  tan  ( J^  -  Jtf). 

38.  Find -.  cosec-^  ('^'j ;  and  (a  +  tatan6y°»^^^*>-*^. 

ax  \a%/  ^  ^' 

«^      /I  +  sin  <^  + » cos  <^\«  /TMT        ,  \      ,  .    /rwr        .  \ 

39.  (       -.    - — ; -)  =co8  (-jr- -n6  )  +  tsin(  ^-tw^). 

\1 +sin^-tco8^/  \2        ^/  \2        ^ ) 

40.  Iftan2(|+^^=a  +  /Jt, 

(6*  +  V2)»  +  (e-*  +  V2)* '  '^  ~  (e*  +  ^2)"  +  («"*  +  ^2)* ' 

41.  If  i**"'  to  an  infinite  number  of  exponents  be  represented 

A  +  j5t,  then  tan  ^  =  7  and  -4'  +  -B"  =  e"'^. 

42.  cos  a;  cosh  a:  =  S^  t-  2*  cos  -rr-  cos  -7-  . 

0  ^  2  4 

Sum  the  following  series  (43 — 50). 

43.  cosa  +  a;cos(a  +  )8)  +  a:'cos(a  +  2)8)  + ... 

_  sin  2a      sin  3a 

44.  sin  a  H -^ —  +  — r^ — H  . .. 

^      .     cos  a  cos  )3     cos^acos2/3     cos'acos3/3 

4D.  J  +  j^  ^         j^  +  ... 

46.  sin  a  cos  ^^\  sin^  a  cos  2/3  +  ^  sin'  a  cos  3^  —  ... 

47.  05  sin  a  —  las'  sin  3a  +  ^  sin  5a  —  . . . 

48.  sin  (a  +  j3)  -  I  sin  (a  +  2^)  +  J  sin  (a  +  3)8)  -  . . . 

49.  6"8iny  -  ^^'sin  2y  +  Je'^sin 3y-  ... 


470  EXAMPLES   XXI. 

60.  l+^cosasini3  +  ^,\f  "5^cos'a8in2j9 

q  |2 .  9* 

Sum  the  following  series  to  n  terms  (51 — 54). 

61.  1  +  cos  a  cos  p  +  cos'  a  cos  2j3  +  cos*  a  cos  3/8  +  . . . 

52.  a;  sin  a  -  or*  sin  (a  +  )8)  +  as*  sin  (a  +  2/8)  -  ... . 

53.  sin  a  +  2  sin  2a  +  3  sin  3a  +  ... . 

54.  Pcosa+ 2*cos2a  +  3*co8  3a+ .... 

55.  Find 

,  7i(n-l)        -       w(n-l)(w-2)        « 

1  +  n  cos  a  +  -~ — x-^  cos  2a  +  — — — -^ '  cos  3a  +  ... , 

where  n  is  a  positive  integer. 

Expand  in  ascending  powers  of  x  the  following  (56 — 61). 

56.  (1  -  2x  cos  a  +  a?)'\\  -  aP),         57.     ^  cos*«. 

58.     6**^^  cos  (a  +  aj  sin  )8).  59.     e** cos  6aj  +  e*^  cos  oar. 

^^      sin  a  -  aj  sin  (a  -  )8)  ^-  1  4-  a;  cos  0 

1  -  2aj  cos  )3  +  ar*    *  '     1  +  2aj  cos  ^  +  ai*  * 

62.  If  tan  x  =  n  tan  y,  then  a  value  of  x  is 

y  -  m  sin  2y  +  ^'sin  4y  —  Jw'  sin  6y  +  ... 
1-ri 


where  m  = 


1  +w* 


r— .  .    .  ^ — ,  where  r  has  any 

35  —  cos  J  2wr  —  1  sm  J  27!r 


63.  The  side  c  of  a  triangle,  whose  sides  a^  b  {b  <za)  and 
angle  G  are  known,  is  given  by 

b  b^         '  b^ 

log  c  =  log  a  —  cos  C^  -  i  — 2  cos  2C  -  J  —  cos  3(7  -  ... . 

(S  (t  d 

64.  The  fraction  — -, — = —  is  equal  to  the   sum  of  three 

A 
fractions  of  the  form z-^ 7—, — ;-?. — ,  where  r  has  any 
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three  consecutive  values:    and    two    of    the    numerators    are 
imaginary,  unless  a  =  b  =  c  in  which  case  both  =  0. 

65.     If  a,  )9,  y...  be  the  n  roots  of  the  equation 

then,  for  any  values  of  $  and  x, 

.     aainO        ^       .     BsinO        ^       .     ysinO 

tan-^ ^ +  tan"*7r^- — j: +  tan-^  — '- — 75 +  ... 

a  cos  6^  —  05  p  cos  0  -x  y  cos  G  —  x 

_  J.     ^1  Pi  ^^  Oa^'^  +  j9a  sin  2^a5*~'  +  ...  +  jt?„  sin  w^ 


a^-hpi  cos  Ox^~^  +P2  cos  2^05**""*  + . . .  +  p^cosnO  *  , 

66.  If  p  and  n  be  any  integers  and  co^,  0)3,  ...  a)„_i  be  the  n^ 
roots  of  unity,  excluding  unity  itself,  then  the  remainder  when 
p  is  divided  by  ri  is 

+  ft)/  --  ^-  +  ft)/  = — ?-   +  ...  +  ft)^«i*       **  - 


1— ft)i  1— ft)a  A—  ft)«-i 

67.     By  making  x  complex  in  the  expansion  of  sin  a;  into 
factors,  show  that 

tan"^ -s  -I-  tan~* r— ^  +  tan~^  jr— -  +  ...  ctd  mf. 


=  |_tan->(cot-^-2Coth-i2). 


68.  From  the  equation  log  sec  (a;  +  9)  =  log  sec  a  +  9  tan  as  + . . . 

2a»/28»-l) 
show  that  log  sec  a;  =  2  — ^ — ^^ — -  B^a?^, 

69.  Hence  since  log  (2a;  cosec  2a;)  -  log  (x  cosec  a;)  =  log  sec  a;, 

show  that  log  (x  cosec  a?)  =  S  ci — ^r"  -^n^* 

°  ^  ^        2n  2n 

70.  Hence  since  log  (tan  a;  -r-  a;)  =  log  sec  x  -  log  (x  cosec  x), 

r.       X,.  .  1      /tana;\     ^  2^  (2*»  -  2)  j,  ^ 

show  that  log  (-^)  =  S  -aUn     ^"^^^ 


CHAPTER  XXII. 
GEOMETRICAL  INTERPRETATION  OF  IMAGINARIES. 

Vectobs. 

665.  In  Chap.  XII.  the  symbol  (LM)  was  used  to  represent 
the  line  LM,  regarded  as  drawn  from  Z  to  if .  It  was  called  a 
directed  length. 

In  that  chapter,  the  operation  of  adding  directed  lengths  in 
the  aa/me  line  was  explained  so  as  to  lead  to  the  formula 

(LM)  =  (LT)  +  (TM)  . 

for  any  points  L,  My  T  in  the  acmie  line, 

A  directed  length  could  thus  be  represented  by  an  algebraiccd 
number,  affected  by  a  plus  or  rrdnus  sign, 

666.  We  now  extend  the  use  of  directed  lengths,  so  as  to 
combine  in  operation  directed  lengths  in  different  directions. 

Here  our  symbols  are  bound  down  to  a  particular  direction  in 
space  as  well  as  to  a  particular  length. 

The  symbols  in  Chap.  XII.  should  rather  have  been  called 
(merely)  affected  lengths  than  directed  lengths  :  but  Vector  is  the 
term  used  to  express  directed  lengths  in  the  extended  sense  to 
be  now  explained. 

667.  We  may  give  the  following  definition  : 

Dep.  The  position  of  any  one  point  in  space  with  respect  to 
any  other  is  called  a  Vector. 
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Now  the  position  of  any  point  B  with  respect  to  any  point  A 
is  determined  by  (1)  the  length,  (2)  the  direction  of  the 
line  AB, 

The  vector  involves,  therefore,  both  length  and  direction. 

The  symbol  {AB)  may  be  extended  to  represent  the  vector  AB. 

668.  If  the  line  AB  moves  always  parallel  to  itself,  then  its 
vector  remains  the  same. 

In  other  words,  if  {AB)  and  {CD)  are  equal,  parallel,  and  in 
the  same  sense, 

Vector  {AB)  =  Vector  {CD), 

669.  The  extended  use  of  directed  lengths  will  of  course 
involve  the  formulae : 

Vector  {AB)  =  -  Vector  {BA). 
Vector  {AA)  =  0. 

Addition  of  Vectors. 

670.  In  Art.  340,  it  was  shown  that  if  -4,  B^  C  he  any  three 
points  in  space,  the  sum  of  the  projections  of  {AB)  and  {BC) 
upon  any  line  in  the  plane  ABC  is  equal  to  the  projection  of 
{AC)  upon  that  line. 

For  this  reason  it  is  convenient  to  define  addition  of  vectors 
by  the  equation 

{AB)  +  {BC)=.{AC). 

This  of  course  includes  the  special  case  when  A,  B,  C  are  in 
the  same  line.  In  other  cases,  the  equation  cannot  be  directly 
interpreted  arithmetically,  but  only  indirectly  :  i.e.  by  projecting 
upon  any  line  in  the  plane  ABC. 

671.  The  above  addition  of  vectors  shows  that  the  sum  of 
two  vectors  drawn  to  and  from  a  common  point  is  the  vector 
drawn  from  the  initial  point  of  the  first  to  the  final  point  of  the 
second. 
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It  follows  at  once  that 

The  yector-sum  of  the  sides  of  any  closed  figure,  directed 
from  point  to  point  round  the  figure,  is  zero. 

This  is  equivalent  to  Prop.  II.  Art  341. 

672.  If  two  vectors  are  expressed  by  lines  drawn  from  the 
samne  point,  e.g.  {AB\  {AD) ;  then  the  sum  of  {AB)  and  {AD)  is 
found  by  drawing  {BG)  equal,  parallel,  and  in  the  same  sense  as 
{AD),  so  that  we  have 

{AB)  +  {BC)  =  {AC\ 

but  (Art.  668)  {BC)  =  {AD\ 

,'.  {AB)  +  {AD)  =  {ACy 

In  other  words, 

The  sum  of  two  vectarB^  d/rwwn  from,  the  same  'point,  is  a  vector 
dra/um  from  that  point  and  represented  hy  the  diagonal  of  the 
parallelogram  of  which  the  two  given  vectors  arre  adjacent  sides. 

673.  If  three  non^oplanar  axes  be  drawn  from  a/ny  point  0, 
any  vector  (OP)  can  be  resolved  into  the  sum  of  three  vectors  in  the 
direction  of  these  axes. 

For,  let  OX,  OT  he  any  two  axes  in  the  plane  of  the  paper : 
and  OZ  any  axis  not  in  this  plane.  Then  from  any  point  F  we 
may  draw  FN"  parallel  to  OZ,  cutting  the  paper  in  jy.  And 
from  N  we  may  draw  NM  parallel  to  OF,  cutting  OX  in  M. 
Thus 

{OF)  =  {OM)  +  {MF)  +  (iTP), 

where   (OJf)   is  along   OX,  {MN)  parallel  to  OF,  and  {NF) 
parallel  to  OZ. 

674.  In  the  above  result,  the  lengths  of  OM,  JOT,  NF  are 
entirely  determined  by  the  length  and  the  direction  of  OF :  and 
vice  versd. 

That  is  j  The  vector  (OP)  depends  on  three  numibers. 

Hence  to  equate  one  vector  with  another  involves  our 
equating  each  of  tho'ee  lengths  with  the  corresponding  parallel 
length. 
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675.  If  we  are  con&ied  to  a  single  plcme^  then  any  vector 
may  be  resolved  into  the  sum  of  ttoo  vectors  in  the  direction 
of  any  ttuo  axes  drawn  in  the  plane  from  a  point. 

Hence  in  this  case  to  equate  any  one  vector  with  another 
involves  our  equating  each  of  two  lengths  with  the  corresponding 
parallel  length. 

Division  of  Vectors. 

676.  Since  equal  and  parallel  lines  drawn  in  the  same  sense 
have  equal  vectors,  we  may  represent  any  vector  by  a  line  drawn 
from  an  arbitrarily  chosen  point  0. 

Again,  since  any  two  straight  lines  drawn  from  a  point  will 
lie  on  one  plane,  we  may  represent  any  two  vectors  by  two  lines 
(0-4),  (OB)  drawn  in  the  plane  of  the  paper. 

677.  Draw  (OA),  (OB)  in  the  plane  of  the  paper  to  represent 
any  two  vectors. 

Now  a  certain  operation  must  be  performed  upon  (OA)  in 
order  to  change  it  into  (OB), 

This  operation  may  be  called  the  division  of  (OB)  by  (OA) : 
i.e. 

SjYii  nieans  the  operation  of  changing  (OA)  into  (OB), 

678.  If  (OA)  and  (OB)  were  in  the  same  line  and  in  the  same 
sense  the  quotient  of  (OB)  by  (OA)  would  be  the  ratio  of  (OB) 
to  (OA) :  i.e.  the  number  by  which  the  length  of  OA  would  have 
to  be  multiplied  to  give  the  length  of  OB. 

In  this  particular  case,  then,  the  above  definition  of  division 
would  coincide  with  the  ordinary  definition. 

679.  But  if  (OA)  and  (OB)  were  in  different  lines,  then  we 
should  have 

(1)  To  increase  or  decrease  the  length  of  OA  to  the  length 
of  OB :  and  then 

(2)  To  revolve  the  changed  length  through  an  angle  AOB  in 
the  plane  AOB. 
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These  two  operations  may  be  regarded  as  factors  of  the  total 
operation,  because  the  second  is  to  be  performed  upon  the  result 
obtained  by  performing  the  first. 

Also  it  is  clear  that  the  two  operations  may  be  performed  in 
either  order. 

The  two  factors  of  the  operation  have  received  the  following 
names  : 

The  stretching  factor  is  called  the  Tensor  : 

The  twming  factor  is  called  the  Versor, 

680.  It  is  clear  that  the  Tensor  is  a  mere  abstract  arithmetic 
number. 

Thus ;  if  the  length  of  OA  is  5  feet,  and  that  of  OB  3  feet ; 

the  Tensor  of  ^-^-j\  =  !• 

In  other  words  the  Tensor  is  signless^  directiorUesSy  and 
lengthless. 

We  may  then  discuss  the  Versor  independently  of  the  Tensor, 

681.  The  Versor  or  turning  factor  requires  for  its  determina- 
tion a  knowledge  of  (1)  the  plane  in  which  the  rotation  takes 
place,  (2)  the  angle  which  measures  the  amount  of  rotation. 

682.  If  we  still  take  the  plane  of  the  paper  to  represent  the 
plane  in  which  the  rotation  takes  place,  we  may  place  this  plane 
in  an  infinite  number  of  directions. 

Now  the  direction  of  a  plane  is  assigned  by  the  direction  of  a 
perpendicular  to  it,  which  is  called  its  axis. 

This  axis  is  a  mere  direction  ;  not  a  vector. 

Just  as  in  ordinary  Geometry  we  abstract  from  the  direction 
of  a  line  and  consider  only  its  length,  so  here  we  abstract  from 
the  length  of  the  line  and  consider  only  its  direction, 

A  vector  may  in  fact  be  defined  either  as  a  directed  length  or  a 
lengthed  direction.  And,  conversely,  a  length  may  be  called  a  vector 
divested  of  direction;  while  a  direction  may  be  called  a  vector  divested  of 
length. 
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To  fix  a  direction  we  require  to  know  two  cmgles^  viz. :  (1)  the 
angle  which  the  direction  makes  with  any  arbitrarily  assumed 
direction,  and  (2)  the  angle  which  the  plane  containing  the  two 
directions  makes  with  any  arbitrarily  assumed  plane  passing 
through  this  arbitrarily  assumed  direction. 

683.  We  thus  find  that  the  vector-quotient  involves  four 
abstract  numbers  : — 

(1)  The  ratio  of  the  lengths  of  the  two  vectors. 

(2)  The  measure  of  the  angle  between  them. 

(3)  The  measure  of  the  angle  between  the  perpendicular  to 
them  and  any  assumed  direction. 

(4)  The  measure  of  the  angle  which  the  plane  containing 
this  perpendicular  and  the  assumed  direction  makes  with  any 
assumed  plane  containing  this  assumed  direction. 

For  this  reason  Sir  W.  R.  Hamilton  called  the  vector- 
quotient  a  qv^ternion, 

^  684.  We  may  now  mainly  consider  vector-quotients  which 
have  the  same  axis.  And  this  axis  we  may  take  to  be  perpen- 
dicular to  the  plane  of  the  paper. 

685.     On  the  multiplication  of  operations. 

If,  upon  the  result  obtained  by  performing  one  operation,  we 
perform  a  second  operation ;  then  the  compound  operation  is 
called  the  multiplication  of  the  first  by  the  second. 

Thus,  if  Oij  O2  are  any  two  operations,  O2O1,  i.e.  Oi  multiplied 
by  O2,  means  *  performing  0^  upon  the  result  obtained  by  per- 
forming Oi.' 

Similarly,  OjOj,  ie.  Oj  multiplied  by  0^  means  *  performing 
Oi  upon  the  result  obtained  by  performing  O2.' 

It  is  clear  that  such  multiplication  is  not  necessarily  commu- 
tative :  Le.  OjD^  does  not  necessarily  equal  0^0 2*  E.g.  sin  log  x 
does  not  equal  log  sin  x. 
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686.  To  multiply  two  versora  having  the  sa/me  axis. 

It  is  clear  that  the  operation  of  turning  a  line  through  an 
angle  6  in  any  plane  and  thence  through  an  angle  ^  in  that 
plane  is  equivalent  to  turning  it  through  an  angle  ^  +  ^  in  that 
plane. 

The  multiplication  of  these  two  operations  is  therefore  com- 
mutettive. 

If  OZ  is  the  axis  perpendicular  to  the  plane  of  revolution, 
the  above  result  suggests  that  we  might  represent  the  operation 
of  turning  a  line  in  a  plane  perpendicular  to  OZ  through  an 

angle  0  by  the  symbol  Z  . 

For  we  should  have  the  fundamental  equation 

Here  it  must  be  observed  that  Z  is  not  an  algebraical  symbol^ 
but  a  symbol  of  operation.  Thus  Z  —Z^  means  *  turning  a  line 
through  the  unit  angle  in  the  plane  perpendicular  to  Z,^ 

[We  need  not  at  present  define  the  unit  angle.] 

687.  If  (0-4)  and  (OB)  be  any  vectors  in  the  plane  perpen- 
dicular to  OZ  'y  and 

(1)  If  the  CMrithmetic  ratio  of  OB  to  OA  is  p :  and 

(2)  If  the  angle  AOB^  with  its  positive  or  negatvue  sign  is  $, 

then  the  vector-quotient  ^|  may  be  written  p .  Z^, 

688.  The  addition  o/vector-qtMtients, 

The  addition  of  vector-quotients  is  defined  so  that  the  dis- 
tributive law  shall  hold ;  Le. 

(pZ^-hq  7*)  (OX)  means  p  Z^  (OX)  +  q7*  (OX), 

where  p .  Z^  and  q .  F*  are  any  vector-quotients  and  {OX)  any 
vector. 

689.  To  show  that  the  distributive  law  holds  in  rega^rd  to  the 
mvMplication  of  the  sum  of  two  vectors  by  a  vector-qtiotient  in 
tJieir  pla/ne. 
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That  is,  to  show  that 

p,Z^{{OA)  +  {OB)}=p.Z^{OA)-^p.Z^{OB), 

If  OC  is  the  diagonal  of  the  parallelogram  AOBC,  then 

{OA)-^(OB)  =  {OG). 

Thus  the  left  hand  of  the  above  equation  represents  the  vector 
obtained  hy  multiplying  (OC)  by  p  and  turning  it  through  a/n 
a/ngle  $. 

But  the  right  hand  represents  the  diagonal  of  the  parallelo- 
gram whose  sides  are  (OA)  and  (OB),  each  multiplied  by  p  and 
turned  through  6, 

This  new  parallelogram  is  clearly  similar  to  the  old,  but  on  a 
different  scale  and  shifted  through  an  angle. 

Hence  the  above  equation  is  proved. 

690.  Combining  the  definition  of  Art.  688  with  the  theorem 
of  Art.  689,  we  have  the  important  result  that 

The  multiplication  of  vector-quotienta  in  the  swme  plome  obeys 
the  distr^mtive  law. 

That  is, 

p  .  Z\q  .  Z*  ^r  ,  Z^)=pZ^  qZ^  +  pZ^  rZ^ 

=  pq.Z'^^+pr.Z'^'^. 

For,  if  the  operations  indicated  are  performed  upon  any 
vector  in  the  plane  perpendicular  to  Z^  the  above  equivalence  of 
operations  follows  at  once  from  Arts.  688,  689. 

691.  To  express  the  versor  v)hose  angle  is  a  stdnmUHple  of 
fimr  right-angles. 

Since,  the  operation  of  turning  through  four  right-angles  in 
any  plane  leaves  a  vector  unchanged,  we  have 

Z*'=l: 
and  generally  Z^^=  1,  where  r  is  any  integer. 

Now  Z^^  =  {Z  ^  )*,  where  n  is  any  integer. 

2nr 

Z  ^  is  an  w***  root  of  1. 
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Putting  r  =  0,  1,  2,...w-l  successively,  we  see  that  the 
versors  Z^  ^^^  iT^^  ^en/n    ^n-i)2nin^  ^^^^j^  ^^^  ^^^  ^^^^^ 

through  the  angles  0,  27r/w,  47r/w...(w  — 1)  2ir/w  respectively  are 
n^  roots  of  1. 

These  n  versors  are  clearly  all  different. 

But  giving  to  r  higher  values,  the  same  versors  are  repeated. 

Hence  we  have  a  geometrical  interpretation  of  the  alge- 
braical theorems : 

(1)  There  are  n  and  only  n  n^  roots  of  unity : 

(2)  The  n  n^  roots  are  integral  powers  of  some  one  w* 
root. 

Moreover  regarded  as  multipliers  the  roots  of  unity  do  not 
affect  magnitude,  but  merely  direction, 

692.  In  the  above,  let  n  =  2.     Then  Z^  and  Z""  are  the  two 

sqware  roots  of  1.     That  is,  Z^  =  1,  and  ^  =  —  1. 

That  is,  turning  a  vector  thorough  two  right-cmglea  is  equ/ivcdevU 
to  cha/nging  its  sign.  This  is  the  old  convention  with  respect  to 
affected  lengths. 

693.  Again,  put  n  =  4.  Then  Z"",  Z'^,  ZT ,  Z^''^  are  the 
fou/rth  roots  of  1. 

Moreover  Z^*^  is  a  square  root  of  Z^,  i.e.  ^(  —  1). 
Taking  then  Z^'^tohe  +i;  Z^^^  =  iT'  x  Z""'^  =  - i. 
Thus  Z^,  ^'^  Z',  Z^'^^  are  respectively  1,  t,  - 1,  -i. 

694.  The  above  result  gives  us  an  interpretation  of  i.  Thus 
i  means  'the  operation  of  turning  a  vector  in  some  plane  through 
a  right-angle.' 

It  should  be  noticed  however  that  this  symbol  i  is  incapable 
of  indicating  in  what  plane  the  rotation  is  to  take  place. 

We  might  write  ig  to  indicate  a  rotation  whose  axis  is  OZ : 

so  that  ig  would  mean  Z'^ ;  iy  would  mean  F*'^  and  so  on.  [A 
different  notation  was,  however,  adopted  by  Hamilton,  which 
need  not  here  be  considered.] 
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695.  To  express  way  vector-qiLotient  as  a  complex  number. 

Let  (OH)  and  (OA)  be  any  two  vectors  perpendicular  to  the 
axis  Z. 

From  H  draw  HB  perpendicular  to  OA. 
Then  (OH)  =  (OB)  +  (BE). 

..,  by  Art.  688,  _^  =  —^  +  -— /. 

Let  the  abstract  algebraic  ratio  ^^j  be  a : 

BS 
and  the  abstract  algebraic  ratio  jr-j  be  h. 

Then,  since  (0^)  is  in  the  same  line  as  {OA ) ; 
But  since  (BH)  is  perpendicular  to  (0-4), 

.     (Bff)  J7ir/2_i.. 

Here  a  and  6  are  real :  i.e.  a  is  positive  or  negative  ac- 
cording as  (OB)  is  along  or  opposite  to  (0-4) :  and  b  is  positive 
or  negative   according   as   (BH)   makes   with   (0-4)   an    angle 

+  ^TT  or    —  ^TT. 

Now  the  above  construction  for  determining  a  and  b  is 
absolutely  unique.     Hence  any  equation  such  as 

a  +  big=  c  '\'  dig 

requires  that  a  =  c  and  b  =  d. 

696.  Moreover,  if  d  =  angle  between  (0-4)  and  (Off), 

OB  =  OH  cos  e,  and  Bff^  Off  sin  0 ; 

Off        .       ..     Off  .  ^ 
•  •  ^  =  TTT  COS  6,  and  6  ==  -rrr  sm  u, 
OA  OA 

J.  T.  31 


482      OEOMETBICAL  INTERPBETATIOK  OF  IMAGINASIES. 

.    {OH)      OH    ,        -,..., 

.*.  versorof  y^y-j-^  =  ^  =  C08^  +  i«sm^. 

697.  To  find  the  cosine  and  sine  of  the  sum  of  two  angles. 

Since  cos  ^  + 1^  sin  6  and  cos  4>  +  ^z  s"^  <f>  denote  respectively 
the  operations  of  turning  a  vector  through  angles  0  and  <f>  in  the 
plane  whose  axis  is  Z, 

.'.  cos (^  +  <^)  +  ig  sin  {0  ■\-^)  =  (cos  O  +  i^ sin  ^)(cos  <f>  +  ig sin  <f>). 

But,  by  Art.  690,  we  may  use  the  distributive  law  in  the 
multiplication  of  these  versors.     Hence 

(cos  0  +  ig  sin  0)  (cos  <^  + 1^  sin  <^) 

=  cos  0  cos  <l>  +  ig  sin  ^  cos  <f>-^iz  cos  ^  sin  <^  —  sin  $  sin  ^, 

for  4  X 1^  i.e.  Z""^  x  Z'^^  =  ^'^  =  -  1.     Hence 

cos  (^  +  <^)  +  ig  sin  (^  +  <^) 

=  cos  0  cos  <l>  —  sin  ^  sin  <f>  +  ig  (sin  ^  cos  <f>  +  cos  d  sin  <^). 

Hence,  by  Art.  695, 

cos  (S  +  <!>)  =  cos  0  cos  <l>  —  sin  ^  sin  <f> : 
and  sin  (^  +  <^)  =  sin  ^  cos  ^  +  cos  ^  sin  <^. 

This  proof  is  in  principle  the  same  as  that  given  in  Art.  343. 

698.  If  in  the  above  we  put  <^  =  —  d,  we  have 

(cos  ^  +  i-g  sin  6)  {cos  {-$)  +  ig  sin  (-  0)}  =  cos  (0-6)  +  ig  sin  (0  -  0). 

But  cos  (-  6)  =  cos6;  sin  (-  ^)  =  —  sin  ^ ;  cos  0  =  1;  sin  0  =  0. 

.-.  cos2d  +  sin2^=l. 

This  is  a  proof  of  Euc.  I.  47.  For  the  reader  will  perceive 
that  this  proposition  has  not  been  surreptitiously  assumed 
anywhere. 

699.  From  the  above  result  De  Moivre's  theorem  follows  at 
once. 

For  cos  0  +  ig  sin  6  denotes  the  operation  of  turning  through 
an  angle  0. 


VECTORS.  483 

.\  (co&O  +  igSinOy^  denotes  the  operation  of  turning  through 
an  angle  $,  n  times :  i.e.  through  an  angle  nB. 

.'.  (cos  6  +  ig  sin  6Y  =  cos  n$  +  ig  sin  nS. 

It  should  be  pointed  out,  however,  that  this  equation  of 
operations  has  no  value  for  the  purposes  of  expanding  cos  nO  and 
sin  nO,  unless  we  take  into  account  the  distributive  law  proved  in 
Art.  690,  by  means  of  which  we  may  *  multiply  out'  the  power 
on  the  left-hand  according  to  ordinary  algebraic  rules.  The 
fundamental  proposition  upon  which  the  whole  of  analytical 
trigonometry  rests  is  the  *  addition-theorem '  of  Art.  697,  from 
which  the  Demoivrean  expansions  algebraically  follow. 

700.  Turning  back  to  Art.  695,  we  have 

(OH)  ..      Off   ,       .      .... 

TOA)  "  ^  "^  ^^"  oJ  •  ^^^®    "^  *^^^^   ^* 

But,  by  Art.  698,  Off^  =  OJB' +  BH\ 

off^qm    BH^_  2 

"  0A^~  OA^^  0A^~^  '^    ' 
.-.the  temoT  of  L__)  =  ^  =  V(«'  +  ^) ', 

and  the  versor  of  V^  .;  '=  Z^  =  cos  ^  + 1.  sin  Q. 

(OA) 

Thus  we  find 

( 1 )  Any  vector-quotient  is  represented  by  a  complex  number. 

(2)  Its  tensor  is  the  modulus  of  that  complex  number. 

(3)  Its   versor   is   the   Demoivrean  /unction   of   the  angle 
between  the  two  vectors. 

701.  Since  p.Z^xq, Z^=pq . Z  "*"*,  we  have  the  fundamentally 
important  theorem  that 

The  modulus  of  the  product  of  two  complex  numbers  is  equal 
to  the  product  of  their  moduli 

31—2 
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702.     To  expand  the  cosine  <md  sine  of  an  angle  in  terms  of 
its  circular  measure. 

Let  (0-4)  be  any  initial  vector. 

Let  a  moving  point  trace  out  the  path  {AB)  +  {BG)  +  {CD)  +  . . ., 
in  which  the  angles  OABy  OBC,  00 £>,.,,  are  all  right-angles,  and 

AB     BO     OB 

TT-T-  =  777,  =  -prp^  =  ...  =  some  constant  k,  say. 

OA     OB     00  ^ 

^,        OB     00     OD  ...  ^  J.. 

OA^OB^OG^'"^'^^^'^^'  ^^' 

Thus,  if  My  N  are  the  n***  and  (w  -  1)**  points,  respectively,  of 
the  series  A,  J5,  (7...,  then 

ON^p"".  OA  and  MJ!^=kp'^-K  OA. 

Thus  the  length  of  the  path  traced  by  the  moving  point  from 
^  to  iVis 

k{l+p  +  p^  +  .„-hp'"^).OA  =  ^^^*^"^^\  OJ. 

Now,  let  k  =  $/n ;   and  let  n  increase  indefinitely,   while  0 
remains  finite,  so  that  k  diminishes  indefinitely. 

Then  it  will  be  seen  that  limit  of  p**  =  1 ;  and  limit  of 

Hence  the  tracing  point  describes  a  circle  of  radius  OA,  and 

arc  ^iV=  (9.  (radius  0^)  (1). 

Now  the  operation  to  be  performed  upon  each  of  the  vectors 
(OA),  {OB)y  {00),..  to  obtain  the  next  is  1  +H. 

Increasing  n  indefinitely  and   expanding  by  the   binomial 
theorem,  we  have 


{ON)  _      ..    w    e^^         O^i"- 

==  expansional  value  oie*. 
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But  0  is  the  circular  measure  of  the  angle  A  01^  hj  (1),  and 
C)ir=  OA  : 

.  .    TTTTT  =  COS  ^  +  1  Sin  ^. 

{OA) 
/.  COS  0  +  i  sin  B  =  expansional  value  of  e  . 

703.  In  the  above,  we  have  used  i  for  the  operator  which 
turns  a  vector  through  a  right-angle  in  any  fixed  plane. 

Let  Z  denote  the  operation  of  turning  an  angle  through  some 
undetermined  unit  of  angular  measurement  in  the  plane  whose 
axis  is  Z,  And  let  A  be  the  measure  of  0  in  terms  of  this  unit. 
Then 

Z"^  =  cos  ^  +  ig  sin  A  =  co&0-{-ig  sin  0  =  e^\ 

The  most  convenient  unit  to  take  will  be  the  right-cmgle.    Then 
A  right-angles  =  ^irA  radians :  ot  6  =  J^r-i. 
.*.  Z^  =  6*^  =  cos  Jir  +  ig sin  \'jr  =  ig, 

704.  If  -Z",  F,  ^  be  three  axes  at  right-angles  to  one  another, 
the  operations  of  turning  through  a  right-angle  round  these  axes 
will  be  respectively  tg.,  *y,  i^.  For  thede  three  operations 
Hamilton  used  the  symbols  t,  j^  k. 

705.  If  we  have  a  Jlosed  plane  for  rotation,  and  a  Jioced 
direction  in  that  plane  for  our  initial  vector,  then  the  operation  i 
upon  this  initial  vector  will  give  a  vector  Jioced  in  the  plane  of 
rotation  at  right-angles  to  the  initial  vector. 

Thus,  since  JTnX  =  ®  +  ^j 

(UA) 

where  a  and   h  are  abstract  ratios,   having  therefore  neither 
length  nor  direction,  we  have 

{OH)=^a.{OA)  +  bi{OA). 
Now,  if  a.{OA)  and  b,(OA)  be  represented   by  a  and  fi, 
respectively,  a  and  fi  will  stand  for  lengths  having  an  arbitrarily 
fixed  direction.     Thus,  since 

{0H)  =  a  +  l3i, 
.'.  any  vector  in  the  fixed  plane  is  expressed  in  terms  of  its 
projection  and  erection  upon  any  fixed  line  in  that  plane. 
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In  this  way,  i  would  come  to  be  associated  with  the  direction 
which  the  rotation  prod/uces^  instead  of  with  that  of  the  axis 
which  produces  the  rotation. 

706.  The  student  should  very  carefully  compare  the  equations 

\qJ  =  a  +  bi  and  {OH)==a  +  fii. 

In  the  first  a  and  b  are  mere  algebraical  quantities ;  and  as 
such  are  incapable  of  containing  within  them  either  length  or 
direction.  But  if  these  quantities  be  applied  to  geometry,  we 
must  assign  an  arbitrary  (or  unit)  length  and  an  arbitrary  (or 
standard)  direction.  Taking  (OA)  as  our  unit  and  standard,  we 
may  write  a,  (OA)  =  a,  and  b  (OA)  =  j8.  Here  a  and  fi  are  not 
algebraical  quantities  at  all,  but  vectors, 

707.  The  method  of  interpreting  i  explained  in  the  last  two 
articles  was  historically  prior  to  the  method  upon  which  this 
chapter  has  been  based.  Wallis,  Buee,  Warren,  Argand  are  the 
chief  mathematicians  whose  names  have  been  associated  with  this 
interpretation.  Hamilton's  grand  invention  of  quaternions  may 
be  said  to  be  the  immediate  result  of  associating  the  direction  of 
i  with  the  axis  of  rotation,  instead  of  with  the  direction  produced 
by  the  rotation. 

The  following  article  may  be  read  by  the  student  who  wishes 
to  connect  the  study  of  Quaternions  with  the  interpretation  of  i 
as  explained  in  this  chapter. 

708.  Let  Xy  Y,  Z  be  three  axes  perpendicular  to  one 
another.  Suppose  them  to  be  of  indeterminate  length,  but  having 
a  determinately  positive  sense.  Let  them  be  so  placed  that  the 
rotation  from  X  to  F  is  left-handed  for  a  person  looking  at 
the  plane  of  XY  from  the  positive  side  of  Z,  Then  it  will  be 
found  that  the  rotation  from  Z  to  ^  is  also  left-handed  to  a 
person  looking  at  the  plane  YZ  from  the  positive  side  of  X ;  and 
the  rotation  from  -^  to  X  is  left-handed  to  a  person  looking  at 
the  plane  ZX  from  the  positive  side  of  Y, 

We  take  such  left-handed  rotation  to  be  positive. 
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Thus,  using  the  notation  explained,  we  have  the  following 
equations : — 

(1)  i,X=Y;  (6)     ^^  =  -^; 

(2)  i,7=Z;  (5)     1^=-^; 

(3)  iyZ^X;  (4)     i,T=-X, 

Substituting  for  Y  from  (1)  in  (2),  we  have 

ixiz^  =  ^ '  b^t  from  (5)  iyX  =  —  Z, 

if  these  operations  are  performed  upon  X. 

This  equation  should  be  compared  with  (6). 

By  the  same  process  we  shall  obtain  the  following  six  equations 
of  operation : 

(1)  Va,  =  t»;.  (6)    ix^z  =  -s; 

(2)  ijy  =  izl  (5)     iyix  =  -iz) 

(3)  iyiz=^ix\  (4)     iziy^-ix- 

This  second  set  of  equations  is  immediately  obtainable  from 
the  first  by  substituting  ig^  for  X ;  iy  for  Y ;  ig  for  Z, 

In  (1),  (2),  (3)  the  circular  order  a,  y,  z,  x  is  maintained; 
in  (4),  (5),  (6)  this  circular  order  is  reversed. 

It  should  be  noticed  that  to  prove  the  second  set  the  operand 
to  be  chosen  must  be  that  which  corresponds  to  the  operator 
which  stands  first. 

The  equivalence  in  form  between  the  first  and  second  set  of 
equations  led  Hamilton  to  use  the  same  symbol  to  denote  two 
things;  viz.: — 

(1)  An  undetermined  (or  unit)  vector  in  any  direction. 

(2)  The  operation  of  turning  a  line  about  this  vector  as  axis 
through  a  right-angle. 

It  is  essential  to  observe  that  the  multiplication  of  the 
operators  ig.,  iy,  ig  is  not  commutative. 

Thus  iggiy  —  -  iyigo ',  lyig  =  -  iz^y ')  iz'^x  =  ~  *«^«' 
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1.  Show  from  the  definitions  of  the  trigonometrical  ratios 
which  apply  to  angles  of  any  magnitude,  that  a  knowledge  of  the 
tcmgent  of  hcUfan  angle  determines  all  the  trigonometrical  ratios 
of  the  angle  without  any  ambiguity. 

Also  write  down  the  value  of  each  ratio  of  an  angle  in  terms 
of  the  tangent  of  the  half-angle  in  order  to  illustrate  the  above. 

2.  If  A',  B\  C  be  the  external  angles  of  a  triangle  ABC^ 
he  vers  A'  ^ca  vers  B'  +  db  vers  C"  =  J  (a  +  6  +  cf. 

3.  In  any  triangle  ABC, 

a^  cos  2  ( 5  -  (7)  =  6^  cos  2^  +  c»  cos  2 C  +  26c  cos  {B  -  C). 

4.  Show  that 

J^  =  2  tan-^  I  +  tan-^  |  +  2  tan"^  \ ; 
sin-^  f  =  cos-^  If  "^  2  tan-^  \, 

5.  If 

cos  A  cos  X+  cos  B  cos  F+  cos  C  cos  Z  =  cos"  A  +  cos^  B  +  cos^  C 

=  COS^  X+  C0S2  r+  008^^=  1, 

then  cos  AmcX=  cos  5  sec  F = cos  C  sec  Z  =  1. 

6.  Eliminate  0  from  the  equations 

«^  _  y  =a. 

sin  3^  -  sin  d     cos  3^  —  cos  ^ 

7.  Eliminate  <^  and  <^'  from 

X  cos  <^  +  y  sin  <^  =  05  cos  <^'  +  y  sin  <^'  =  2a : 
and  2  cos  ^<^  cos  \if>  =  1. 

8.  Eliminate  B  from 

a;  tan  ^  =  ^  tan  <^ 
and  {x  +  y)  cos  (^  --  <^)  +  (oj  -  y)  cos  (^  +  <^)  =  2a. 
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9.  If  a  sin  a  =  5  sin  ^;  and  a  sin  ^  =  5  sin  <t>;  and  a  -  ^  =  ^  -  ^ ; 
and  a  and  (  are  unequal ;  then 

a  =  ^  +  Xir  and  ^  =  ^  +  Xir 

where  X  is  any  integer. 

10.  If  aj  cos  ^  —  y  sin  ^  =  2a  cos  2^, 
and  a;  sin  ^  +  y  cos  0  =  2a  sin  20, 

then  (x  +  y)^  +  (oj  -  y)*  -  2a* 

11.  Eliminate  ^  from 

b  cos»^  +  asin2^  =  5  cos^  (^  +  <^)  +  a  sin»  (^  +  <^)  =  0. 

12.  Eliminate  $  and  <^  from 

ixx  sec  iy  —  by  cosec  €l}  =  ax  sec  O  —  hy  cosec  ^  =  a*  -  5^ ; 
and  0  —  <t>  =  ^ir. 

13.  Prove  that  the  equations 

(aj  +  03"^)  sin  a  =  yz~^  +  isy"^  +  cos^  a, 
(y  +  y""^)  sin  a  =  a»~^  +  «a5"^  +  cos^  a, 
(«  +  »"')  sin  a  =  ajy~^  +  ya;"^  +  cos'  a, 

are  not  independent,  but  are  equivalent  to 

a;  4-  y  +  »  =  aj-^  +  y"^  +  «"^  =  -  sin  a. 

14.  Solve  for  a  and  fi 

sin  a  cosh  ^  =  f  and  cos  a  sinh  ^  =  7. 

15.  If  a  and  fi  are  the  two  values  of  sin  0  which  satisfy  the 
equation 

a  cos  2$-^b  sin  20  =  c, 

prove  that  a»  +  ^  =     ^^^^^      • 

16.  If        acos(^+<^)  +  5cos(^-<j^)  +  c  =  0, 

a  cos  (^  +  i/r)  +  6  cos  (<;^  —  l/r)  +  c  =  0, 
a  COS  (i/r  +  ^)  +  6  cos  (l/r  -  ^)  +  c  ==  0, 

and  if  0,  <f>,  ^  are  all  unequal,  then  a^-b^-h  2bc  ^0, 
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17.  Eliminate  $  from 

cos^  $=^m  cos  (3^  —  a)  and  sin'  0  =  -m  sin  (3^  —  a), 
showing  that  1  +  m  cos  a  =  2w*. 

18.  If  (1,  ^,  y  be  unequal  and  each  less  than  2?r, 

and  if     cos  (a  +  0)  sec  2a  =  cos  (fi  +  0)  sec  2^  =  cos  (y  +  ^)  sec  2y, 
then  cos  ()3  +  y)  +  cos  (y  +  a)  +  cos  (a  +  )3)  =  0. 

19.  Given     x  cos  a  +  y  sin  a  +  z  +  cos  2a  =  0, 

oj  cos  ^  +  ysin)3  +  «  +  cos  2)3  =  0, 
X  cos  y  +  y  sin  y  +z  +  cos  2y  =  0, 

then         X  cos  ^  +  y  sin  <l>  +  z-\-  cos  2^  = 

8  sin  J  (a  +  )8  +  y  +  <;^)  sin  J  (</>  -  a)  sin  J  (<^  -  ^)  sin  J  (<^  -  y). 

20.  If  a,  )8,  y  be  unequal  and  each  less  than  -tt,  then  the 
system  of  equations 

sin(2a-/3-y)      sin(2)8-y~a)  _  sin  (2y -  a  - )8) 
cos  (2a  +  )8  +  y)  ~  cos  (2/8  +  y  +  a)  ~  cos  (2y  +  a  +  )8)  ' 

is  equivalent  to 

cos  2  (^  +  y)  +  cos  2  (y  +  a)  +  COS  2  (a  +  )S)  =  0. 

21.  If  -4  +  -B  +  C  lie  between  0  and  27r, 

/I  +  cos  A  -  cos  -B  -  cos  Cy     /I  +  cos  ^  -  cos  C  —  cos  A  y 
\  sin  ^^  sin  JC  /       \  sin  ^C  sin  ^A  J 

/I  +  cos  C  —  cos  il  —  cos  B\^ 
\  sin  ^A  sin  J-B         / 

( 1 +COS J^  -cos5-cosC)(  1  +cos^-cos(7-cos-4 )( 1  +co8G-cosA  -co&B)  _ ,  ^ 
■^  2sin2^^sin2i5sin2^(7 

22.  The  area  of  ABC  =-  5^  2^  cos  ^0  cos  |<^  cos  |i/r, 
where     cos  ^  =  tan  ^B  +  tan  JC ;  cos  <^  =  tan  ^G  +  tan  JJ^  ; 

cos  \fr  =  tan  ^il  +  tan  ^B. 

23.  If   L,  Jf,   i\^  are  the  feet  of  the  perpendiculars  from 
A,  B,  G  on  the  opposite  sides,  and  pi,  P2i  ps,  -p*  the  perpen- 
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diculars  from  A,  By  G,  and  the  ortho-centre   on  the  sides  of 
L,  My  Ny  then  pi,  p^,  Psy  p^  are  the  roots  of 

where  /  is  the  radius  of  the  inscribed  circle  of  LMN, 

24.  The  sides  taken  in  order  of  a  pentagon  circumscribed  to 
a  circle  are  a,  ft,  Cy  dy  e\  prove  that  its  area  is  a  root  of  the 
equation 

+  (s-a-^c)  (s  —  b  —  d)  (s-  c  —  e)  (s  —  d—a)  (s'-e  —  b)  ^  =  0. 

25.  The  roots  of  e*  =  1  being  2mriy  show  that 


(l  +  2v)  0  -'4v)0  ^  6v)  0  +fc)- 


26.  Show  geometrically  and  algebraically  that  the  sum  of 
the  operations  r  (cos  a  +  i  sin  a)  and  /  (cos  fi-hi  sin  fi)  (which  have 
the  same  axis)  is  the  operation  p  (cos  0  +  i  sin  0),  where 

2     ^      /2     o    /        /       o\      jx      ^     rcosa  +  r'cos/3 

p2  =  r*  +  r  »-2rr  cos(a--fi)  and  tan^  =  — ; ,   .    Vl. 

'  r  sin  a  +  r  sin  p 

27.  From  the  proposition  that  the  diagonals  of  a  rhombus 
bisect  one  another  at  right-angles,  show  that  2  cos  A  and  2i  sin  A 
can  be  expressed  as  the  sum  and  difference,  respectively,  of  sfi  and 
z'^  where  6  is  proportional  to  -4 ;  and  z  is  some  undetermined 
quantity. 

28.  If  a^ -h  b^  +  c^  +  d^  be  called  the  norm  of  the  operation 
a  +  birg-^  ciy  +  digy  show,  by  means  of  the  formulae  of  Art.  708, 
that  the  norm  of  the  product  of  two  such  operations  is  equal  to 
the  product  of  their  norms. 
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Examples  I.    pp.  15 — 17. 

1.  (1)  3*\     (2)-  25\     (3)  48.     (4)  358  60\     (5)  1888  80\ 
(6)  234268  78^90".     (7)  62048  6*60^^-42003. 

2.  (1)  0"-972.      (2)  13' 30".      (3)  3°  36'.      (4)  32°  2' 24". 

(5)  169°  55'  12".      (6)  21083°  12'  36"-36.      (7)  4683°  39'  30"-73608972. 

3.  (1)   -000004.  (2)   -007.  (3)    -0004.  (4)   -050245. 

(6)  -26463562.  (6)   -0001.  (7)   -00001.  (8)   -000001. 
(9)  -123.                    (10)    -345.                (11)  -678. 

4.  (1)   l8  26U9tt".  (2)   38  40*96A".  (3)  678  80\ 

5.  (1)  3°.        (2)  40°  32' 42" -972.        (3)   6°  22' 44"- 796. 

9.  45°,  60°,  76°.  10.    36°.  11.    90°,  81°,  9°. 

13.  1170°,  7080°,  3300°.  14.    (8n+l)46°,  (8n+3)45°. 

15.  (1)  60°.  (2)  120°.  (3)  108°.  (4)   150°.  (5)   156°. 

16.  (1)  5  ft.  (2)   6  ft.  6  in.  (3)   6  ft.  1  in. 

17.  (1)  2  ft.  (2)  3  ft.  9  in.  (3)   6  ft.  5  in. 

18.  a^  +  h\  19.    If  OA  =  1,  then  OB =^2,  00=^3,  OD=s/^  Ac. 

Examples  II.     pp.  37,  38. 

1.  (1)  22  yds.  to  within  about  3  in.  (2)  3  m.  Ifor.  29  yds.  7  in. 
to  within  about  3  in.            (3)   65  yds.  to  within  about  6  in. 

2.  (1)  TiirT^  or  0<"017453.  (2)  T^ir*' or  0«-015708. 
(3)   iiTr(«^*  or  0«-054783.  (4)  ,fy(ira)c  or  0«-049348. 
(6)  T^^T«  or  0«-036779.  (6)   ^ir«  or  0«-270622. 

3.  (1)  180°.                 (2)  540°.  (3)  450°.                 (4)   19°  6' 64". 
(6)   171°  53' 31".            (6)   180°  4' 21". 

4.  Taking  IT =JV^,  (1)  5°  60'.  (2)  70°.           (3)   11°  40'.           (4)  210°. 

5.  162°,  90°.  6.     (1)   1-0472  ft.            (2)   1*7104  ft. 
(3)  2-4435  ft.          (4)  -7854  ft.  7.    4  sq.  yds.  2  sq.  ft.  70  sq.  in. 

8.     118isq.in.  10.     (1)1-20.        (2)   2-3o.  11.    J,  A,  {. 

12.     ^ir,  Air,  iir,  K^»  If '. 
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Examples  III.    pp.  §2 — 54. 

1.  sm-4=cosB=^^ll;  coB^  =  BinjB=f  &c. 

2.  BhiA=coBB=i;  cos4  =  sm-5=f ;  tanii=cot£=:|. 

3,  secA=coiLB=i;  ooxA  =  BeGB=^J5;  ootA=^^5;  ooiB  =  iJ5. 

9.    20°.        12,    (i)   cos*^-4cos«^  +  4,     (ii)   8 - 12 seo^ ^  +  6 sec* ^  -  sec* ^. 

46.  (i)    =tW3.  (ii)   lorO.  (iii)   f  (iv)   f.  (v)   W3  or  J. 

47.  «.  48.    for  J. 

Examples  IV.    pp.  71,  72. 

3  1 

1.    (1)  cos  4 = H,  tan  J[  =  ^7.  (2)  sin  ii  =  jjq,  cos  A  = -^ . 

(3)  sin^=|>^6,  cosJ[=f  (4)  sin  J[  =  J,  tanJ[=:|. 

3  1 

(5)  smA  =  --T^,  eoBA=j^.  (6)  8mJ[=A.  cosJ[  =  f|. 

o      timJ-       ^""^        _^/(l-cosa^) 
^-  >s/(l  -  Bin2^) "        cos^        • 

3      occl-  ^  _>/(cotM4-l) 

.  ,  sec -4  1 

4,  cox  A  =  -J-, 


yj  (8ec2  i  -  i)     ^(1  -  COS*  A) ' 

'     A-       *^"^        _V(see»J[-l) 
5.    sin  4-^^^^^^^,^--        ^^^-^^        . 

8.  60°.           9.    30°.            10.    45°.           11.    46°.           12.    60°  or  46°. 

13,  0or60°.                14.    45°.                 15.    45°  or  90°.                 16.    60°. 

17.  15°.           18.    30°.          19.    30°.          20.    18°.          21.    45°or67J°. 

22.  67i°.           23.    46°  or  30°.           24.    0  or  60°.           25.    16°  or  75°. 

33.  Between  45°  and  60°.                   34.    Between  30°  and  60°. 

35.  1  -  008  d  increases  from  0  to  1 ;  sec  9  - 1  increases  from  0  to  oo  . 

sin  0±QO%0  increases  from  1  to  ^2  at  45°,  and  then  decreases  to  1  again ; 
sec  d  -  tan  0  decreases  from  1  to  0. 

36.  a=46°,  i3=60°.  37.    ^  =  37i°,  B  =  7i°. 

Examples  V.     pp.  83—86. 

2.    i(>/6->s/2),i(V6  +  ^2).  3.    1(n/6  +  s/2),J(n/6-n/2). 

5-  ^'^-  0.    TriTTr.trf*.  7.    i_tan^»   cot^-l* 

17.  2  sin  9il  cos  2^.  18.    2  sin  2JI  cos  11^1.        19.    2  cos  44  cos  .i. 

20.  2  sin  5^  sin  12^.  21.    2  8inn^cosul. 

22.  2sin46°cos(2^-46°).  23.     2  sin  J^  cos  |^. 

24.  2sinJ^sin|^.  25.    2sin(id- j0  +  46°)cos(i^+i0-46°). 
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26.  2cos(46°-i0  +  Jd)sin(45°-i0-i^).       27.    2  sin  7i4  sin  3^1. 

28.  2  cos  (^  -  B + 46°)  sin  {A  +  B-  45°).  29.    sin  {A+B)  +  sin  (A-B), 

30.  coa  {A -B)- COB  (A  +  B),  31.    sin  60°  -  sin  40°. 

32.  sin  60°  +  sin  40°.  33.    sin  4^- sin  ^. 

34.  cosB-cos6B.  35.    sin  2a  +  sin  2j3. 

36.  sin  18°  -  sin  4°.  59.    tan  (A  +  B)  =  lj\,  tan  (A-B)= ^. 

68.  45°or0.  69.    30°.         70.    0.         71.    0.         72.    45°  or  60°. 

73.  30°  or  90°.       74.    20°.  75.    10°.      76.    18°. 


Examples  VI.    pp.  90,  91. 

1.    sin  136°= 4b.    cos  135°= --ij.    tan  135°= -1. 
sinl20°='^,    cos  120°= -i,    tan  120°= -^3. 

sinl50°=J,    cosl50°=-^,    tanl50°=-4o- 

8inll2i°=W(2+x/2),  cos  1124°= -W(2-\/2),  tanll2i°=  -  V2-L 
sin  105° = J  (-v/6 + >s/2),  cos  105°  =  -  J  (^6  -  ^2),  tan  105°  =  -  2  -  ^3. 

9.    The  relations  of  inequality  hold  numerically,  not  algebraically. 


Examples  VII.    pp.  Ill,  112. 

1.  13ft.  2.    60°.  3.    B=45°ortanB=TV 

4.  6i,  J»T^V2,  HV2.         5.     (2^3  ±^5)  ft.  6.    45°,  60°,  75°. 

7.  135°,  30°,  15°.  8.     H.  6.  9.     20°  36'  35",  69°  23'  25",  90°. 

10.  54°  and  108°,  or  126°  and  36°.  11.    45°.  12.    7:9:11. 

13.  3  -  V3,  37i  sq.  ft.  14.    8.  15.    4  m.  or  2V13  m. 

16.  a=6,B=30°,  C  =  120°.  17.    60°.  19.    M.  ^W.  «!• 

21.  JB  =  60°,  a  =  (3+V3)ft.,  6  =  3V2ft.,  c  =  2V3ft.  22.    6in. 


1 


Examples  VIII.     pp.  117—121. 

1.    600  ft.  nearly.  2.    1000  ft.  nearly.  3.    2  ft.  3  in. 

4.     18-3 ft.  5.  4  V2  m.,  V2  m.  6.    5 J  minutes,  1^  miles,  nearly. 

7.    380  ft.,  400ft. 

56«  +  Sab  -  5a2  Bh^+  Sab  +  ISa^     36^  +  Sab  -  6a^ 


13. 


46  (a +  6)      *        12a  (a +  6)      '  6a6 

IR      25>./3vds                9<l      h-c   cot^=fc2V(2cot«a-cot^^) 
18.     25V3yds.  23.     h-c. 2(cot^/8-cot«a) 
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Examples  X.     pp.  168 — 180. 

72.     {!)   i(B  +  C),i(G  +  A),i{A  +  B).  (2)   J[  +  iB  +  iC,}B,}C. 

(3)   B  +  C-A,  C  +  A-B,A  +  B-C. 
125.    3;  4V(2-V2)  =  3-0614;  f  (V5-l)  =  3-0901;  3V2(v/3- 1)  =  3-1058; 
6  {  V(3  +  V5)  -  V(5  -  -v/5) }  =  3-1287. 


Examples  XL    pp.  209—215. 

2.     1,  -5,  s/a^    -^-^^;  0,  -6,  f,   -f  3.    A:,  81,  ^V*  L 

5.  a:«,  a;-7,  a;"^,  a^o,  ^.-i,  ^.b,  J.    ^^   .7,   _|,  q,   -1,  ^,  V- 

6.  6,  3,  3,  4,  4,  V-,  h   -h  h  -2,  4,  ^,  1,  i,   -^,  -f,   -i,  -5,  -1, 
-J,    -1,    -2,  f 

7.  3,  2,  0,   -1,   -3,  4,  4,  3,  3,  2,  11. 

24.  -6020600,  -9030900,  2-1072100,  -1003433,  3-010300,  1-6989700, 
1-6387640,  1-3979400,  2-494850,  2-3010300,  3.3010300. 

25.  -6989700,  1-3979400,  1-6989700,  1-3010300,  3-9030900,  1-4757725, 
3-6989700,  4-6989700. 

26.  -9642426,  1-5228787,  1-4771213,  2-3856065,  2-4771213,  1-0467674. 

27.  -7781613,  1-2652726,  1-1760913,  2-1303339,  2-1583626,  2-8760613, 

1-3467874,  3-6478174. 

28.  2-6352940,  6-6362940,  f-6362940,  3-6352940,  -6362940. 

29.  1-6440680,  10-7  ;  2-3222193,  lO'^ ;  2-3891660,  f  .  lO'^  ; 
1-4471680,  f .  10-7 ;  1-6232493,  f .  10-7;  1-7993406,  | .  10-7 ; 
2-6444386,  2  .  10-7 ;  2-7024306,  3  .  10-7. 

30.  -3424227,  3-5606673,  -6576773. 

33.  1-1760912,  1-0791812,  2-3467875. 

35.  12699-21.  36.  43822080  yds.  38.  41. 

39.    -0931432.  40.    -9279616,  2-9279623,  4-9279640. 

41.  6-2721589,  2-2721671,  1-2721613. 

42.  2674-116,  2674-114,  -2674176. 

43.  377-6067,  -003776077,  3-776088. 

44.  -6244781,  -6245600.  45.  1-0578505,  1-0676663. 
46.  9-8048933,  9-8049683.         47.  9-9691068,  9-9690962. 

48.  897-946.  49.  ^  =  63°  49'  9",  B = 26°  10'  61",  c = 693-601. 

50.  6  =  1613-694,  c=3227-388,  B=30°.         51.  6=134-8163. 

52.  a=:3149-056.         63.  86°  54' 4".  54.  80°  24' 21''. 

55.  102°  r  29". 
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66.  ^  =  48°  11'  23",  B = 68°  24'  44",  C = 73°  23'  53". 

67.  B=118°  53'  83",  C=ll°  6'  27". 

68.  B=41°26'26",  (7=18°  34' 84",  a=35-341. 

69.  B=126°  52'  11",  C=36°  52'  11". 

60.  ^=70°  22'  85",  (7=62°  24'  25",  or  ^1  =  15°  11'  15",  C=117°  36'  36". 

61.  C=37°  25'  45",  J[  =  95°  21'  15",  a=3251741. 

62.  C=6°  11'  21",  J[  =  51°  21'  39",  a=327-6311.  63.  63°  26'  6" 
64.  3185-379ft.  66.  343-9880  ft.  66.  1781434  ft 
67.  1000  ft.  nearly. 


Examples  XII.    pp.  242—244. 


1.  (1)  AE.        (2)  AD.        (3)  BC,        (4)  CA.        (6)  CB.        (6)  0. 

2.  A  aad  B  would  meet  at =-  miles  from  the  town. 

a  —  o 

If  (i)  a>&  and  ajo-bld  or  (h)  a<.b  and  a/c<&/d,  before  reaching  the 
town. 

If  (i)  a>h  and  afc^bld  or  (ii)  a<h  and  ajo-bld  after  having  reached 
the  town. 

They  would  meet  at  — i  hours  from  the  given  moment. 

a-b 

Ji{i)c>d  and  a>2>  or  (ii)  c<d  and  a<b  after  the  given  moment. 

If  (i)  od  and  a<&  or  (ii)  c<.d  and  a>b  before  the  given  moment. 

9.  W4a,=.^3.  10.   -^-^.  11.  ^. 

13.  {6w  +  (-l)«}30°.  14.    (6n+l)30°.  16.    (12n±l)30°. 

16.  n  180° +  19°.  17.     (2n  +  l)45°.  18.     {4/i  +  (-l)«}45°. 

19.  (2«  +  l)46°.       20.  (4n+l)46°.       21.   (6w±l)30°.      22.   (6n±l)60°. 

23.  (2n + 1)  45°  or  (6n  ±  1)  30°.  24.    (2n + 1)  45°  or  (6n  =b  1)  30°. 

26.  (2?i+l)46°.  26.  nl80°or(6n±l)60°.  27.  (6»±1)60°. 

28.    (4n+3)45°.  29.    (6n±l)60°.  30.    eJ^P^. 

2(i>  +  g) 

31.    n360°.  32.    (2n+l)46°. 
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33. 


sin. 

COS. 

tan. 

150« 

i 

n/8 
2 

-4 

1 
x/3 

4ir 
3 

n/3 
2 

2508 

1 

v/2 

1 

n/2 

1 

1 
-v/3 
V3 

7650 

1 

n/2 

1 

n/2 

-600 

n/3 
2 

i 

-4 

2t 
3 

s/3 
2 

9460 

1 

s/2 

1 

v/2 
-i(N/5-l) 

1 

1080 

i  ^(10  +  2^5) 

-V(5  +  2V5) 

~8 

-W(2-v/2) 

4V(2  +  n/2) 

-v/2  +  1 

1 

n/2 

1 

n/2 

1 

(2n  +  l)T-^ 

4 

n/3 
2 

1 
"V3 

Sir 
2n^+g 

4 

1 

n/3 

"^            i 

1 

n/3 

J.  T. 


32 
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38. 


BinA  +  ooBA 

sin  A-oobA 

tan  ^  +  cotil 

tan  A"  cot  A 

0  to  45» 

inc.  from 
ltO;^2 

inc.  from 
-ItoO 

dec.  from 
00  to  2 

inc.  from 
-00  toO 

450  to  900 

dec.  from 
V2  to  1 

inc.  from 
u1;o  1 

inc.  from 
2  to  00 

inc.  from 
Oto  00 

900  to  1350 

dec.  from 
ItoO 

inc.  from 
1  to  ;^2 

inc.  from 
-00  to  -2 

inc.  from 
-00  to  0 

1350  to  1800 

dec.  from 
Oto  -1 

dec.  from 
V2tol 

dec.  from 
-  2  to  -  00 

inc.  from 
0  to  00 

1800  to  2250 

dec.  from 
-1  to  -^2 

dec.  from 
ItoO 

dec.  from 

00  to  2 

inc.  from 
-00  to  0 

2250  to  2700 

inc.  from 
-;v/2to  -1 

dec.  from 
Oto  -1 

inc.  from 
2  to  00 

inc.  from 
0  to  00 

2700  to  3160 

inc.  from 
-ItoO 

dec.  from 
-Ito  -^2 

inc.  from 
-00  to  -2 

inc.  from 
-00  to  0 

3160  to  3600 

inc.  from 
Otol 

inc.  from 
-V2to  -1 

dec.  from 
-  2  to  -  00 

inc.  from 
0  to  00 
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sin  J.  COB  A 

tan^l.  Rec^ 

cos  J.  cot^ 
dec.  from 

COS  A  +  sin  A 
cos  A-eiuA 

0  to  45« 

inc.  from 
Oto  J 

inc.  from 
0tO;^2 

inc.  from 

1  to  00 

460  to  90« 

dec.  from 
itoO 

inc.  from 

^2  to  00 

dec.  from 

inc.  from 
-00  to  -1 

yoo  to  135'> 

dec.  from 
Oto  -i 

dec.  from 

00  to>^2 

inc.  from 

inc.  from 
-ItoO 

1360  to  1800 

inc.  from 

-4  too 

dec.  from 
V2to0 

inc.  from 

inc.  from 
Otol 

1800  to  2260 

inc.  from 

oto  4 

dec.  from 
Oto  -^2 

inc.  from 

inc.  from 

1  to  00 

2260  to  2700 

dec.  from 

4  too 

dec.  from 
-  fj2  to  -  00 

inc.  from 
-J2*°° 

inc.  from 
-  00  to  -  1 

2700  to  3160 

dec.  from 
Oto  -4 

inc.  from 

-ooto-V2 

dec.  from 

inc.  from 
-1  too 

3150  to  3600 

inc.  from 

-4toO 

inc.  from 
-V2to0 

dec.  from 
-^2*0 -co 

inc.  from 
otol 

^ 
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Examples  XIV.     pp.  277—280. 

25.  1-8  C082  .i  +  8  COS*  il,  8  cos'  ^  -  4  COS  A.  48.     (3n  ±  1)  60°. 

49.  (2n±l)46°.  50.     {4n  +  (-l)»}45°or(2n  +  l)22J°. 

51.  (8n  ±  1)  46°  or  (2n  + 1)  22^°. 

52.  {6n+(-ir}30°,  {10^1+ (-!)»}  18°  or  {10n-3(-l)«}  18°. 

53.  (4n  + 1)  30°  or  (4»  - 1)  46°. 

54.  wl80°,  nl80°  +  67 J°,  or  nl80°  -  224°. 

55.  (2n  + 1)  90°,  (lOn  =fc  1)  18°  or  nl80°  ±  54°. 

56.  (2n  +  l)90°or  {4»+(-l)»»}16°.  57.    w.l80°  or  {4n+(-l)»}16°. 
58.  n.90°or  (3»±1)120°.                             59.    w .  180°  or  (Sn ±  1)  10°. 

60.    (2n  +  l)90°,  or(3n±l)40°.  61.     (2n+l)90°  or  (6n=tl)20°. 

62.    n .  180  or  i cos-i ^^^ .  63.    w.l80°.  64.    (2n  +  l)15°. 

65.    (12n=tl)30°.  66.    ^  +  8in-i^. 

67.    (2n + 1)  22i°  or  (4n + 1)  18°.  68.    i-  69.    0  or  J. 

Examples  XV.     pp.  299—302. 

1.  a.   {3n  +  (-l)«}30°.  6.    (12n±l)15°.  c.  n.90°  +  37i°. 

d,  n.90°  +  7i°.  «•   (6»=fcl)20°.  /.    {10?i  + (-!)»} 6°. 

g.  n.60+(-l)'»46°.         h.   (3n-l)20°.  k,   n.l20°. 

I   n.60°. 

2.  sin  9°=  +  W(l  +  sin  18°) "  W(l "  ™  18°)  =  W(3  +  >/5)  -  i^/(5  - ^5), 
cos  9°  =  +  W(l  +  sin  18°)  +  J V(l  -  sin  18°) = JV(3  +  ij6)  +  ^(5  -  ^5). 
cot9°=cosecl8°  +  cotl8°=^6  +  l+V(5  +  2;v^5). 

tan  9°= cosec  18°  -  cot  18°=>^5  + 1  -  J(5  +  2^5). 

cox  9° =^/(l  +  cota  9°) =^/(7  +  3^/5)  +;/(6  +  ^5). 

sec  9°=^/(l  +  tan«  9°)  =^/(7  +  3^/5)  -  J{5  +J5). 

sin  4  J° = sin  (22i°  -  18°)  =  1^(10  +  2^5)^(2  -  n/2)  -  i  (^/5  - 1)^(2  +  ^2). 

cos  4i°  =  cos  (22i°  -  18°) = ^(10  +  2^5)^(2  +  ^/2)  +  ^(^5  - 1)^/(2  -  ^2). 

cot44°=cox9°  +  cot9°=V(7  +  3V5)+^/(5+^/6)+^/6  +  l+V(5  +  2V5). 

tan  44° = cox  9°  -  cot  9° = V(7  +  3^/6)  +  ^/(5  +  ^5)  -  ^5  - 1  -  J (5  +  2^6). 

sin6°=sin(60°-54°)=4{V(30  +  6j'5)-V5-l}. 

oos6°=cos(60°-54°)=4{V(10  +  2^5)+^/16  +  ^3}. 

sin  74° = sin  (224°  - 15°)  =  i(\/6 + ^2)^(2  -  ^2)  -  ^(^6  -  V2)n/(2  +  J2). 

cos  74° = cos  (224°  -  15°)  =  4(^6 + V2)  V(2 + ^2)  +  4(^6  -  ^/2)v^(2  -  ^2). 

cot  74° = cox  15°  +  cot  15° = ^6 + ^/2  +  2 + ^3. 

tan  74° = cox  15°  -  cot  16° = V6  +  s/2  -  2  -  ^3. 

sin  3°=8in  (18°  - 15°) =^V(x/6 + V2)(x/5  - 1)  -  iV(n/6  -  v/2)V(10 +  2^5). 

cos  3° = cos  (18°  - 15°)  =  ^ff(  ^6  +  ^/2)^/(10 + 2^/5)  +  Ms/^  -  >/2)  (n/6  - 1). 
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3.     2GOBAl2^=^[2  +  ^{2+J{2tonxoots  +  2eosA)\], 

4, 


A  goes 

sin  ^  i^  +  cos  ^  A 

fdn  i  J  -  cos  4  ii 

0  to  W 

inc.  from  1  to  ^2 

inc.  from  -  1  to  0 

900  to  180® 

dec.  from  J2  to  1 

inc.  from  0  to  1 

180®  to  2700 

dec.  from  1  to  0 

inc.  from  1  to  ^2 

2700  to  3600 

dec.  from  0  to  - 1 

dec.  from  ^2  to  1 

27. 
33. 


-  41°  36'  41".  32.     (1  -  2X)  T,  2fiir,  2(\-fi)  ir. 

j;  =  d  cos  («  -  a),  y  =  dcos(s-j3),  ^  =  dcos(s-7)  if  s  =  4(a  +  j3  +  7),  where 
a,  fit  7  and  d  may  have  either  sign  throughout ;  and  it  is  assumed  that 
dbadbj3±7  is  not  equal  to  2rir. 


Examples  XV I.     pp.  318,  319. 

9.     (a)   8a;3  =  4a;2  +  4x  +  l.  (6)   64x«-112a^  +  56j;  =  7. 

Examples  XVII.     pp.  323,  324. 

cos  { 2a  +  (n  -  l)j3}  sin  nfi     n 
®-  2sin^^  "*■  2  • 

3  sin  {g  +  4  (n -  l)/3}  sin  jnft     sin  {3a  +  f  (n  - 1)/3}  sin  f 7ij3 
^"      "  48inii3  4sinfj3 

Q      cos  {4a  +  2  (n  - 1))3}  sin  2w/3     cos  { 2a  +  (n  - 1))3}  sin  7i/3      3n 


9. 
11. 
13. 
16. 


8  sin  2/3 

cos  {26  +  na)  sin  na     n 

o   ■ +  s  cos  a. 

2  sm  a  2 

2sinna 


2sm/3 


8 


_^     cos  (n  +  2)^ .  sin  71^     n  .    ^ 


cos  (n  +  1)  a.  sin  2a* 
sin  2a      sin  2**+ia 

3  cos  a     ,     ,,,,^,  C08  3*a 
+  (-l)»-i 


12. 


14. 


sinna 


cos  (71+ l)a.  sin  2a* 
3  sin  a      sin  3**a 


4       '  ^     *'       3»-i .  4  * 
17.    J  co8ec2  ^0  -  2'*-i  cosec2  2«-i^. 

19,     2(cota-cot2«a). 


4  3»-i.4* 

16.    oos2^-cos2»+i^. 
seca  — sec(27i  +  l)a 


18. 
20. 


2  sin  a 
tan2(n+l)a-tan*a 


sma 
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sin  nd  (3  cos  n6  cot  6-  sin  n6)  -  Sn  cob  2n^ 


21. 


2  sin  9 


22.    QiPT  cot  2^-1  coseca  g^j  -  8  cot  2a; .  oosec*  2x. 

sin  i  (3w  + 1)  a  sinfmi     sin  ^  (n  -  l)a  sin  jna 
^'                2  sin  la             "^            28inia            * 
24.    2co8a-2  8ina.cot2*a.                        25.    i  [S**  tan  8**  a  -  tan  a]. 
«/»      ,  r    X       «•     Aon  1                     nn      sin  o  -  g*  sin  (w  + 1)  g  +  g**^^  sin  na 
26.    i[cota-8-cot3»a].      •  27.      112^00-8  a  H^ 

COS  a  -  a;  -  OB"  cos  (n  + 1)  o  +  a;"+^  cos  na 


28. 
29. 
30. 


1  -  2a;  cos  a  +  x* 
sin  a  +  a;  -  ( -  x)"  cos  {n  + 1)  {\t  -  a)  +  ( -  x)****"^  cos  n  (|ir  -  a) 

l  +  2xsin  a  +  x^ 
cos  a  -  x*»  sin  (n  + 1)  (^ir  -  a)  +a;"+^  sin  n  (^ir  -  o) 


l-2xBina  +  x2 
--      (?i  +  l)8inna-nsin(?i+l)a 
^^-  2(l-cosa)  * 

nn      (^  +  ^)  COS  na  ~  n  cos  (to  + 1)  a  - 1 
^2-  2(l-cosa)  • 

33.    i  tan  2710.  34.    tan2n0-tan0. 

Examples  XIX.     pp.  388—393. 

11.  1,  c-^  €"*-^«,  c2^«.  17.    1.  18.    log  a -log  6. 

19.  h             20.    2;)^.  21.    1.  22.    1.              23.    0. 

24.  tV.              25.    tH.  26.    Im.  27.    2(na-ma)/2,2. 

28.  -30.             29.    4.  30.     -9.  31.    5-«.            32.    e. 

83.    ^.  50.    r^^S^.         51.    i(.-+e."-Vl. 


—  fl^COSa         -fl~^ooaav  --        ,,  l  +  €' 


,a 


52.    i(«  +«  )•  53.    ilog        _^ 

54.  -  ^  log  (1  -  2  cos  0 .  cosh  0 + cos^  ^). 

55.  ^{l  +  cosa(cosh/3+sinhj3)}9-^  {1  +  cosa  (cosh/3-sinhj3)}». 

2TO(2?t  +  l)xg  (2TO-l)2wa;« 

°^'     (2w  +  2)(2w  +  3)-x2*    (2w  +  l)(2/i  +  2)-x«' 

Examples  XX.     pp.  413 — 415. 

01AA 

1.    -0020944,  -008799,  -01745,  -0881.  2.    ==^in. 

IT 

4.     1-1090966.  7.    1-4641U7.  10.    8-4647449,  8-4647488. 

11.    3°  14'  28''  -1307. 
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Examples  XXL    pp.  465 — 471. 

The  above  eight  quantities  are  the  yalnes  of  1^. 

(-l)^=±W(2+N/2)=fcW(2-N/2)  or  =tW(2-N/2)±iV(2  +  ^/2). 

13.  a:»  +  l=(a?+l)(x*-ar»+iFa-j;  +  l)=0  gives  x=-l  or 

xa+2+a;-«-(a;+a;-i)  +  J=|,   .-.  x+x'^=i{±^5  +  l), 

.-.  x=J{(V6  +  l)±iV(10-2V5)}  or  J  {(-^/5  +  l)±V(10  +  2^5)}. 

THgovumetrically :  ( - 1)*^ = cos  \  (2r + 1)  180° + i  sin  ^  (2r  + 1)  180°, 

= cos  36°+ 1  sin  36°,  or  cob  108°+ 1  sin  108°,  or  cos  180° +i  sin  180°,  or 
cos  252° +  t  sin  262°,  or  cos  324° +t  sin  324°. 

14.  l  +  i=N/2  (cos  Jir  +  f  sin  Jir).  ^/3  +  i=2  (cosiir  +  i  sin^ir). 

1  - 1\/3=2  (cos|ir  +  i sin  Jt).  -  1  - 1 =^2 (cos fir +  t  sin  fir). 

^/2  +  l  +  i=^(4  +  2V2)(oosiT  +  isinJir). 
2-^/3  +  1=^(8-4^3)  (cos T^ir  +  isinTi^). 

15.  1*=±1  or  }(±ld=V3).  (-l)*=±ibri(±^3=ti). 

i*  =  ±4  (^2  -  V2)  or  ±  J  {(^/6+^2) +i  (^6  - ^2)} 
or  ±J{(V6-^/2)  +  i(V6+V2)}. 

(-i)*=±J(^2  +  V2)  or  ±J  {(^/6-V2)-^^/(6+^/2)} 
o^±J{(^/6+V2)-i(^/6-^/2)}. 

16.  2'"*3*(t-l)or2"*(3t-^/3t  +  3+^3)  or  2"*(-3i-V3i-3+V3). 
±  3  .  2*  (cos  7 J°  - 1  sin  7i°)  or  =t  3 .  2*  (sin  7i° + %  cos  7i°). 

2*(i-V3)or2*{oos(12n+l)6°+isin(12n+l)6°}wheren=0,l,3or4. 

17.  cos  7^=cos7  ^  -  21  cos'  e  sin^  ^+ 36  cos»  ^  sin*  ^  -  7  cos  ^  sin«  ^ ; 

-  sin  7^=sin7  ^-21  sin*  ^  cos' ^  +  36  sin^  ^cos*  0-1  sin  ^cos«  0, 

18.  64cos7^=oos7d  +  7cos6^  +  21cos3^  +  36cos^; 

-64sin7d  =  Bin7d-7sin6d  +  21sin3^-36sind. 

34.    sin  a  cosh  h  +  i  cos  a  sinh  h ;    cos  a  cosh  6  -  i  sin  a  sinh  h ; 
sin2a+isinh2&     2  cos  a  cosh  6  +  2i  sin  a  sinh  6 
cos  2a + cosh  26  *  cos  2a  +  cosh  26  * 

sin  2a  - 1  sinh  26     2  sin  a  cosh  2>  -  2i  cos  a  sinh  6 


cosh 26 -cos 2a  *  cosh 26 -cos 2a  ' 

Jlog,(a»+6^  +  itan-i-  .    log  {2oos(41ogx)}+Jtlog»; 
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COS  log,  a  + 1  sin  log,  a ;  cos  (air  +  i  sin  (air ;  a^  (cos  9  log,  a  +  i  sin  9  log«  a) ; 


2 


e  -*  (cos  log  r  +  i  sin  log  r)  where  i^=a^  +  b^  and  tan  ^ = 6/a ;  e 

38.     li^=^V(^'  +  «').       ,^.+1.  43^     cosa-^cos(a-ffl 

44.    e'^^sinCsina).  45.    ^"'^^•^^^cos  (cos  asin/3). 

46.    ilog(l  +  28inacos/3  +  Bm3a).  47.      i^og-j-^-^—— . 

X  —  4*  sin  a  + 1 

48.    iiSe^  49.    tan-^.f^'"^    . 

1  +  e*  cos  y 

50.     (l  +  2cosa0osj8  +  co8ga)^Bin^tan-^  ,  cosaBin/3 

•^  '  ^  l  +  cosacos/3 

__       1  -  COB  g  cos  /3 -f  cos* a{cos  a  cos  (w  -  1)  /3  -  cos  w/3} 

1-2  cos  a  cos  j8  +  cos*  a 

a;sina+a-»8in(a-j3)  +  (-x)*«+^sin(a+n/3)-(-a;)»+«sin{a+(n-l)i3} 
^^'  l  +  2a;cos/3+a?» 

53.    J  {(n  + 1)  sin  na  -  n  sin  (n  + 1)  a}  cosec*  Ja. 

_.      n*  {cos  7ia  -  COB  (yi+ 1)  a}  4-  2n  cos  na     sin  a  sin  wa 

^'  2(1 -cos  a)  2(1-C08a)«'  • 

55,    2»  cos*  ia  cos  jTia.  56.     l  +  2a;co8o+2a;*cos2a  +  ... 

57.  1  +  ra;  cos  (tan-i  6/a) + ^x^  cos  2  (tan"*  hja)  +  . . .  where  r« = rt^  +  ft*. 

58.  l  +  a;coB(a  +  /3)+Ja;»cos(a  +  2/3)  +  ... 


If 


60.  sin  a  +  a;  sin  (a  +  /3) +x2  sin  (a  +  2/3)  +  ... 

61.  l-a;cosd+a;*cos2^-a;*coB3^+... 
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Theorems  and  Exercises,  classified  and  arranged.  By  H.  S. 
Hall,  M.A.,  formerly  Scholar  of  Christ's  College,  Cambridge, 
and  F.  H.  Stevens,  M.A.,  formerly  Scholar  of  Queen's  College, 
Oxford :  Masters  of  the  Military  and  Engineering  Side,  Clifton 
College.  Globe  8vo.  Books  I.— VI.  /^s.  6d,  Or  in  Two  Parts. 
Part  I.,  Books  I.  and  II.  Second  Edition.  2s.  Part  II., 
Books  IIL—VL    3s. 

Halsted.— THE  elements  of  geometry.  By  George 
Brucb  Halsted,  Professor  of  Pure  and  Applied  Mathematics 
in  the  University  of  Texas.     8vo.     I2s,  6d, 

Kitchener.— A  GEOMETRICAL  NOTE-BOOK,  containing 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  Kitchener, 
M.A.,  Head-Master  of  the  Grammar  School,  Newcastle,  Stafford- 
shire.' New  Edition.    4to.    2J. 

Lock.— EUCLID  FOR  BEGINNERS.  Being  an  Introduction 
to  existing  Text-books.  By  Rev.  J.  B.  Lock,  M.A.,  author 
of  "Arithmetic  for  Schools,"  "Trigonometry,"  "Dynamics," 
"Elementary  Statics,"  &c.  [In preparation. 

Mault— NATURAL    GEOMETRY:    an    Inbroduction    to   the 
Logical   Study  of   Mathematics.     For    Schools    and    Technical 
Clas«es.     With  Explanatory  Models,   based    upon    the    Tachy- 
metrical  works  of  Ed.  Lagout.    By  A.  Mault.     i8mo.     is. 
Models  to  Illustrate  the  above,  in  Box,  12s,  6d. 
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Ball  (Sir  R.  S.).— experimental   mechanics,     a 

Coune  of  Lectures  delivered  at  the  Royal  College  of  Science  for 
Ireland.  By  SiR  Robert  Stawell  Ball,  LL.D.,  F.R.S., 
Astronomer-Royal  of  Ireland.  New  Edition.  With  Illostrations. 
Crown  8vo.     6j. 

Boole.— THE  CALCULUS  OF  FINITE  DIFFERENCES. 
By  G.  Boole,  D.C.L.,  F.R.S.,  late  Professor  of  Mathematics  in 
the  Queen's  University,  Ireland.  Third  Edition,  revised  by 
J.  F.  Moulton.     Crown  8vo.     loj.  6d. 

Cambridge  Senate-House  Problems  and   Riders, 
with  Solutions: — 

1875— PROBLEMS   AND  RIDERS.     By  A.   G.   Greenhill, 

M.A.     Crown  8vo.     8/.  6d, 
1878— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     By 

the  Mathematical  Moderators  and  E^xaminers.    Edited  by  J.  W.  L. 

Glaisher,  M.  a.,  Fellow  of  Trmity  College,  Cambridge,     its, 

Carll. — A  TREATISE  ON  THE  CALCULUS  OF  VARIA- 
TIONS. Arranged  with  the  purpose  of  Introducing,  as  well  as 
Illustrating,  its  Principles  to  the  Reader  by  means  of  Problems, 
and  Designed  to  present  in  all  Important  Particulars  a  Complete 
View  of  the  Present  State  of  the  Science.  By  Lewis  Buffett 
Carll,  A.M.     Demy  8vo.     21^. 

Cheyne.— AN  elementary  treatise  on  the  plan- 
etary THEORY.  By  C.  H.  H.  Cheyne,  M.A.,  F.R.A.S. 
With  a  Collection  of  Problems.  Third  Edition.  Edited  by  Rev. 
A.  Freeman,  M.A.,  F.R.A.S.     Crown  8vo.     7^.  6d, 

Christie. — a  collection  of  elementary  test- 

QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS; 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  Numerical  Equations  by  Homer's  Method.  By  James 
R.  Christie,  F.R.S.,  Royal  Military  Academy,  Woolwich. 
Crown  8vo.     8/.  6d, 

ClausiuS. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
Clausius.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     10s,  id. 

Clifford. — THE  ELEMENTS  OF  DYNAMIC.  An  Introduction 
to  the  Study  of  Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W. 
K.  Clifford,  F.R.S.,  late  Professor  of  Applied  Mathematics  and 
Mechanics  at  University  College,  London.  Part  I.—KINEMATIC. 
Crown  8vo.     Books  I—III.  ^s,  6d,  ;  Book  IV.  and  Appendix  6x. 

Cockshott   and   Walters.— geometrical  conics. 

An  Elementary  Treatise.  Drawn  up  in  accordance  vdth  the 
Syllabus  issued  by  the  Society  for  the  Improvement  of  Geometrical 
Teaching.  By  A.  Cockshott,  M.A.,  formerly  Fellow  and 
Assistant-Tutor  of  Trinity  College,  Cambridge,  and  Assistant* 
Master  at  Eton;  and  Rev.  F.  B.  Walters,  M.A.,  Fellow  of 
Queens'  College,  Cambridge,  and  Principal  of  King  William's 
College,  Isle  of  Man.    With  Diagrams.     Crown  8vo. 

[In  thi  priss. 
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Cotterill.— APPLIED  mechanics  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  By 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.     Medium  8vo.     I&r. 

ELEMENTARY    MANUAL    OF    APPLIED    MECHANICS. 
By  the  same  Author.     Crown  8vo.  [In  preparation. 

Day  (R.  E.)— electric  light  arithmetic.    By  R.  E. 

Day,  M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London,     Pott  8vo.    2s. 

DodgSOn.— CURIOSA  MATHEMATICA.  Part  I.  A  New 
Theory  of  Parallels,  By  Charles  L.  Dodgson,  M.  A.,  Student 
and  late  Mathematical  Lecturer  of  Christ  Church,  Oxford,  Author 
of  "Euclid  and  his  Modem  Rivals,"  "Euclid,  Books  I.  and  II.," 
&C.     Crown  8vo.    is. 

Drew.— GEOMETRICAL  TREATISE  ON  CONIC  SECTIONS. 
By  W.  H.  Drew,  M.A.,  St.  John's  College,  Cambridge.  New 
Edition,  enlarged.     Crown  8vo.     5j. 

Dyer.— EXERCISES  in  analytical  GEOMETRY.  Com- 
piled and  arranged  by  J.  M.  Dyer,  M.A.  With  Illustrations. 
Crown  8vo,    4J,  6d, 

Eagles. —CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  By  T.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gineering College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  8vo.     I2j. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.). — note-book  ON 

PRACTICAL-  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Problems  with  help  for  Solutions.  By  J.  H.  Edgar, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
Mines,  and  G.  S.  Pritchard.  Fourth  Edition,  revised  by 
Arthur  Meeze.    Globe  8vo.    4s,  6d, 

Edwards.— THE  differential  calculus.  With  Ap- 
plications and  numerous  Examples.  An  Elementary  Treatise  by 
Joseph  Edwards,  M.A.,  formerly  Fellow  of  Sidney  Sussex 
College,  Cambridge.     Crown  8vo.     loj,  Sd, 

Ferrers, — Works  by  the  Rev.  N.  M.  Ferrers,  M.  A.,  Master  of 
Gonville  and  Caius  College,  Cambridge. 
AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO- 
ORDINATES, the  Method  of  Reciprocal  Polars,  and  the  Theory 
of  Prpjectors.  New  Edition,  revised.  Crown  8vo.  6s,  6d, 
AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HAR- 
MONICS, AND  SUBJECTS  CONNECTED  WITH 
THEM.     Crown  8vo.     7j.  6d, 

Forsyth.— A  treatise  ON  differential  EQUA- 
TIONS. By  Andrew  Russell  Forsyth,  M.  A.,  F.R.  S.,  Fellow 
and  Assistant  Tutor  of  Trinity  College,  Cttmbridge.    8vo.     141. 
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Frost — ^Works  by  Pkrcival  Frost,  M.A.,  D.Sc.,  formerly  Fellow 

of  St.  John's  College,   Cambridge ;    Mathematical  Lecturer  at 

King's  College. 
AN  ELEMENTARY  TREATISE   ON    CURVE  TRACING, 

Svo.     12s, 
SOLID  GEOMETRY.     Third  Edition.     Demy  8vo.     idr. 
HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  Third 

Edition  of  SOLID  GEOMETRY.     Svo.     Ss.  6d, 

Greaves. — a  treatise  on  elementary  statics.  By 

John  Greaves,  M.A.,   Fellow  and  Mathematiad  Lecturer  of 

Christ's  College,  Cambridge.  SeccHid  Edition.  Crown  8yo.  6s,  6J, 

STATICS  FOR  SCHOOLS.   By  the  Same  Author.    [/»  tA^  press. 

Greenhill.—  differential  and  integral  cal- 
culus. With  Applications.  By  A.  G.  Greenhill,  M.A., 
Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 
Woolwich,  and  Examiner  in  Mathematics  to  the  University  of 
London.     Crown  Svo.     Js.  6d, 

Hemming. — AN  ELEMENTARY  TREATISE  ON  THE 
differential  and  INTEGRAL  CALCULUS,  for  the 
Use  of  Colleges  and  Schools.  By  G.  W.  Hemming,  M.A., 
Fellow  of  St.  John's  College,  Cambridge.  Second  Edition,  with 
Corrections  and  Additions.    Svo.     95. 

Ibbetson. — the  mathematical  theory  of  per- 
fectly ELASTIC  SOLIDS,  with  a  short  account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  William  John  Ibbetson, 
M.A.,  Fellow  of  the  Royal  Astronomical  Society,  and  of  the  Cam- 
bridge Philosophical  Society,  Member  of  the  London  Mathematical 
Society,  late  Senior  Scholar  of  Clare  College,  Cambridge.  Svo.  2is, 

Jellett  (John  H.). — a  treatise  on  the  theory  of 

friction.    By  John  H.  Jellett,  B.D.  ,  late  Provost  of  Trinity 
College,  Dublin;  President  of  the  Royal  Irish  Academy.     Svo. 

Johnson. — Works  by  William  Woolsey  Johnson,  Professor  of 
Mathematics  at  the  U.S.  Naval  Academy,  Annopolis,  Maryland. 

INTEGRAL  CALCULUS,  an  Elementary  Treatise  on  the; 
Founded  on  the  Method  of  Rates  or  Fluxions.     Demy  Svo.    9^. 

CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES. 
Crown  Svo.     4r.  6d. 

Jones. — EXAMPLES  IN  PHYSICS.  By  D.  E.  Jones,  B.Sc., 
Lecturer  in  Physics  in  University  Collie  of  Wales,  Aberystwyth. 
Fcap.  Svo.     p,  6d, 

Kelland  and  Tait.— introduction  TO  QUATER- 
NIONS, with  numerous  examples.  By  P.  Kelland,  M.Ai 
F.R.S.,  and  P.  G.  Tait,  M.A.,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.  Second  Edition. 
Crown  Svo.     *js,  6d. 

Kempe. — how  to  draw  a  straight  line  :  a  Lecture 
on  Linkages.   By  A.  B.  Kempe.   With  Illustrations.    Crown  StOp    ] 
11.  6d,    (Aaiure  Series,)  I 
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Kennedy.— THE  mechanics  of  machinery.   By  a. 

B.  W.  Kennedy,  F.R.S.,  M.InstC.E.,  Professor  of  Engineering 
and  Mechanical  Technology  in  University  College,  London.  With 
Illustrations.     Crown  8vo.    12s,  6d, 

Knox.— differential  calculus  for  beginners. 

By  Alexander  Knox.    Fcap.  8vo.    y.  6d, 

Lock. — Works   ty   the   Rev.    J.  B.    Lock,    M.A.,    Author   of 
"Trigonometry,"  "Arithmetic  for  Schools,"  &c 
HIGHER  trigonometry.     Sixth  Edition.  Globe  8vo.  4J.  drf. 
dynamics  for  BEGINNERS.      Second  Edition.      (Stereo- 

typed.)    Globe  8vo.     3J.  6d, 
ELEMENTARY  STATICS.     Globe  8vo. 

(See  also  under  Arithmetic,  Euclid,  and  Trigonometry,) 

Lupton.— CHEMICAL  ARITHMETIC.  With  1,200  Examples. 
By  Sydney  Lupton,  M.A.,  F.C.S.,  F.LCt formerly  Assistant- 
Master  in  Harrow  School.     Second  Edition.     Fcap.  Svo.    4X.  6d, 

Macfarlane,— PHYSICAL  arithmetic.  By  Alexander 
Macfarlane,  M.  a.,  D.Sc,  F.R.S.E.,  Examiner  in  Mathematics 
to  the  University  of  Edinburgh.     Crown  8vo.     ^s,  6d, 

MacGregOr.— KINEMATICS  AND  DYNAMICS.  An  Ele- 
mentary  Treatise.  By  James  Gordon  MacGregor,  M.A., 
D.Sc,  Fellow  of  the  Royal  Societies  of  Edinburgh  and  of  Canada, 
Mmiro  Professor  of  Physics  in  Dalhousie  College,  Halifsuc,  Nova 
Scotia.    With  Illustrations.  Crown  Svo.     los,  Sd, 

Merriman.— ATEXTBOOK  OF  the  method  of  least 

SQUARES.  By  Mansfield  Merriman,  Professor  of  Civil 
Engineering  at  I^ehigh  University,  Member  of  the  American 
Philosophical  Society,  American  Association  for  the  Advancement 
of  Science,  &c     Demy  8vo.     &r.  6d, 

Millar. — ^elements  of  descriptive  geometry.   By 

J.B.  Millar,  C.E.,  Assistant  Lecturer  in  Engineering  in  Owens 
College,  Manchester.    Second  Edition.     Crown  Svo.    6s, 

Milne. — Works  by  the  Rev.  John  J.  Milne,  M.  A.,  Private  Tutor, 

late  Scholar,  of  St.  John's  College,  Cambridge,  &c,,  &c.,  formerly 

Second  Master  of  Heversham  Grammar  School. 
WEEKLY  PROBLEM  PAPERS.    With  Notes  intended  for  the 

use  of  students  preparing  for  Mathematical  Scholarships,  and  for  the 

Junior  Membersof  the  Universities  who  are  reading  for  Mathematical 

Honours.     Pott  8vo.    4J.  6d, 
SOLUTIONS   TO   WEEKLY    PROBLEM    PAPERS.     Crown 

Svo.     los,  6d. 
COMPANION  TO  "  WEEKLY  PROBLEM  PAPERS.**    Crown 

Svo.     10s,  6d, 

Muir.— A  TREATISE  ON  THE  THEORY  OF  DETERMI- 

NANTS.  With  graduated  sets  of  Examples.  For  use  in  Collies 
and  Schools.  By  Thos.  Muir,  M.A.,  F.R.S.E.,  Mathematical 
Master  in  the  High  School  of  Glasgow.    Crown  Svo.     p,  td» 
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Palmer.— TEXT  book  of  practical  logarithms 

AND  trigonometry.  By  J.  H.  Palmer,  Head  School- 
master  R.N.,  H.  M.S.  Cum^rti^tf,  Devon  port  Globe  8vo.  4s,  6ii, 
Parkinson.— AN  elementary  TREATISE  ON  ME- 
CHANICS. For  the  Use  of  the  Junior  Classes  at  the  UniyersUy 
and  the  Higher  Classes  in  Schools.  By  S.  Parkinson,  D.D., 
F.R.S.,  Tutor  and  Praelector  of  St.  John's  College,  Cambridge. 
With  a  Collection  of  Examples.  Sixth  Edition,  revised.  Crown 
8vo.    9J.  6d,i 

Pirie.— LESSONS  ON  RIGID  DYNAMICS.  By  the  Rev.  G. 
PiRiB,  M.A.,  late  Fellow  and  Tutor  of  Queen's  Collie,  Cam- 
bridge; Professor  of  Mathematics  in  the  University  of  Aberdeen. 
Crown  8vo.    dr. 

Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution ;  especially  designed  for  the 
Use  of  Beginners.  By  G.  H.  Puckle,  M.A.  Fifth  Edition, 
revised  and  enlarged.     Crown  8vo.     7^.  6d. 

Reuleaux.— THE  kinematics  of  machinery.    Out 

lines  of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  F.R.S. 
C.E.    With  450  Illustrations.     Medium  8vo.     21s. 

Rice  and  Johnson differential   calculus,  an 

Elementary  Treatise  on  the  ;  Founded  on  the  Method  of  Rates  or 
Fluxions.  By  John  Minot  Rice,  Professor  of  Mathematics  in 
the  United  States  Navy,  and  William  Woolsey  Johnson,  Pro- 
fessor of  Mathematics  at  the  United  States  Naval  Academy. 
Third  Edition,  Revised  and  Corrected.  Demy  8vo.  i8f. 
Abridged  Edition,  9^. 

Robinson.— TREATISE  ON  MARINE  SURVEYING.  Pre- 
pared  for  the  use  of  younger  Naval  Officers.  With  Questions  for 
Examinations  and  Exercises  principally  from  the  Papers  of  the 
Royal  Naval  College.  With  the  results.  By  Rev.  John  L. 
Robinson,  Chaplain  and  Instructor  in  the  Royal  Naval  College, 
Greenwich.     With  Illustrations.     Crown  8vo.    7^.  6el. 

CoNTBNTS.— Symbols  used  in  Charts  and  Surveying—The  Construction  and  Use 
of  Scales — Laying  off  Angles— Fixing  Positions  by  Angles  —  Charts  and  Chart* 
Drawing — Instruments  and  Observing  —  Base  Lines— Triangulation — Levelling— 
Tides  and  Tidal  Observations— Soundings— Chronometers — Meridian  Distances 
^-Method  of  Plotting  a  Survey-Mwcellaneous  Exercises— Index. 

Routh. — ^Works  by   Edward   John    Routh,    D.Sc,    LL.D., 

F.R.S.,  Fellow  of  the  University  of  London,  Hon,  Fellow  of  St 

Peter's  College,  Cambridge. 
A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF 

RIGID   BODIES.      With  numerous    Examples.      Fourth  and 

enlarged  Edition.     Two  Vols,     8vo.     Vol.  I. — ^Elementary  Parts. 

14*.     Vol.  II. — The  Advanced  Parts.     14J. 
STABILITY  OF  A  GIVEN   STATE   OF  MOTION,    PAR. 

TICULARLY  STEADY  MOTION.    Adams*  Prize  Essay  for 

1877.    8vo.    Ss,  6d. 
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Smith  (C). — Works  by  Charles  Smith,    M.A.,  Fellow  and 
Tutor  of  Sidney  Sussex  College,  Cambridge. 
CONIC  SECTIONS.    Fourth  Edition.     Crown  8vo.     Js.  6d. 
SOLUTIONS  TO  CONIC  SECTIONS.     Crown  8vo.     loj.  6d. 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY. 
Second  Edition.     Crown  8vo.     9^.  6d,     (See  also  under  Alg^a») 

Tait  and  Steele.— a  treatise  on  dynamics  of  a 

PARTICLE.    With   numerous   Examples.     By  Professor  Tait 
and  Mr.  Steele.    Fifth  Edition,  revised.    Crown  8va     I2s» 

Thomson. — Works  by  J.  J.  Thomson,  Fellow  of  Trinity  College, 
Cambridge,  and  Professor  of  Experimental  Physics  in  the  University. 

A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.  An 
Essay  to  which  the  Adams  Prize  was  adjudged  in  1882  in  the 
University  of  Cambridge.     With  Diagrams.     8vo.     6s. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.     Crown  8vo.     ^s.  6d, 

Todhunter. — Works  by  I.  Todhunter,  M.A.,  F.R.S.,  D.Sc., 
late  of  St.  John's  CoUege,  Cambridge. 

"  Mr.  Todhunter  is  chiefly  known  to  students  of  Mathematics  as  the  author  of  a 
series  of  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 
clear  in  style  and  absolutely  free  from  mistakes,  typographical  and  other." — 
Saturday  Review. 

MECHANICS  FOR  BEGINNERS.  With  numerous  Examples. 
New  Edition.     i8mo.    4r.  6d, 

KEY  TO  MECHANICS  FOR  BEGINNERS.  Crown  8vo.  6s.  6d. 

AN   ELEMENTARY  TREATISE    ON   THE   THEORY  OF 

EQUATIONS.     New  Edition,  revised.     Crown  8vo.     *js,  6d, 

PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 
Line  and  the  Conic  Sections.  With  numerous  Examples.  New 
Edition,  revised  and  enlarged.     Crown  8vo.     'js,  6d, 

KEY  TO  PLANE  CO-ORDINATE  GEOMETRY.     By  C.  W. 

Bourne,  M.  A.  Head  Master  of  the  College,  Inverness.    Crown 

8vo.     los,  6d, 
A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.    With 

numerous  Examples.     New  Exlition.     Crown  8vo.     lOf.  6d. 

A  KEY  TO  DIFFERENTIAL  CALCULUS.  By  H.  St.  J. 
Hunter,  M.A.     Crown  8vo.     loj.  6d» 

A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 

APPLICATIONS.     With  numerous  Examples.     New  Edition, 

revised  and  enlarged.    Crown  8vo.     lar.  6d, 
EXAMPLES  OF  ANALYTICAL  GEOMETRY  OF  THREE 

DIMENSIONS.     New  Edition,  revised.     Crown  8vo.     4J. 
A  TREATISE  ON  ANALYTICAL  STATICS.     With  numerous 

Examples.     Fifth  Edition.     Edited  by  Professor  J.  D.  Everett,  ' 

F.R.S.     Crown  8vo.     los,  6d. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF 
PROBABILITY,  from  the  time  of  Pascal  to  that  of  Laplace. 
8vo.     iSj. 
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Todhunter. — continued. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF 
ATTRACTION,  AND  THE  FIGURE  OF  THE  EARTH, 
from  the  time  of  Newton  to  that  of  Laplace.     2  vols.    Svo.     24J. 

AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S, 
AND  BESSEL'S  FUNCTIONS.     Crown  Svo.     loj.  6//. 

(See  also  under  ArUhmetic  and MtnsuraHony  Alge^a,  and  Trigonometry.'^ 

Wilson  (J.  M.).— SOLID  GEOMETRY  AND  CONIC  SEC- 
TIONS. With  Appendices  on  Transversals  and  Harmonic  Division. 
For  the  Use  of  Schools.  By  Rev.  J.  M.  Wilson,  M.A.  Head 
Master  of  Clifton  College.   New  Edition.  Extra  fcap.  Svo.  3^.  6^. 

Woolwich   Mathematical   Papers,  for  Admission  into 

the  Royal  Military  Academy,  Woolwich,  1880 — 1884  inclusive. 
Crown  Svo.     3J.  6d, 

Wolstenholme.— MATHEMATICAL  PROBLEMS,  on  Sub- 
jects included  in  the  First  and  Second  Divisions  of  the  Schedule  of 
subjects  for  the  Cambridge  Mathematical  Tripos  Examination. 
Devised  and  arranged  by  Joseph  Wolstenholme,  D.Sc,  late 
Fellow  of  Christ's  College,  sometime  Fellow  of  St.  John's  CoU^e, 
and  Professor  of  Mathematics  in  the  Royal  Indian  Engineering 
College.  New  Edition,  greatly  enlarged.  Svo.  iSj. 
EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  For  the  Use  of  Collies  and 
Schools.    By  the  same  Author.    Svo.     5x. 


SCIENCE. 

(i)  Natural  Philosophy,  (2)  Astronomy,  (3) 
Chemistry,  (4)  Biology,  (5)  Medicine,  (6)  Anthro- 
pology, (7)  Physical  Geography  and  Geology,  (8) 
Agriculture. 

NATURAL  PHILOSOPHY. 

Airy. — Works  by  Sir  G.  B.  Airy,  K.C.B.,  formerly  Astronomer- 
Royal. 

ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.  With 
the  Mathematical  Elements  of  Music.  Designed  for  the  Use  of 
Students  in  the  University.  Second  Edition,  revised  and  enlarged. 
Crown  Svo.    9J. 

A  TREATISE  ON  MAGNETISM.  Designed  for  the  Use  of 
Students  in  the  University.     Crown  Svo.     9#.  6^. 

GRAVITATION :  an  Elementary  Explanation  of  the  Principal  Per- 
turbations in  the  Solar  System.  Second  Edition.  Crown  Svo.  7^.  dd. 
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Alexander  (T.).— elementary  applied  mechanics. 

Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  indiyidually  from  first  principles  by  means  of  £le<- 
raentary  Mathematics.  By  T.  Alexander,  C.E.,  Professor  of 
Civil  Engineering  in  the  Imperial  College  of  Engineering,  Tokei, 
Japan.     Crown  8vo.     Part  I.     4s,  6d, 

Alexander  —  Thomson.  —  elementary    applied 

MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,"  Japan ; 
and  Arthur  Watson  Thomson,  C.E.,  B.Sc.,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  I L  Trans- 
verse Stress  ;  upwards  of  150  Diagrams,  and  200  Examples 
carefully  worked  out.     Crown  8vo.     los.  6d. 

Ball  (R.  S.).— EXPERIMENTAL  MECHANICS.  A  Course  of 
Lectures  delivered  at  the  Royal  College  of  Science  for  Ireland. 
By  Sir  R.  S.  Ball,  LL.D.,  F.R.S.,  Astronomer  Royal  of  Ireland, 
Second  and  Cheaper  Edition.    Crown  8vo.     dr. 

Bottomley.— FOUR-FIGURE  MATHEMATICAL  TABLES. 
Comprising  Logarithmic  and  Trigonometrical  Tables,  and  Tables 
of  Squares,  Square  Roots,  and  Reciprocals.  By  J.  T.  Bottomley, 
M.A.,  F.R.S.E.,  F.C.S.,  Lecturer  in  Natural^Philosophy  in  the 
University  of  Glasgow.    8vo.     2s,  6d, 

Chisholm.  —  THE  SCIENCE  OF  WEIGHING  AND 
MEASURING.  AND  THE  STANDARDS  OF  MEASURE 
AND  WEIGHT.  By  H.W.  Chisholm,  Warden  of  the  Standards. 
With  numerous  Illustratioos.   Crown  8vo.   4;.  6d,  {Nature  Series), 

ClausiuS. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
Clausius.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     loj.  6d, 

Cotterill. — APPLIED  MECHANICS:  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  "By 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich,  ^fedium  8vo.  i8j. 
ELEMENTARY  MANUAL  OF  APPLIED  MECHANICS. 
By  the  same  Author.     Crown  8vo.  \In  preparatioft, 

Cumming.— AN  INTRODUCTION  TO  THE  THEORY  OF 
ELECTRICITY.  By  LiNNiEUS  Cumming,  M.A.,  one  of  the 
Mastersof  Rugby  School.    With  Illustrations.    Crown  8vo.   %s,6d, 

Daniell.— A    text-book    of   the   principles   of 

PHYSICS.  By  Alfred  Daniell,  M.A.,  LL.B.,  D.Sc, 
F.R.S.E.,  late  Lecturer  on  Physics  in  the  Sdiool  of  Medicine, 
Edinburgh.  With  Illustrations.  Second  Edition.  Revised  and 
Enlarged.  Medium  8vo.  21s, 
Day.— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  Day, 
M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  Loudon.    Pott  8yo.    2x. 
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Everett— UNITS  AND  PHYSICAL  CONSTANTS.  By  J.  D. 
EVBRETT,  M.A.,  D.C.L.,  P.R.S.,  F.R.S.E.,  Professor  of 
KatOTAl  Philosophy,  Qaeen'i  College,  Belfast  Second  Edition. 
Extra  fcap.  8vo.     $s. 

Gray.— THE  THEORY  AND  PRACTICE  OF  ABSOLUTE 
MEASUREMENTS  IN  ELECTRICITY  AND  MAGNET- 
ISM. By  Andrew  Gray,  M.A.,  F.R.S.E.,  Professor  of  Physics 
in  the  University  College  of  North  Wales.  Two  Vols.  Crown 
8vo.     Vol.  L     12J.  6d,  [Vol.  IL     In  the  press. 

Greaves.— STATICS  FOR  SCHOOLS.  By  John  Greaves, 
M.A.,  Fellow  and  Mathematical  Lecturer  of  Christ's  College, 
Cambridge.  [In  preparation, 

ELEMENTARY  STATICS,  A  TREATISE  ON.    By  the  same. 
Second  Edition,  rerised.     Crown  Svo.    6j.  6d, 

Grove,— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS. 
(a.d.  1450— 1888).  By  Eminent  Writers,  English  and  Foreign. 
Edited  by  Sir  George  Grove,  D.C.L.,  Director  of  the  Royal 
College  of  Music,  &c     Demy  Svo. 

Vols.  I.,  IL,  and  III.     Price  2IJ.  each. 

Vol.  I.  A  to  IMPROMPTU.  Vol.  II,  IMPROPERIA  to 
PLAIN  SONG.  Vol.  III.  PLANCHE  TO  SUMER  IS 
ICUMEN  IN.  Demy  Svo.  doth,  with  Illustrations  m  Music 
Type  and  Woodcut.  Also  published  in  Parts.  Parts  I.  to  XIV., 
Parts  XIX— XXII. ,  price  3j.  dd,  each.  Parts  XV.,  XVI.,  price  7x. 
Parts  XVII.,  XVIIL,  price  7*. 

•»•  (Part  XXII.)  just  published,  completes  the  Dictionary  of 
Music  and  Musicians  as  originally  contemplated.  But  ao  Appendix 
and  a  full  general  Index  are  in  the  press. 

**  Dr.  Grova't  Dictionary  will  be  a  boon  to  vngj  iotelUgent  low  of  mnaic."^ 

Saturday  Rkview. 

Huxley.— INTRODUCTORY  PRIMER  OF  SCIENCE.  By  T. 
H.  HuxLBY,  F.R.S.,  &s.     i8mo.     u. 

Ibbetson.— THE  mathematical  theory  of  per- 
fectly ELASTIC  SOLIDS,  with  a  Short  Account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  William  John  Ibbetson, 
B.A.,F.R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge.  Svo. 
Price  2 IX. 

Jones.— EXAMPLES  IN  PHYSICS.  By  D.  E.  Jones,  B.Sc. 
Lecturer  in  Physics  in  University  College  of  Wales,  Abeiystwyth. 
Fcap.  8vo.     31.  td. 

Kempe.— HOW  to  draw  a  straight  LINE;  a  Lecture 
on  Linkages.  By  A.  B.  Kemps.  With  Dlustrations.  Crown 
Svo.     \5,  6d,     (Nature  Series,) 

Kennedy.— THE  mechanics  of  machinery.  By  A,  b. 

W.  Kennedy,  F.R.S.,  M.InstC.E.,  Professor  of  Engineering  and 
Mechanical  Technology  in  University  College,  London.  With 
numerous  Illustrations.     Crown  Svo.     \2s,  6d, 
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Lang.— EXPERIMENTAL  PHYSICS.  By  P.  R.  Scott  Lawo, 
M.  A.,  Professor  of  Mathematics  in  the  Uiliyersity  of  St.  Andrews. 
With  Illustrations.    Crown  8vo.  [In  the  press. 

LrOCk. — ^Works  by  Rer.  J.  B.  Lock,  M.  A.,  Senior  Fellow,  Assistant 
Tutor  and  Lecturer  in  Gonville  and  Caius  College,  Cambridge, 
formerly  Master  at  Eton,  &c. 

DYNAMICS  FOR  BEGINNERS.     Globe  Svo.     3/.  &/. 

ELEMENTARY  STATICS.     Globe  Sto.     41.  &/. 

Lodge.— MODERN  VIEWS  OF  ELECTRICITY.  By  Oliver 
T.  Lodge,  F.R.S.,  Professor  of  Physics  hi  University  College, 
Liverpool.    Illustrated.    Crown  Svo.  [In  preparation, 

Loewy.— QUESTIONS  and  examples  on  EXPERI- 
MENTAL PHYSICS:  Sound,  Light,  Heat,  Electricity,  and 
Magnetism,  By  B.  Loewy,  F.R.A.S.,  Science  Master  at  the 
London  International  College,  and  Examiner  in  Experimental 
Physics  to  the  College  of  Preceptors.     Fcap.  Svo.    2s, 

Lupton.— NUMERICAL  TABLES  AND  CONSTANTS  IN 
ELEMENTARY  SCIENCE.  By  Sydney  Lupton,  M.A,. 
F.C.S.,  F.I.C,  Assistant  Master  at  Harrow  School.  Extra  fcap. 
Svo.    zs,  6d. 

Macfarlane,— PHYSICAL  arithmetic.  By  Alexander 
Macfarlane,  D.Sc,  Examiner  in  Mathematics  in  the  University 
of  Edinburgh.    Crown  Svo.    ^s,  6d, 

Macgregor.— KINEMATICS  and  dynamics.  An  Ele- 
mentary Treatise.  By  Tames  Gordon  Macgregor,  M.A.,D.  Sc., 
Fellow  of  the  Royal  Societies  of  Edinburgh  and  of  Canada,  Munro 
Professor  of  Physics  in  Dalhousie  College,  Halifax,  Nova  Scotia. 
With  lUustrations.    Crown  Svo.     lor.  Si, 

Mayer. — SOUND:  a  Series  of  Simple,  Entertaining,  and  Inex- 
pensive Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  ag|e.  By  A.  M.  Mayer,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  &c.  With  numerous 
Illustrations.     Crown  Svo.     2s,  6d,     {Nature  Series,) 

Mayer  and  Barnard. — light  :  a  Series  of  Simple,  Entertain- 
ing, and  Inexpensive  Experiments  in  the  Phenomena  of  Light,  for  the 
Use  of  Students  of  every  age.  By  A.  M.  Mayer  and  C.  Barnard. 
With  numerous  Illustrations.  Crown  Svo.  2s,  6d,    {Nature  Series.) 

Newton. — PRINCIPIA.  Edited  by  Professor  Sir  W.  Thomson 
and  Professor  Blackburne.    4to,  cloth.    31J.  6d, 

THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRIN- 
CIPIA. With  Notes  and  Illustrations.  Also  a  Collection  of 
Problems,  principally  intended  as  Examples  of  Newton's  Methods. 
By  Percival  Frost,  M.A.    Third  Edition.    Svo.     I2x. 

Parkinson. — A  treatise  on  optics.  By  S.  Parkinson, 
D.D.,  F.R.S.,  Tutor  and  Pralector  of  St.  John's  College,  Cam- 
bridge. FofOrtii  Edition,  revised  and  enlarged.  Crown  Svo.  lOif.  6d. 
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Perry. — steam,    an  elementary  treatise.    By 

John  Psrry,  C.E.,  Whitworth  Scholar,  Fellow  of  the  Chemical 
Society,  Professor  of  Mechanical  Engineering,  and  Applied  Mech« 
anics  at  the  Technical  College,  Finsbury.  With  numerous  Wood- 
cuts and  Numerical  Examples  and  Exercises.     i8ma   4s.  6d, 

Ramsay.— EXPERIMENTAL  PROOFS  OF  CHEMICAL 
THEORY  FOR  BEGINNERS.  By  William  Ramsay,  Ph.D., 
Professor  of  Chemistry  in  University  ColL,  Bristol  Pott  8vo.  2s.  6d. 

Rayleigh.— THE  THEORY  OF  SOUND.  By  Lord  Rayleigh, 
M.A.,  F.R.S.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
8vo.     VoL  I.  I2J.  6d,     Vol.  IL  12s,  6d,     [VoL  III.  in  the  press. 

Reuleaux.— THE  kinematics  of  machinery.     Out. 

lines  of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  F.R.S., 
C.E.  With  450  Illustrations.  Medium  %yo,  21  j. 
RoSCOe  and  Schuster.— spectrum  analysis.  Lectures 
delivered  in  1868  before  the  Society  of  Apothecaries  Jof  London. 
By  Sir  Henry  E.  Roscoe,  LL.D.,  F.R.S.,  formerly  Professor  of 
Chemistry  in  the  Owens  College,  Victoria  University,  Manchester. 
Fourth  Edition,  revised  and  considerably  enlarged  by  the  Author 
and  by  Arthur  Schuster,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University.  With  Ap- 
pendices, numerous  Illustrations,  and  Plates.     Medium  8vo.     21s, 

Shann. — AN  ELEMENTARY  TREATISE  ON    HEAT,   IN 

RELATION  TO  STEAM    AND    THE    STEAM-ENGINE. 

By  G.  Shann,  M.A.     With  Illustrations.     Crown  8vo.     4J.  6d, 
SpOttiswOOde.— POLARISATION  OF  LIGHT.     By  the  late 

W.   SPOTTISWOODE,  F.R.S.     With  many  Illustrations.     New 

Edition.     Crown  8vo.    JJ.  6d,     (Nature  Series.) 
Stewart  (Balfour). — Works  by  Balfour  Stewart,  F.R.S., 

late  Langworthy  Professor  of   Physics  in   the   Owens   College, 

Victoria  University,  Manchester. 
PRIMER  OF  PHYSICS.     With  numerous  Illustrations,      New 

Edition,  with  Questions.     i8mo.     is,     {Science  Primers.) 
LESSONS   IN   ELEMENTARY   PHYSICS.      With  numerous 

Illustrations  and  Chromolitho  of  the  Spectra  of  the  Sun,  Stars, 

and  Nebulae.     New  and  Enlarged  Edition.    Fcap.  8vo.    4;.  6d, 
QUESTIONS  ON  BALFOUR  STEWART'S  ELEMENTARY 

LESSONS  IN  PHYSICS.    By  Prof.  Thomas  H.  Core,  Owens 

College,  Manchester.     Fcap.  8vo.     2j. 

Stewart  and  Gee. — elementary  practical  phy- 
sics, LESSONS  IN.    By  Balfour  Stewart,  M.A.,  LL.D., 
F.R.S.,  and  W.  W.  Haldane  Gee,  B.Sc.     Crown  8vo. 
Vol.  L— GENERAL  PHYSICAL  PROCESSES.    6j. 
Vol.  IL— ELECTRICITY  AND  MAGNETISM,     yj.  6d. 
Vol.  III.— OPTICS,  HEAT,  AND  SOUND.       [In  the  press. 
PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR 
STUDENTS  OF  COLLEGES.  By  the  same  Authors.  Globe  8vo. 
Vol.  I.— ELECTRICITY  AND  MAGNETISM.    2s.  6d. 
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Stokes. — ON  LIGHT.  Being  the  Burnett  Lectures,  delivered  in 
Aberdeen  in  1883,  1884,  1885.  By  George  Gabriel  Stokes, 
M.A.,  P.R.S.,  &c,  Fellow  of  Pembroke  College,  and  Lucasian 
Professor  of  Mathematics  in  the  University  of  Cambridge.  First 
Course :  On  the  Nature  of  Light.—  Second  Course  :  On 
Light  as  a  Means  of  Investigation.— Third  Course :  On  the 
Beneficial  Effects  of  Light.  Complete  in  one  volume. 
Crown  8vo.     'js,  6d. 

»    The  Second  and  Third  Courses  may  be  had  separately.    Crown 
8vo.     2j.  6d,  each. 

Stone. — AN  ELEMENTARY  TREATISE  ON  SOUND.  By 
W.  H.   Stone,  M,D.     With  Illustrations.     i8mo.     y.  6d, 

Tait— HEAT.  By  P.  G.  Tait,  M.A.,  Sec.  R.S.E.,  formerly 
Fellow  of  St.  Peter's  College,  Cambridge,  Professor  of  Natural 
Philosophy  m  the  University  of  Edinburgh.     Crown  8vo.     6s, 

Thompson. — elementary  lessons  in  electricity 

AND  MAGNETISM.  By  Silvanus  P.  Thompson,  Principal 
and  Professor  of  Physics  in  the  Technical  College,  Finsbury.  With 
Illustrations.  New  Edition,  Revised.  Twenty-Eighth  Thousand. 
Fcap.  8vo.    4J.  6d, 

Thomson,  Sir  W.— ELECTROSTATICS  AND  MAG- 
NETISM, REPRINTS  OF  PAPERS  ON.  By  Sir  William 
Thomson,  D.C.L.,  LL.D.,  F.R.S.,  F.R.S.E.,  Fellow  of  St. 
Peter's  College,  Cambridge,  and  Professor  of  Natural  Philosophy 
in  the  University  of  Glasgow.   Second  Edition.   Medium  8vo.  i8j. 

Thomson,  J.  J. — Works  by  J.  J.  Thomson,  Fellow  of  Trinity 
College,  Cavendish  Professor  of  Experimental  Physics  in  the 
University. 

THE  MOTION  OF  VORTEX  RINGS,  A  TREATISE  ON. 
An  Essay  to  which  the  Adams  Prize  was  adjudged  in  1882  in 
the  University  of  Cambridge.     With  Diagrams.    8vo.     dr. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.     By  the  same  Author.     Crown  8vo.     7j.  6d. 

Todhunter.— NATURALPHILOSOPHY  FOR  BEGINNERS. 
By  I.  Todhunter,  M.A.,  F.R.S.,  D.Sc. 
Part  I.  The  Properties  of  Solid  and  Fluid  Bodies.     l8mo.     y.  6d, 
Part  II.  Sound,  Light,  and  Heat     i8mo.    jj.  6d, 

Turner.— HEAT  and  electricity,  a  collection  of 

EXAMPLES  ON.  By  H.  H.  Turner,  B.A.,  Fellow  of  Trinity 
College,  Cambridge.     Crown  8vo.     2f.  6d, 

Wright  (Lewis).  —  LIGHT  ;  A  COURSE  OF  EXPERI- 
MENTAL OPTICS,  CHIEFLY  WITH  THE  LANTERN. 
By  Lewis  Wright.  With  nearly  200  Engravings  and  Coloured 
Plates.     Crown  8vo.    7^.  6d, 
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ASTRONOMY. 

Airy.— POPULAR  astronomy.  With  inustratfons  by  Sir 
G.  B.  Airy,  K*cB.,  formerlj  Astronomer-Royal.  New  EditioiL 
i8mo.     4^.  6d, 

Forbes.— TRANSIT  OF  VENUS.  By  G.  Forbes,  M.A., 
Professor  of  Natural  Philosophy  in  the  Andersonian  University, 
Glasgow.     Illustrated.     Crown  8vo.     3^.  6d.     {Nature  Series,) 

Godfray. — Works    by    Hugh    Godffay,    M.A.,    Mathematical 

Lecturer  at  Pembroke  College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY,  for  the  Use  of  Colleges  and 

Schools.  Fourth  Edition.  8vo.  12s.  6d, 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a  Brief  Sketdi  of  the  Problem  up  to  the  time  of  Newton. 

Second  Edition,  revised.     Crown  8vo.     $s,  6d. 

Lockyer. — ^Works  by  J.  Norman  Lockykr,  F.R.S. 

PRIMER  OF  ASTRONOMY.  With  numerous  Illustrations. 
New  Edition.     i8mo.     I  J.     (Science  Primers.) 

ELEMENTARY  LESSONS  IN  ASTRONOMY.  With  Coloured 
Diagram  of  the  Spectra  of  the  Sun,  Stars,  and  Nebulae,  and 
numerous  Illustrations.  New  Edition,  revised.  Fcap.  8vo.    51.  6d, 

QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN 
ASTRONOMY.  For  the  Use  of  Schools.  By  John  Forbes- 
Robertson.     i8mo,  cloth  limp.     i^.  6d, 

THE  CHEMISTRY  OF  THE  SUN.  With  Illustrations.  8vo.  14J. 

NeWCOmb, — ^popular  astronomy.     By  S.   Newcomb, 
LL.D.,  Professor  U.S.  Naval  Observatory.   With  112  Illustrations 
and  5  Maps  of  the  Stars.     Second  Edition,  revised.     8vo.     i8j. 
"It  is  unlike  anything  else  of  its  kind,  and  will  be  of  more  use  in  circulating  a 

knowledge  of  Astronomy  than  nine-tenths  of  the  books  which  have  appeared  on  the 

subject  of  late  years."— Saturday  Rkvibw. 

CHEMISTRY. 

Armstrong.— A  MANUAL  OF  INORGANIC  CHEMISTRY. 
By  Henry  Armstrong,  Ph.D.,  F.R.S.,  Professor  of  Chemistry 
in  the  City  and  Guilds  of  London  Technical  Institute.    Crown  8vo. 

[In  preparation. 

Cohen.— THE  OWENS  COLLEGE  COURSE  OF  PRAC- 
TICAL ORGANIC  CHEMISTRY.  By  Julius  B.  Cohen, 
Ph  D.,  F.C.S.,  Assistant  Lecturer  on  Chemistry  in  the  Owens 
College,  Manchester.  With  a  Preface  by  SiR  Henry  Roscoe, 
F.R.S.,  and  C.  Schorlemmer,  F.R.S.     Fcap.  8vo.  2s,  6d. 

Cooke— ELEMENTS  OF  CHEMICAL  PHYSICS.     By  JosiAH 
P.  Cooke,  Junr.,  Erving  Professor  of  Chemistrv  and  Mineralogy 
I        in  Harvard  University.     Fourth  Edition.     Royal  8vo.     2U. 
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Fleischer.— A  system  of  volumetric  analysis. 

By  Emil  Fleischer.  Translated,  with  Notes  and  Additions, 
from  the  Second  German  Edition  by  M.  M.  Pattison  Muie, 
F.R.S.E.    With  Illustrations.     Crown  8vo.     71. 6d. 

Frankland.— AGRICULTURAL  chemical  analysis 

A  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc,  F.C.S.  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistry  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  Leit/aden  fur  die  Agriculture 
Chemicke  Analyse,  von  Dr.  F.  Krocker.     Crown  8vo.     ^s,  6d, 

Hartley.— A   COURSE   OF    QUANTITATIVE    ANALYSIS 
FOR  STUDENTS.     By  W.  Noel  Hartley,  F.R.S.,  Professor 
of  Chemistry,  and  of  Applied  Chemistry,  Science  and  Art  Depart 
ment,  Royal  College  of  Science,  Dublin.     Globe  8vo.     5^- 

HlOrns. — Works  by  Arthur  H.  Hiorns,  Principal  of  the  School 
of  Metallurgy,  Birmingham  and  Midland  Institute. 

PRACTICAL  METALLURGY  AND  ASSAYING.    A  Text-Book 
for  the  use  of  Teachers,  Students,  and  Assayers.     With  Illustra- 
tions.    Globe  8vo.     6s. 
A     TEXT-BOOK     ON     ELEMENTARY     THEORETICAL 
METALLURGY.     Globe  8vo.  [/«  the  press. 

Jones. — Works  by  Francis  Jones,  F.R.S.E.,  F.C.S.,  Chemical 
Master  in  the  Granmiar  School,  Manchester. 

THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  With  Preface  by  Sir  Henry  Roscoe, 
F.R.S.,  and  Illustrations.     New  Edition.     i8mo.     2s.  6d, 

QUESTIONS  ON  CHEMISTRY.  A  Series  of  Problems  and 
Exercises  in  Inorganic  and  Organic  Chemistry.     Fcap.  8vo.     3/. 

Landauer. — blowpipe  analysis.     By  j.  landauer. 

Authorised  English  Edition  by  J.  Taylor  and  W.  E.  Kay,  of 
Owens  College,  Manchester.     Extra  fcap.  8vo.    4f.  6d, 

Lupton.— CHEMICAL  ARITHMETIC.  With  1,200  Problems. 
By  Sydney  Lupton,  M.A.,  F.C.S.,  F.I.C.,  formerly  Assistant- 
Master  at  Harrow.  Second  Edition,  Revised  and  Abridged. 
Fcap.  8vo.    4r.  6d, 

Meldola.— PHOTOGRAPHIC  CHEMISTRY.  By  Raphael 
Meldola,  F.R.S.,  Professor  of  Chemistry  in  the  Technical 
College,  Finsbury.     Crown  8vo.     {Nature  Series.)     [In  the  press, 

Muir.— PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS, Specially  arranged  for  the  first  M.B.  Course.  By 
M.  M.  Pattison  Muir,  F.R.S.E.    Fcap.  8vo.     is,  6d. 

Muir  and  Wilson.— THE  elements  of  thermal 

CHEMISTRY.  By  M.  M.  Pattison  Muir,  M.A.,  F.R.S.E., 
Fellow  and  Pralector  of  Chemistry  in  Gonville  and  Caius  Colleges, 
Cambridge;  Assisted  by  David  Muir  Wilson.    8vo.    i2x.  6d, 
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Remsen. — Works  t^  Ira  Remsen,  Professor  of  Chemistiy  in  the 
Johns  Hopkins  University. 

COMPOUNDS  OF  CARBON ;  or,  Organic  Chemistry,  an  Intro- 
duction to  the  Study  of.     Crown  8vo.     dr.  6d, 

AN  INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY 
(INORGANIC  CHEMISTRY).     Crown  8vo.     df.  6d, 

THE  ELEMENTS  OF  CHEMISTRY.  A  Text  Book  for 
Beginners.    Fcap.  Svo.    2s,  6i, 

RoSCOe. — Works  by  Sir  Henry  E.  Roscoe,  F.R.S.,  formerly 
Professor  of  Chemistry  in  the  Victoria  University  the  Owens  College, 
Manchester. 

PRIMER  OF  CHEMISTRY.  With  numerous  Illustrations.  New 
Edition.    With  Questions.     i8mo.     u.    {Science  Primers,) 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 
AND  ORGANIC.  With  numerous  Illustrations  and  Chromolitho 
of  the  Solar  Spectrum,  and  of  the  Alkalies  and  Alkaline  Earths. 
New  Edition.     Fcap.  8vo.     ^,  6d,     {See  under  Tkorv^.) 

Roscoe  and  Schorlemmer. — inorganic  and  or- 
ganic CHEMISTRY.  A  Complete  Treatise  on  Inorganic  and 
Organic  Chemistry.  By  Sir  Henry E.  Roscoe,  F.R.S. ,  and  Pro£ 
C.  Schorlemmer,  F.R.S.     With  Illustrations.  Medium 8yo. 

Vols.  I.  and  II.— INORGANIC  CHEMISTRY. 

Vol.  I. — ^The  Non-Metallic  Elements.  Second  Edition,  revised. 
2IJ.  Vol.  II.  Part  I.— Metals.  i8j.  Vol.  11.  Part  II.— Metals. 
iSs. 

Vol.  III.— ORGANIC  CHEMISTRY. 

THE  CHEMISTRY  OF  THE  HYDROCARBONS  and  thdr 
Derivatives,  or  ORGANIC  CHEMISTRY,  With  numerous 
Illustrations.  Five  Parts.  Parts  I.,  II.,  and  IV.  2is,  each. 
Part  III.     i8j.  [PartV.     Jmntediately, 

Thorpe.— A  series  of  chemical  PROBLEMS,  prepared 
with  Special  Reference  to  Sir  H.  E.  Roscoe's  Lessons  in  Elemen- 
tary Chemistry,  by  T.  E.  Thorpe,  Ph.D.,  F.R.S.,  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  South  Kensington, 
adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  With  a  Preface  by  Sir 
Henry  E.  Roscoe,  F.R.S.   New  Edition,  with  Key.    i8mo.   2j. 

Thorpe  and  Riicker. — a  TREATISE   ON  CHEMICAL 

PHYSICS.  By  T.  E.  Thorpe,  Ph.D.,  F.R.S.  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  and  Professor  A.  W. 
RucKER.    Illustrated.     Svo.  \In  preparation. 

Wright.— METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  By  C.  Alder  Wright,  D.Sc,  &c., 
Lecturer  on  Chemistry  in  St.  Mary's  Hospital  Medical  School. 
Extra  fcap.  8vo.     %s,  6d, 
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BIOLOGY. 

Allen. — ON  THE  COLOUR  OF  FLOWERS,  as  Illustrated  in 
the  British  Flora.  By  Grant  Allen.  With  Illustrations. 
Crown  8 vo.    p,6d,     {Nature  Series.) 

Balfour.  — A  treatise  on  comparative  embry. 

OLOGY.  By  F.  M.  Balfour,  M.A.,  F.R.S.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.  With  Illustrations. 
Second  Edition,  reprinted  without  alteration  from  the  First 
Edition.     In  2  vols.    8vo.     Vol.  I.  18/.     Vol.  11.  21s. 

Balfour   and    Ward. — a  general  text  book  of 

BOTANY.  By  Isaac  Bayley  Balfour,  F.R.S.,  Professor  of 
Botany  in  the  University  of  Edinburgh,  and  H.  Marshall  Ward, 
F.R.S.,  Fellow  of  Christ's  College,  Cambridge,  and  Professor  of 
Botany  in  the  Royal  Indian  Engineering  College,  Cooper's  Hill. 
8vo.  [In  preparation, 

Bettany.— FIRST  LESSONS  IN  PRACTICAL  BOTANY. 
By  G.  T.  Bettany,  M.A.,  F.L.S.,  formerly  Lecturer  in  Botany 
at  Guy's  Hospital  Medical  School.     i8mo.     is. 

Bower.— A  COURSE  OF  PRACTICAL  INSTRUCTION  IN 
BOTANY.  By  F.  O.  Bower,  D.Sc,  F.L.S.,  Regius  Professor 
of  Botany  in  the  University  of  Glasgow.  Crown  8vo.  Part  I. 
Second  Edition,  revised  and  enlarged.  Phanerogamae — Pterido- 
phyta.  6s.  6d.  Part  II.  Bryophyta — Thallophyta.  4J.  6eL  Or 
Doth  Parts  in  one  volume,  loj.  od, 

Darwin  (Charles).— memorial  notices  ofcharles 

DARWIN,  F.R.S.,  &c.  By  Thomas  Henry  Huxley,  F.R.S., 
G.  J.  Romanes,  F.R.S.,  Archibald  Geikie,  F.R.S.,  and 
W.  T.  Thiselton  Dyer,  F.R.S.  Reprinted  from  Nature, 
With  a  Portrait,  engraved  by  C.  H.  Jeens.  Crown  8vo. 
2s,  6d,     {Nature  Series,) 

Fearnley.— A  manual  of  elementary  practical 

histology.  By  William  Fearnley.  With  Illustrations. 
Crown  8vo.  *js.  6d, 

Flower  and  Gadow.— an  introduction  to  the 

OSTEOLOGY  OF  THE  MAMMALIA.  By  William  Henry 
Flower,  LL.D.,  F.R.S.,  Director  of  the  Natural  History  De- 
partments of  the  British  Museum,  late  Hunterian  Professor  of  Com- 
parative Anatomy  and  Physiology  in  the  Royal  College  of  Surgeons 
of  England.  With  numerous  Illustrations.  Third  Edition.  Re- 
vised with  the  assistance  of  Hans  Gadow,  Ph.D.,  M.A.,  Lecturer 
on  the  Advanced  Morphology  of  Vertebrates  and  Strickland 
Curator  in  the  University  of  Cambridge.  Crown  8vo.  los.  6d, 
Foster. — Works  by  Michael  Foster,  M.D.,  Sec.  R.S.,  Professor 
of  Physiology  in  the  University  of  Cambridge. 
PRIMER  OF  PHYSIOLOGY.  With  numerous  Illustrations. 
New  Edition.     iSmo.     is. 
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Foster — continued, 

A  TEXT-BOOK  OF  PHYSIOLOGY.  With  lUustrations.  Fifth 
Edition,  largely  revised.  In  Three  Parts.  Part  L,  comprising 
Book  I.  Blood — The  Tissues  of  Movement,  The  Vascular 
Mechanism.     \os,  6d, 

Farts  II.  and  III.  are  in  the  press  preparing  for  early  pablication. 

Foster  and  Balfour. — the  elements  of  embry- 
ology. By  Michael  Foster,  M.A.,  M.D.,  LL.D.,  Sec.  R.S., 
Professor  of  Physiology  in  the  University  of  Cambridge^  Fellow 
of  Trinity  College,  Cambridge,  and  the  late  Francis  M.  Balfour, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge, 
and  Professor  of  Animal  Morphology  in  the  University.  Second 
Edition,  revised.  Edited  by  Adam  Sedgwick,  M.A.,  Fellow 
and  Assistant  Lecturer  of  Trinity  College,  Cambridge,  and  Walter 
Heape,  Demonstrator  in  the  Morphological  Laboratory  of  the 
University  of  Cambridge.  With  Illustrations.  Crown  8vo.  lOf.  6d. 

Foster  arid  Langley. — a  COURSE  OF  elementary 

PRACTICAL  PHYSIOLOGY.  By  Prof.  Michael  Foster, 
M.D.,  Sec.  R.S.,  &c.,  and  J.  N.  Langley,  M.A.,  F.R.S.,  Fellow 
of  Trinity  College,  Cambridge.   Fifth  Edition.    Crown  8 vo.  *js,6d, 

Gamgec. — a  text-book  of   the  physiological 

CHEMISTRY  OF  THE  ANIMAL  BODY.  Including  an 
Account  of  the  Chemical  Changes  occurring  in  Disease.  By  A. 
Gamgee,  M.D.,  F.R.S.,  formerly  Professor  of  Physiology  in  the 
Victoria  University  the  Owens  College,  Manchester.  2  Vols.  8vo. 
With  Illustrations.    Vol.  I.     18^.  [Vol.  JL  in  the  press. 

Gray.— STRUCTURAL  BOTANY,  OR  ORGANOGRAPHY 
ON  THE  BASIS  OF  MORPHOLOGY.  To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.    By  Professor  As  A  Gray,  LL.D.    8vo.    10s.  Sd, 

Hamilton.— A  practical  text-book  of  patho- 
logy. By  D.  J.  Hamilton,  Professor  of  Pathological  Anatomy 
(Sir  Erasmus  Wilson  Chair),  University  of  Aberdeen.  Illustrated. 
8vo.  [In  the  press. 

Hooker. — Works  by  Sir  J.  D.  Hooker,  K.C.S.L,  C.B.,  M.D., 
F.R.  S.y  D.  CL. 
PRIMER  OF  BOTANY.      With  numerous  lUusfarations.      New 
Edition.     i8mo.     u.    (Science  Primers.) 

THE  STUDENT'S  FLORA  OF  THE  BRITISH  ISLANDS. 
Third  Edition,  revised.     Globe  8vo.     los,  6d, 

Howes.— AN  ATLAS  OF  PRACTICAL  ELEMENTARY 
BIOLOGY.  By  G.  B.  Howes,  Assistant  Professor  of  Zoology, 
Normal  School  of  Science  and  Royal  School  of  Mines.  With  a 
Preface  by  Thomas  Henry  Huxley,  F.R,S.  Royal  4to.  14^. 
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Huxley. — ^Works  by  Thomas  Henry  Huxley,  F.R.S. 
INTRODUCTORY    PRIMER    OF    SCIENCE.       i8mo.       is. 

(Science  Primers,) 
LESSONS  IN  ELEMENTARY  PHYSIOLOGY.  With  numerous 

Illustrations.     New  Edition  Revised.     Fcap.  8vo.    4^.  6d. 
QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 

By  T.  Alcock,  M.D.    New  Edition.     i8mo.     u.  6d, 

Huxley  and  Martin.— a  COURSE  OF  PRACTICAL  IN- 
STRUCTION IN  ELEMENTARY  BIOLOGY.  By  T.  H. 
Huxley,  F.R.S.,  LL.D.,  assisted  by  H.  N.  Martin,  M.A., 
M.B.,  D.Sc,  F.R.S.,  Fellow  of  Christ's  College,  Cambridge. 
New  Edition,  revised  and  extended  by  G.  B.  Howes,  Assistant 
Professor  of  Zoology,  Normal  School  of  Science,  and  Royal  School 
of  Mines,  and  D.  H.  Scott,  M.A.,  Ph.D.,  Assistant  Professor  of 
Botany,  Normal  School  of  Science,  and  Royal  School  of  Mines. 
New  Edition,  thoroughly  revised.  With  a  Preface  by  T.  H. 
Huxley,  F.R.S.    Crown  8vo.     10s,  6d. 

Kane.— EUROPEAN  butterflies,  a  HANDBOOK  OF. 
By  W.  F.  De  Vismes  Kane,  M.A.,  M.R.I.  A.,  Member  of  the 
Entomological  Society  of  London,  &c.  With  Copper  Plate  illustra- 
tions.    Crown  8vo.     los,  6^. 

A  LIST  OF  EUROPEAN  RHOPALOCERA  WITH  THEIR 
VARIETIES  AND  PRINCIPAL  SYNONYMS.  Reprinted 
from  the  Handbook  of  European  Butterflies,     Crown  8vo.     \s, 

Klein.— MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction into  the  Study  of  Specific  Micro- Organisms.  By  E. 
Klein,  M.D.,  F.R.S,,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
With  121  Illustrations.  Third  Edition,  Revised.  Crown  8vo.  6j. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same. 
Crown  8vo.  [In  preparation, 

Lankester. — Works  by  Professor  E.  Ray  Lankester,  F.R.S. 
A  TEXT  BOOK  OF  ZOOLOGY.    8vo.  {In  preparation, 

i:)EGENERATION  :  A  CHAPTER  IN  DARWINISM.  Illus- 
trated.   Crown  8vo.     2s.  6d,    {Mature  Series,) 

Lubbock, — Works  by  SiR  John  LuBBOCK,  M.P.,  F.R.S.,  D.C.L. 
THE    ORIGIN    AND    METAMORPHOSES    OF   INSECTS. 
With  numerous  Illustrations.     New  Edition.    Crown  8vo.    y,  6d, 
{Nature  Series.) 

ON  BRITISH  WILD  FLOWERS  CONSIDERED  IN  RE- 
LATION TO  INSECTS.  With  numerous  Illustrations.  New 
Edition.     Crown  8vo.    4s,  6d,    (Nature  Series, ) 

FLOWERS,  FRUITS,  AND  LEAVES.  With  Illustrations. 
Second  Edition.     Crown  8vo.    4s,  6d.     (Nature  Series,) 

Martin  and  Moale.—oN  the  dissection  OF  verte- 
brate ANIMALS.  By  Professor  H.  N.  Martin  and  W.  A. 
MoALE.    Crown  8vo.  [In  preparation. 
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Mivart. — ^Works  by  St.  George  Mivart,  F.R.S.,  Lecturer  on 
Comparative  Anatomy  at  St.  Mary*s  Hospital. 
LESSONS  IN  ELEMENTARY  ANATOMY.    With  upwards  of 

400  Illustrations.     Fcap.  8vo.    6s.  6d, 
THE  COMMON  FROG.  Illustrated.  Cr.  8vo.  3/.  6d.  {Nature Series.) 

Miiller.— THE  FERTILISATION  OF  FLOWERS.  By  Pro- 
fessor Hermann  MtJLLER.  Translated  and  Edited  by  D*Arcy 
W.  Thompson,  B.  A.,  Professor  of  Biology  in  University  College, 
Dundee.  With  a  Preface  by  Charles  Darwin,  F.R.S.  With 
numerous  Illustrations.     Medium  8vo.     21s, 

Oliver. — Works  by  Daniel  Oliver,  F.R.S.,  &c.,  Professor  of 
Botany  in  University  College,  London,  &c 

FIRST  BOOK  OF  INDIAN  BOTANY.     With  numerous  lUus- 
trations.     Extra  fcap.  8vo.     6s.  6d. 

LESSONS   IN    ELEMENTARY  BOTANY.     With  nearly  200 
Illustrations.     New  Edition.     Fcap.  8vo.  4r.  6d. 

Parker. — a  COURSE  OF  instruction  in  ZOOTOMY 
(VERTEBRATA).  By  T.  Jeffrey  Parker,  B.Sc.  London, 
Professor  of  Biology  in  the  University  of  Otago,  New  Zealand. 
With  Illustrations.  Crown  8vo.  Zs.  6d. 
LESSONS  IN  ELEMENTARY  BIOLOGY.  By  the  same  Author. 
With  Illustrations.     8vo.  [In  the  press. 

Parker  and  Bettany. — THE  MORPHOLOGY  OF  THE 

SKULL.  By  Professor  W.  K.  Parker,  F.R.S.,  and  G.  T. 
Bettany.    Illustrated.     Crown  8vo.     loj.  6d. 

Romanes. — the  scientific  evidences  of  organic 

EVOLUTION.  By  George  J.  Romanes,  M.A.,  LL.D., 
F.R.S.,  Zoological  Secretary  of  the  Linnean  Society.  Crown 
8vo.     2s.  6d.     {Nature  Series.) 

Sedgwick.— A  SUPPLEMENT  TO  F.  M.  BALFOUR'S 
TREATISE  ON  EMBRYOLOGY.  By  Adam  Sedgwick, 
M.  A. ,  F.  R.  S. ,' Fellow  and  Lecturer  of  Trinity  College,  Cambridge. 
8vo.     Illustrated.  [In  preparation. 

Smith  (W.  G.).— DISEASES  OF  FIELD  AND  GARDEN 
CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY  FUNGL 
By  WoRTHiNGTON  G.  SMITH,  F.L.S.,  M.A.I.,  Member  of  the 
Scientific  Committee  R.H.S.  With  143  New  Illustrations  drawn 
and  engraved  from  Nature  by  the  Author.     Fcap.  8vo.     4J.  6d. 

Stewart— Corry.— A  FLORA  OF  THE  NORTH-EAST  OF 
IRELAND.  Including  the  Phanerogamia,  the  Cryptogamia 
Vascularia,  and  the  Muscineae.  By  Samuel  Alexander 
Stewart,  Fellow  of  the  Botanical  Society  of  Edinburgh,  Curator 
of  the  Collections  in  the  Belfast  Museum,  and  Honorary  Associate 
of  the  Belfast  Natural  History  and  Philosophical  Society ;  and  the 
late  Thomas  Hughes  Cokry,  M.A.,  F.L.S.,  F.Z.S.,  M.R.I.A., 
F.B.S.  Edin.,  Lecturer  on  Botany  in  the  University  Medical  and 
Science  Schools,  Cambridge,  Assistant  Curator  of  the  University 
Herbarium,  &C.,  &c.     Crown 8vo.     $s.  6d, 
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Ward.— TIMBER  AND  ITS  DISEASES.  By  H.  Marshall 
Ward,  F.R.S.,  Professor  of  Botany  in  the  Royal  Indian  Engineer- 
ing College,  Cooper's  Hill.     Illustrated.    Crown  8vo, 

[In  preparation, 

Wiedersheim  (Prof.).— elements  of  the  com- 
parative ANATOMY  OF  VERTEBRATES.  Adapted 
from  the  German  of  Robert  Wiedersheim,  Professor  of  Ana- 
tomy, and  Director  of  the  Institute  of  Human  and  Comparative 
Anatomy  in  the  University  of  Freiburg-in-Baden,  by  W. 
Newton  Parker,  Professor  of  Biology  in  the  University  College 
of  South  Wales  and  Monmouthshire.  With  Additions  by  the 
Author  and  Translator.  With  Two  Hundred  and  Seventy  Wood- 
oats.    Medium  8vo.     12s,  6d, 
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Brunton. — Works  by  T.  Lauder  Brunton,  M.D.,  D.Sc, 
F.R.C.P.,  F.R.S.,  Assistant  Physician  and  Lecturer  on  Materia 
Medica  at  St.  Bartholomew's  Hospital ;  Examiner  in  Materia 
Medica  in  the  University  of  London,  in  the  Victoria  University, 
and  in  the  KoyHL  College  of  Physicians,  London ;  late  Examiner 
in  the  University  of  Edinburgh. 

A  TEXT-BOOK  OF  PHARMACOLOGY,  THERAPEUTICS, 
AND  MATERIA  MEDICA.  Adapted  to  the  United  States 
Pharmacopoeia,  by  Francis  H.  Williams,  M,D.,  Boston,  Mass. 
Third  Edition.  Adapted  to  the  New  British  Pharmacopoeia,  1885. 
Medium  8vo.     2lf* 

TABLES  OF  MATERIA  MEDICA  :  A  Companion  to  the  Materia 
Medica  Museum.  With  Illustrations.  New  Edition  Enlarged. 
8vo.     lOf .  6d. 

Griffiths.— LESSONS  ON  PRESCRIPTIONS  AND  THE 
ART  OF  PRESCRIBING.  By  W.  Handsel  Griffiths, 
Ph.  D.  ,  L.  R.  C.  p.  E.  New  Edition.  Adapted  to  the  Pharmacopoeia, 
1885.     i8mo.     3J.  6d, 

Hamilton.— A  text-book  of  pathology.    By  D.  J. 

Hamilton,    Professor  of  Pathological   Anatomy  (Sir  Erasmus 
Wilson  Chair)  University  of  Aberdeen.    With  Illustrations.     8vo. 

[In  the  press, 

Klein.— MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction  into  the  Study  of  Specific  Micro-Organisms.  By  E. 
Klein,  M.D.,  F.R.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
With  121  Illustrations.  Third  Edition,  Revised.    Crown  8vo.     6s, 

THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same 
Author.     Crown  8vo.  [In  preparation. 
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Ziegler-Macalister.— TEXT.BOOK  OF  pathological 

ANATOMY  AND  PATHOGENESIS.  By  Professor  Ernst 
ZiEGLSR  of  Tubingen.  Translated  and  Edited  for  English 
Students  by  Donald  Macalistkr,  M.  A.,  M.D.,  B.Sc.,  F.R.C.P., 
Fellow  and  Medical  Lecturer  of  St.  John's  College,  Cambridge, 
Physician  to  Addenbrooke's  Hospital,  and  Teacher  of  Medicine  in 
the  University.    With  numerous  Illustrations.    Medium  Syo. 

Part  I.— GENERAL  PATHOLOGICAL   ANATOMY.     Second 
Edition.     I2s,  6d, 

Part  II.— SPECIAL  PATHOLOGICAL  ANATOMY.     Sections 
L— VIII.   Second  Edition.    I2s,ed.  Sections  IX.— XIL    I2s,ed, 


ANTHROPOLOGY. 

Flower.— FASHION  in  deformity,  as  Illustrated  in  the 
Customs  of  Barbarous  and  Civilised  Races.  By  Professor 
Flowrr,  F.R.S.,  F.R.CS.  With  Illustrations.  Crown  8vo. 
2s,  6d,    {Nature  Series.) 

Tylor.— ANTHROPOLOGY.  An  Introduction  to  the  Study  of 
Man  and  Civilisation.  ByE.  B.  Tylor,  D.C.L.,  F.R.S,  With 
numerous  Illustrations.     Crown  8vo.     *js,  6d, 


PHYSICAL  GEOGRAPHY  &  GEOLOGY. 

Blanford.— THE  RUDIMENTS  OF  PHYSICAL  GEOGRA- 
PHY FOR  THE  USE  OF  INDIAN  SCHOOLS ;  with  a 
Glossary  of  Technical  Terms  employed.  By  H.  F.  Blanford^ 
F.R.S.    New  Edition,  with  Illustratioiis.     Globe  8vo.   2s,  6iL 

Geikie. — ^Works  by  Archibald  Gbikib,  LL.D.,  F.R.S.,  Director 
General  of  the  G^logical  Survey  of  Great  Britain  and  Ireland,  and 
Director  of  the  Museum  of  Practical  Geology,  London,  formerly 
Murchison  Professor  of  Geology  and  Mineralogy  in  the  University 
of  Edinburgh,  &c. 
PRIMER  OF  PHYSICAL  GEOGRAPHY.  With  numerous 
Illustrations.  New  Edition.  With  Questions.  l8mo.  it, 
{Science  Primers.) 

ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY. 
With  numerous  Illustrations.  New  Edition.  Fcap.  Svo.  41.  6(L 
QUESTIONS  ON  THE  SAME.     w.  6tL 

PRIMER  OF  GEOLOGY.  With  numerou  Ulastzations.  New 
Edition.     iSmo.     is,    (Science  Primers,) 

CLASS  BOOK  OF  GEOLOGY.  With  upwardb  of  JOO  New 
lUnstrations,    Crown  Svo.     lOf.  6d, 

TEXT-BOOK  OF  GEOLOGY.  WiHi  numeroos  Illi]stiatiQn& 
Second  Edition,  Sixth  Thousand,  Revised  and  Enlaiged.  Svo.  aSr. 
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Geikie — continued. 

OUTLINES  OF  FIELD  GEOLOGY.  WitH  IllustraUons.  New 
Edition.    Extra  fcap.  8vo.    3J.  6d, 

THE  SCENERY  AND  GEOLOGY  OF  SCOTLAND, 
VIEWED  IN  CONNEXION  WITH  ITS  PHYSICAL 
GEOLOGY.   With  numerous  Illustrations.    Crown  8vo.    12s*  6d, 

(See  also  under  Geography.) 

Huxley.— PHYSIOGRAPHY.  An  Introduction  to  the  Study 
of  Nature.  By  Thomas  Henry  Huxlky,  F.R.S.  With 
numerous  Illustrations,  and  Coloured  Plates.  New  and  Cheaper 
Edition.     Crown  8vo.     6s, 

Lockyer.— OUTLINES  OF  PHYSIOGRAPHY— THE  MOVE- 
MENTS OF  THE  EARTH.  By  T.  Norman  Lockyer,  F.R.S., 
Correspondent  of  the  Institute  of  France,  Foreign  Member  of 
the  Academy  of  the  Lyncei  of  Rotne,  &c.,  &c.  ;  Professor  of 
Astronomical  Physics  in  the  Normal  School  of  Science,  and 
Examiner  in  Physiography  for  the  Science  and  Art  Department. 
With  Illustrations.     Crown  8to.     Sewed,  is.  6d, 

Phillips.— A  TREATISE  ON  ORE  DEPOSITS.  By  J.  Arthur 
Phillips,  F.R.S.,  V.P.G.S.,  F.C.S.,  M.Inst.C.E.,  Ancien  El^ve 
de  rficole  des  Mines,  Paris ;  Author  of  "  A  Manual  of  Metdlurgy," 
••The  Mining  and  Metallurgy  of  Gold  and  Silver,"  &c  With 
numerous  Illustrations.    8vo.    2$s» 


AGRICULTURE. 

Frankland.— AGRICULTURAL  chemical  ANALYSIS, 
A  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc,  F.C.S.,  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistry  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  Leitfadenfur  die  Agriculture 
Chemiche  Analyse^  von  Dr.  F.  Krockbr.    Crown  8vo.     7j.  6^ 

Smith  (Worthington  G.).— DISEASES  OF  FIELD  and 

GARDEN  CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY 
FUNGL  By  Worthington  G.  Smith,  F.L.S.,  M.A.I., 
Member  of  the  Scientific  Committee  of  the  R.H.S.  With  143 
Illustrations,  drawn  and  engraved  from  Nature  by  the  Author. 
Fcap.  8vo.    4J.  6d, 

Tanner. — ^Works  bv  Henry  Tanner,  F.C.S.,  M.R.A.C., 
Examiner  in  the  Principles  of  Agriculture  under  the  Government 
Department  of  Science ;  Director  of  Education  in  the  Institute  of 
Agriculture,  South  Kensington,  London ;  sometime  Professor  of 
Agricultural  Science,  University  College,  Aberystwith. 

ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRI- 
CULTURAL PRACTICE.    Fcap.  8vo.    y.  6d. 
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Tanner — continued, 
FIRST  PRINCIPLES  OF  AGRICULTURE.     i8mo.     M. 
THE  PRINCIPLES  OF  AGRICULTURE.  A  Series  of  Reading 
Books  for  use  in    Elementary  Schools.     Prepared  by  Henrv 
Tanner,  F.C.S.,  M.R.A.C.    Extra  fcap.  8vo. 

I.  The  Alphabet  of  the  Principles  of  Agriculture.     6d. 
II.  Further  Steps  in  the  Principles  of  Agriculture,     is, 
III,  Elementary  School  Readings  on  the  Principles  of  Agriculture 
for  the  third  stage,     u. 

POLITICAL  ECONOMY, 

Cairnes.— THE  character  and  logical  method 

OF  political  ECONOMY.  By  J.  E.  Cairnes,  LL.D , 
Emeritus  Professor  of  Political  Economy  in  University  College, 
London.     New  Edition.     Crown  8vo.     6s. 

CoSSa.— GUIDE     TO     THE      STUDY      OF     POLITICAL 
ECONOMY.     By  Dr.  LuiGi  CossA,  Professor  in  the  University 
of  Pavia.     Translated  from  the  Second  Italian  Edition.     With  a 
Preface  by  W.  Stanley  Jevons,  F.R.S.     Crown  8vo.     4^.  6d. 
Fawcett  (Mrs.). — Works  by  MiLLiCENT  Garrett  Fawcett:— 
POLITICAL  ECONOMY  FOR  BEGINNERS,  WITH  QUES- 
TIONS.    Fourth  Edition.     i8mo.     2s,  6d, 
TALES  IN  POLITICAL  ECONOMY.     Crown  8vo.     3*. 

Fawcett.— A  manual  of  political  economy.    By 

Right  Hon.  Henry  Fawcett,  F.R.S.  Sixth  Edition,  revised, 
with  a  chapter  on  "State  Socialism  and  the  Nationalisation 
of  the  Land,"  and  an  Index.     Crown  8vo.     12s. 

AN  EXPLANATORY  DIGEST  of  the  above.  By  Cyril  A. 
Waters,  B.  A.  Crown  8vo.  2s.  6d, 
Gunton. — WEALTH  and  PROGRESS :  A  CRITICAL  EX- 
AMINATION OF  THE  WAGES  QUESTION  AND  ITS 
ECONOMIC  RELATION  TO  SOCIAL  REFORM.  By 
George  Gunton.  Crown  8vo.  6s, 
Jevons. — Works  by  W.  Stanley  Tevons,  LL.D,  (Edinb.),  M.A. 
(Lond.),  F.R.S.,  late  Professor  of  Political  Economy  in  University 
College,  London,  Examiner  in  Mental  and  Moral  Science  in  the 
University  of  London. 

PRIMER  OF  POLITICAL  ECONOMY.     New  Edition.     iSmo. 
I^.     {Science  Primers.) 

THE  THEORY  OF  POLITICAL  ECONOMY.  Third  Edition. 
Revised.  Demy  8vo.  los.  6d, 
Marshall.— THE  ECONOMICS  OF  INDUSTRY.  By  A, 
Marshall,  M.A.,  Professor  of  Political  Economy  in  the  Uni- 
versity of  Cambridge,  and  Mary  P.  Marshall,  late  Lecturer  at 
Newnham  Hall,  Cambridge.  Extra  fcap.  8vo.  2j.  6d, 
Marshall. — ECONOMICS.  By  Alfred  Marshall,  M.A., 
Professor  of  Political  Economy  in  the  University  of  Cambridge, 
a  vols.    8vo.  [/»  the  press. 
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Sidgwick.— THE  PRINCIPLES  of  POLITICAL  ECONOMY. 
By  Professor  Henry  Sidgwick,  M.A.,  LL.D.,  Kni^htbridge 
Professor  of  Moral  Philosophy  in  the  University  of  Can' ridge, 
&c.,  Author  of  "The  Methods  of  Ethics."  Second  Edition, 
revised.     8vo.     i6s. 

Walker. — Works  by  Francis  A.  Walker,  M.A.,  Ph.D.,  Author 
of  "Money,"  "Money  iu  its  Relation  lo  Trade,"  &c. 

POLITICAL  ECONOMY.     Second  Edition,  revised  and  enlarged. 
Svo.     I2X.  6d.  . 

A     BRIEF     TEXT-BOOK    OF     POLITICAL     ECONOMY. 
Crown  Svo.     6s.  6d. 

THE  WAGES  QUESTIOI^.     Svo.     14J. 

Wicksteed. — ALPHABET  OF  ECONOMIC  SCIEN^CE.  By 
Philip  H.  Wicksteed,  M.  A.    Globe  Svo.  Vfust  ready. 


MENTAL  &  MORAL  PHILOSOPHY. 

Boole.— THE  MATHEMATICAL  ANALYSIS  OF  LOGIC. 
Being  an  Essay  towards  a  Calculus  of  Deductive  Reasoning.  By 
George  Boole.    Svo.    Sewed.    5j. 

Calderwood.— HANDBOOK  OF  moral  PHILOSOPHY. 
By  the  Rev.  Henry  Calderwood,  LL.D.,  Professor  of  Moral 
Philosophy,  University  of  Edinburgh.  Fourteenth  Edition,  largely 
rewritten.     Crown  Svo.  6j. 

ClifFord.— SEEING  AND"  THINKING.  By  the  late  Professor 
W.  K.  Clifford,  F.R.S.  With  Diagrams.  Crown  Svo.  y.  6d. 
{Nature  Series,) 

Jardine.— THE  ELEMENTS  OF  THE  PSYCHOLOGY  OF 
COGNITION.  By  the  Rev.  Robert  Jardine,  B.D.,  D.Sc. 
(Edin.),  Ex-Principal  of  the  General  Assembly's  College,  Calcutta. 
Third  Edition,  revised  and  improved.     Crown  Svo.     ds.  6d. 

Jevons. — Works  by  the  late  W.  Stanley  Jevons,  LL.D.,  M.A., 

F.R.S. 
PRIMER  OF  LOGIC.   New  Edition.    iSmo.    is.    (Science  Primers.) 

ELEMENTARY  LESSONS  IN  LOGIC  ;  Deductive  and  Induc- 
tive, with  copious  Questions  and  Examples,  and  a  Vocabulary  of 
•    Logical  Terms.     New  Edition.     Fcap.  Svo.     y.  6d. 

THE   PRINCIPLES  OF   SCIKVCE.     A  Treatise  on  Logic  and 
Scientific  Method.  New  and  Revi  eJ  Edition.  Crown  Svo.   I2j.  6d. 

STUDIES  IN  DEDUCTIVE  LOGIC.  Second  Edition.  Cr.  Svo.  6j. 

Keynes. — formal  logic,  studies  and  Exercises  in.  Including 
a  Generalisation  of  Lo.:Tical  Processes  in  their  application  to 
Complex  Inferences.  By  John  Neville  Klynes,  M.A.,  late 
Fellow  of  Pfembrolce  'College,  Cambridge.  Second  Edition, 
Revised  and  Enlarged.     Crown  Svo,     los.  (ki. 

d 
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Kant— Max  Miiller. — critique  of  pure  reason. 

By  Immanuel  Kant.     In  commemoration  of  the  Ceni«*nary  of 
its  first  Publication.    Translated  into  English  by  F.  Max  Muller. 
With  an  Historical  Introduction  by  Ludwig  Noire.    2  volsf 
8vo.     i6j.  each. 
Volume   I.     HISTORICAL    INTRODUCTION,    by    Lttdwig 

NoiRi^ ;  &c.,  &c. 
Volume  IL     CRITIQUE   OF  PURE    REASON,  translated  by 
F.  Max  Mulleb. 
For«the  convenience  of  students  these  volumes  are  now  sold  separately. 

Kant— MahafFy   and   Bernard. — COMMENTARY   ON 

KANT'S  CRITIQUE.  By  J.  P.  Mahaffy,  M.A.,  Professor  of 
Ancient  History  in  the  University  of  Dublin,  and  J.  H.  Bernard, 
M.A.   New  and  completed  Edition.   Crown  8 vo.  \In  prepartuion. 

McCosh.— PSYCHOLOGY.  By  James  McCosh,  D.D.,  LL.D., 
Litt.D.  President  of  Princeton  College,  Author  of  "Intuitions  of 
the  Mind,"   **  Laws  of  Discursive  Thought, "v  &c     Crown  8va 

L  THE  COGNITIVE  POWERS.     6x.  (>d. 

II.  THE  MOTIVE  POWERS.    Crown  8vo.    6*.  6/ 

Ray.— A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE 

USE  OF  STUDENTS.    By  P.  K.  Ray,  D.Sc.  (Lon.  and  Edin.). 

Professor  of  Logic  and  Philosophy,  Presidency  Collie  Calcutta. 

Fourth  Edition.     Globe  8vo.     4i'.  6</. 

The  Schoolmaster  says*.— "This  work  .  .  .  is  deservedly  taking  a  place  amonf 

the  recognised  text-books  on  Logic." 

Sidgwick. — Works  by  Henry  Sidgwick,  M. A.,  LL.D.,  Knight- 
bridge  Professor  of  Moral  Philosophy  in  the  University  of 
Cambridge. 
THE  METHODS  OF  ETHICS.  Third  Edition.  8va  14*.  A 
Supplement  to  the  Second  Editioi),  containing  all  the  important 
Additions  and  Alterations  in  the  Third  Edition.  Demy  8vo.  6r. 
OUTLINES  OF  THE  HISTORY  OF  ETHICS,  for  English 
Readers.     Second  Edition,  revised.     Crown  8vo.     3^.  6</. 

Venn. — THE  logic  of  chance.  An  Essay  on  the  Founda- 
tions and  Province  of  the  Theory  of  Probability,  with  special 
Reference  to  its  Logical  Bearings  and  its  Application  to  Moral  and 
Social  Science.  By  John  Venn,  M.A.,  Fellow  and  Lecturer  in 
Moral  Sciences  in  Gonville  and  Caius  College,  Cambridge,  Ex- 
aminer in  Moral  Philosophy  in  the  University  of  London.  Second 
Edition,  rewritten  and  greatly  enlarged.  Crown  8vo.  lOr.  6^. 
SYMBOLIC  LOGIC.    By  the  same  Author.    Crown  8vo.    lOx.  6^ 


GEOGRAPHY. 

Bartholomew.— -THE  elementary  school  ATLAS. 

By  John  Bartholomew,  F.R.G.S.     \s. 
This  Elementary  Atlas  is  designed  to  illustrate  the  principal  text- 
books on  Elementary  Geography. 
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Clarke.— CLASS-BOOK  OF  GEOGRAPHY.  By  C.  B.  Clarke, 
M.A.,  F.L.S.,  F.G.S.,  F.R.S.  New  Edition,  with  Eighteen 
Coloured  Maps.     Fcap.  8vo.     3J. 

Geikie. — Works  by  Archibald  Geikie,  F.R.S.,  Director-General 
■  of  the  Geological  Survey  of  the  United  Kingdom,  and  Director  of 

the    Museum  of   Practical    Geology,    Jermyn    Street,    London ; 

formerly  Murchison  Professor  of  Geology  and  Mineralogy  in  the 

University  of  Edinburgh. 
THK  TEACHING  OF  GEOGRAPHY.     A  Practical  Handbook 

for  the  use  of  Teachers.     Crown  8vo.     2x.     Being  Volume  I.  of  a 

New  Geographical  Series  Edited  by  Archibald  Geikie,  F.R.S. 
•^*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography  as 

an  educational  discipline  of  a  high  order,  and  to  sho>v  how  these 

claims  may  be  practically  recognised  by  teachers. 
AN    ELEMENTARY    GEOGRAPHY    OF    THE    BRITISH 

ISLES.     i8mo.     is. 
Green.  —  A    SHORT   GEOGRAPHY    OF   THE    BRITISH 

ISLANDS.    By  John  Richard  Green  and  Alice  Stopford 

Green,     With  Maps.    Fcap.  8vo.     3*.  6</. 

Grove.— A  PRIMER  OF  GEOGRAPHY.  By  Sir  Georgb 
Grove,  D.C.L.    With  Illustrations.    i8mo.  is,  (Scitnce Primers.) 

Hughes. — ^MAPS  AND  MAP  MAKINt;.  By  Alfred  Hughes, 
M.A.,  late  Scholar  of  Corpus  Christi  College,  Oxford,  Assistant 
Master  at  Manchester  Grammar  School.     Cr,  8vo.      [In  the  press, 

Kiepert.— A  MANUAL  OF  ANCIENt  GEOGRAPHY.  From 
the  German  of  Dr.  H.  Kiepert.    Crown  8vo.    55. 

Macmillan's  Geographical  Series.  Edited  by  Archibald 

GeiRIE,  F.R.S.,  Director-General  of  the  Geological  Survey  of  the 
United  Kingdom. 

The  following  List  of  Volumes  is  contemplated  i-^ 

THE  TEACHING  OF  GEOGRAPHY.  A  Practical  Handbook 
for  the  use  of  Teachers.  By  Archibald  Geikie,  F.R.S., 
Director-General  of  the  Geological  Survey  of  the  United  Kingdom, 
and  Director  of  the  Museum  of  Practical  Geology,  Jermyn  Street, 
London  ;  formerly  Murchison  Professor  of  Geology  and  Mineralogy 
in  the  University  of  Edinburgh.     Crown  8vo.     2s, 

\*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography 
as  an  education^  discipline  of  a  high  order,  and  to  show  how 
these  claims  may  be  practically  recognized  by  teachers. 

AN  ELEMENTARY  GEOGRAPHY  OF  THE  BRITISH 
ISLKS.    By  Archibald  Geikie,  F.R.S.     i8mo.     is. 

THE  ELEMENTARY  SCHOOL  ATLAS.  With  24  Maps  in 
Colours,  specially  designed  to  illustrate  all  Elementary  Text-bocks 
of  Geography.    By  JoHf*  Bartholomew.  F.R.G.S.    4to.     is. 

MAPS  AND  MAP  MAKING.  By  Alfred  Hughes,  M.A., 
late  Scholar  of  Corpus  Christi  College,  Oxford,  Assi>tant  Master 
at  Manchester  Grammar  School.     Crown  8vo.  {In  the  press. 

AN  ELEMENTARY  GENERAL  GEOGRAPHY.  By  Hugh 
Robert  Mill,  D.Sc.  Edin.     Crown  8vo.  [In  the prei^. 

A  GEOGRAPHY  OF  THE  BRITISH  COLONIES. 
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Macmillan's  Geographical  S^Ties— continued, 

A  GEOGRAPHY  OF  EUROPE.    By  James  Sime,  M.A. 

[In  prejl>aration. 
A  GEOGRAPHY  OF  AMERICA. 
A  GKOGRAPHY  OF  ASIA. 
A  GEOGRAPHY  OF  AFRICA. 
A    CiKOGRAPHY    OF    THE    OCEANS    AND    OCEANIC 

ISLANDS. 
ADVANCED    CLASS-BOOK    OF    THE   GEOGRAPHY   OF 

BRITAIN. 
GEOGRAPHY  OF  AUSTRALIA  AND  NEW  ZEALAND. 
GKOGRAPHY  OF  BRITISH  NORTH  AMERICA. 
GKOGRAPHY  OF  INDIA. 
GEOGRAPHY  OF  THE  UNITED  STATES 
ADVANCED    CLASS-BOOK    OF   THE    GEOGRAPHY   OF 

EUROPE. 

Mill.— AN  ELEMENTARY  GENERAL  GEOGRAPHY.  By 
Hugh  Robert  Mill,  D.Sc.  Edin.     Crown  8vo.       [In  the  press. 

Sime.— A  GEOGRAPHY  OF  EUROPE.    By  James  Sime,  M.A. 

[/«  preparation, 

Strachey.— LECTURES  ON  geography.  By  General  R. 
Strachey,  R.E.,  C.S.I.,  President  of  the  Royal  Geographical 
Society.     Crown  8vo.     4^.  6^/. 

HISTORY. 

Arnold  (T.). — THE  SECOND  PUNIC  WAR.  Being  Chaptere 
from  THE  HISTORY  OF  ROMK.  By  Thomas  Arnold, 
D.D.  Edited,  with  Notes,  by  W.  T.  ARNOLD,  M.A.  With  S 
Maps.     Crown  Svo.     %s,  6c/. 

Arnold  (W.  T.).— the  ROMAN  SYSTEM  OF  PROVINCIAL 

ADMINISTRATION  TO  THE  ACCESSION  of  CONST AN- 

TINE  THE  GREAT.   By  W.  T.  Arnold,  M.A.    Crown  Svo.  6s. 

"Ought   to  prove  a  valuable  handbook  to  the  student  of  Roman   history."— 

GUAKDIAN. 

^  Beesly.— STORIES    FROM    THE    HISTORY    OF    ROME. 

I  By  Mrs.  Beesly.     Fcap.  Svo.     2s.  6d. 

\  Bryce. — THE  HOLY   ROMAN   EMPIRE.    By  James  Bryce, 

;  D.C.L.,  Fellow  of  Oriel  College,  and  Kegius  Professor  of  Civil  Law 

j.  in  the  University  of  Oxford.    Eighth  Edition.   Crown  Svo.  7^.  6d. 

I  Buckland.—  OUR  NATIONAL   INSTITUTIONS.      A   Short 

Sketch  for  Schools.  By  Anna  Buckland.  With  Glossary. 
iSmo.     IS. 

Buckley. — a  history  OF  England  for  beginners. 

By  Arabella  B.  Buckley.  Author  of  *'A  Short  History  of 
Natural  Science,"  &c.  With  Coloured  Maps,  Chronological  and 
Genealogical  Tables.     Glibe  Svo.     3J. 

Bury. — A  HISTORY  OF  THE  LATER  ROMAN  EMPIRE 
FROM  ARCADIUS  TO  IRENE,  a.d.  395-800.  By  John  F. 
Bury,  Fellow  of  Trinity  Coll.,  Dublin.  2  vols.  Svo.   [Inthepnss* 
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Dicey.— LECTURES  INTRODUCTORY  TO  THE  STUDY 
OF  THE  LAW  OF  THE  CONSTITUTION.  By  A.  V.  Dicey, 
B.C.L.,  of  the  Inner  Temple,  Barrister-at-Law ;  Vinerian  Professor 
of  English  Law ;  Fellow  of  All  Souls  College,  Oxford ;  Hon.  LL.D. 
Glasgow.     Second  Edition.     Demy  8vo.     12s,  dd, 

English  Statesmen,  Twelve. — a  Series  of  Short  Bio- 
graphies, not  designed  to  be  a  complete  roll  of  Famous  Statesmen, 
but  to  present  in  historic  order  the  lives  and  work  of  those  leading 

.  actors  in  our  afifairs  who-  by  their  direct  influence  have  left  an 
abiding  mark  on  the  policy,  the  institutions,  and  the  position  of 
Great  Britain  among  States. 

The  following  list  of  subjects  is  the  result  of  careful  selection.  The 
great  movements  of  national  history  are  made  to  follow  one 
another  in  a  connected  course,  and  the  series  is  intended  to  form  a 
continuous  narrative  of  English  freedom,  order,  and  power.     The 

.  volumes  as  follow,  Crown  8vo,  2j.  dd,  each,  are  ready  or  in 
preparation : — 

William  the  Cpnqueror.  By  Edward  A.  Freeman,  D.C.L., 
LL.D.  [Ready. 

Henry  II.    By  Mrs.  J.  R.  Green.  [Ready. 

Edward  I.    By  F.  York  Powell. 

Henry  VII.    By  James  Gairdner. 

Cardinal  Wolsey.     By  Professor  M.  Creighton,  [Ready. 

Elizabeth.     By  the  Dean  of  St.  Paul's. 

Oliver  Cromwell.    By  Frederic  Harrison.  [Ready. 

William  III.     By  H.  D.  Trailu  [Ready 

Walpole.    By  John  Morley.  [In  the  press. 

Chath.\m.    By  John  Morley. 

Pitt.    By  John  Morley. 

Peel.    By  J.  R.  Thursfield. 

Freeman. — Works  by  Edward  A.  Freeman,  D.C.L.,  LL.D., 
Regius  Professor  of  Modern  History  in  the  University  of  Oxford,  &c. 

OLD  ENGLISH  HISTORY.  With  Five  Coloured  Maps.  New 
Edition.    Extra  fcap.  8vo.    6j. 

A  SCHOOL  HISTORY  OF  ROME.  Crown  8vo.    [In  preparation. 

METHODS  OF  HISTORICAL  STUDY.     A  Course  of  Lectures. 

8vo.    loj.  dd, 
THE  CHIEF   PERIODS.  OF   EUROPEAN   HISTORY.     Six 

Lectures  read  in  the  University  of  Oxford  in  Trinity  Term,  1885. 

With  an  Essay  on  Greek  Cities  under  Roman  Rule.    8vo.   \os.  6d. 

HISTORICAL  ESSAYS.  First  Series.  Fourth  Edition.  8vo. 
I  Of.  6d. 

Contents :— The  Mythical  and  Romantic  Elements  in  Early  English  History— 
The  Continuity  of  English  History— The  Relations  between  the  Crown  of 
England  and  Scotland — St.  Thomas  of  Canterbury  and  his  Biographers,  &c. 

HISTORICAL  ESSAYS.     Second  Series.     Second  Edition,  with 

additional  Essays.     8vo.     loj.  6d. 

Contents:— Ancient  Greece  and  Mediaeval  Italy— Mr.   Gladstone's  Homer  and 

the  Homeric  Ages — The  Historians  of  Athens — The  Athenian  Democracy — 

Alexander  the  Great — Greece  during  the   Macedonian  Period — Mommsen's 

History  of  Rome— Lucius  CorneLus  Sulla— The  Flavian  Caesars.  &c.,  &c 
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HISTORICAL  ESSAYS.    Third  Seri^.    8yo.     \±f. 
Contents : — First  Impressions  of  Rome — ^The  Illyrian  Emperors  and  their  Land 
— Augusta  Treverorum^The  Goths  at  Ravenna— 'Race  and  Language — The 
Bycantine    Empire — Fir^t    Impresfdons  of  Athens— Mediaeval  and    Modem 
Greece — The  S-  uthem  Slaves — Sicilian  Cycles— The  Normans  at  Palermo. 

THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM 
THE  EARLIEST  TIMES.     Fourth  Edition.     Crown  8vo.     5j. 

GENERAL  SKETCH  OF  EUROPEAN  HISTORY.  New 
Edition.  Enlarged,  with  Maps,  &c.  i8mo.  3^.  (ki»  (VoL  I.  of 
Historical  Course  for  Schools.) 

EUROPE.     iSmo.     u.     {fUstoty  Primers.) 

Fyffe.— A  SCHOOL  HISTORY  OF  GREECE.  By  C.  A.  Fyffe, 
M.A.     Crown  8vo.  [In  pre/arcUion, 

Green.  —  Works  by  JottN  Richard  Green,   M.A.,    LL.D., 
late  Honorary  FcUow  of  Jesus  College,  Oxford. 
A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.      New 
and  Thoroughly  Revised  Edition.     With  Coloured  Maps,  Genea- 
logical Tables,  and  Chronological  Annals.     Crown  Svo.    8f.  6d. 
136th  Thousand. 
Also  the  same  in  Four  Parts.     Parts  I.  aiVd  IL  ready  ;  Parts  HI. 
and  IV.  shortly.     With  the  corresponding  portion  of  Mr.  Tail's 
**  Analysis."   Crown  8vo.    3J.  6^.  each.    Part  1. 607 — 1265.    Part 
II.  1265— 1540.   Part  III.  1540—1660.    Part  IV.  1660— 1873. 
HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols.     8vo. 
Vol.  I.— EARLY    ENGLAND,    449-1071— Foreign    Kings, 
1071-1214— The  Charter,  1214-1291 — The  Parliament,  1307- 
1461.     With  eight  Coloured  Maps.     8vo.     l6s. 
Vol.  IL— THE  MONARCHY,  1461-1540— The  Reformation, 

1 540- 1 603.     8vo.     i6x. 
Vol.  III.— PURITAN  ENGLAND,  1603-1660— The  Revolu- 
tion, 1660- 1688.     With  four  Maps.    8vo.     l6j. 
THE  MAKING  OF  ENGLAND.     With  Maps.     8vo.     i6j. 
THE  CONQUEST  OF  ENGLAND.     With  Maps  and  Portrait. 

8vo.  1 8  J. 
ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "Short 
History  of  the  English  People."  By  C.  W.  A.  Tait,  M.A., 
Assistant-Master,  Clifton  College.  Crown  8vo.  Xs,  6d, 
READINGS  FROM  ENGLISH  HISTORY.  Selected  and 
Edited  by  John  Richard  Green.  Three  Parts.  Globe  8vo. 
IS.  6d.  each.  I.  Hengist  to  Cressy.  IL  Cressy  to  Cromwell. 
HI.  Cromwell  to  Balaklava. 

Guest.— LECTURES   ON   THE  HISTORY  OF   ENGLAND. 
By  M.  J.  Guest.     With  Maps.     Crown  8vo.     6j. 

Historical  Course  for  Schools — Edited  by  Edward  a. 

Freeman,  D.C.L.,  LL.D.,  late  Fellow  of  Trinity  College,  Oxford, 
Regius  Professor  of  Modern  History  in  the  University  of  Oxford. 

I.— GENERAL  SKETCH  OF  EUROPEAN  HISTORY.  By 
Edward  A.  Freeman,  D.C.L.  New  Edition,  revised  and 
enlarged,  with  Chronological  Table,  Map?,  and  Index.  i8mo.  y.  6d. 

n.— HISTORY  OF  ENGLAND.  By  Edith  Thompson.  New 
Ed.,  revised  and  enlarged,  \\  ith  Coloured  Maps.     i8mo.    2j.  6df. 
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III.— HISTORY  OF  SCOTLAND.   By  Margaret  Macarthur. 

New  Edition.     iSmo.     2s. 
IV. -HISTORY  OF  ITALY.     By  the  Rev.   W.   Hunt,   M.A. 

New  Edition,  with  Coloured  Maps.     l8mo.     $s.  6d, 
v.— HISTORY  OF  GERMANY.      By  J.    SiME,    M.A.      New 

Edition  Revi  ed.     i8mo.     3^. 
VI.— HISTORY  OF  AMERICA.    By  John  A.  Doyle.    With 

Maps.     iSmo.     4;.  6d. 
VII.— EUROPEAN  COLONIES.    By  E.  J.  Payne,  M.A.    With 

Maps.     i8mo.    4^.  6d. 
VIII.— FRANCE.     By  Charlotte  M.  Yonge.      With    Maps. 

i8mo.     3f.  6^. 
GREECE.     By  Edward  A.  Freeman,  D.C.L.     [In preparation. 
ROME.    By  Edward  A.  Freeman,  D.C.L.  \ln  preparation. 

History  Primers— Edited  by  John  Richard  Green,  M.A., 

LL.D.,  Author  of  "A  Short  History  of  the  EngUsh  People." 
ROME.   By  the  Rev.  M.  Creighton,  M.A,,   Dixie  Professor  of 

Ecclesiastical  History  in  the    University  of  Cambridge.      With 

Eleven  Maps.     iSmo.     is, 
GREECE.     By  C.  A.   Fyffe,   M.A.,   Fellow  and  late  Tutor  of 

University  College,  Oxford.    With  Five  Maps.    i8mo,     u, 
EUROPEAN  HISTORY.     By  E.  A.  Freeman,  D.C.L.,  LL.D. 

With  Maps.     i8ino.     u. 
CREEK  ANTIQUITIES.    By  the  Rev.  J.  P.  Mahaffy,  M.A. 

Illustrated.     l8mo.     \s, 
CLASSICAL  GEOGRAPHY.   By  H.  F.  Tozer,  M.A.  iSmo.  u. 
GEOGRAPHY.     By  Sir  G.  Grove,  D.C.L.     Maps.    i8mo.     u. 
ROMAN    ANTIQUITIES.       By   Professor    Wilkins.       Illus- 

trated.     i8ino.     u. 
FRANCE.    By  Charlotte  M.  Yonge.     i8mo.     is. 

Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 
ENGLAND  AND  FRANCE.  By  the  Rev.  C.  Hole.  On 
Sheet.     \s, 

Jennings— CHRONOLOGICAL  TABLES.  A  synchronistic 
arrangement  of  the  events  of  Ancient  History  (with  an  Index). 
By  the  Rev.  Arthur  C.  Jennings,  Rector  of  King's  Stanley, 
Gloucestershire,  Author  of  **A  Commentary  on  the  Psalms," 
"Ecclesia  Anglicana,"  ''Manual  of  Church  History,"  &c. 
8vo.     5  J. 

Labbcrton.— NEW  HISTORICAL  atlas  and  GENERAL 
HISTORY.  ByR.  H.  Labberton,  LittHum.D.  4to.  New 
Edition  Revised  and  Enlarged.     15^. 

Lethbridge.— A  SHORT  MANUAL  OF  THE  HISTORY  OF 
INDIA.  With  an  Accmnt  of  India  as  it  is.  The  Soil, 
Climate,  and  Productions  ;  the  People,  their  Races,  Religions, 
PuMic  Works,  and  Industries ;  the  Civil  Services,  and  System  of 
Admini>tration.  By  Sir  RoPSR  Lethbridge,  M.A.,  CLE.,  late 
Scholar  of  Exeter  College,  Oxford,  formerly  Principal  of  Kishn  ghur 
College,  Bengal,  Fellow  and  sometime  Examiner  of  the  Calcutta 
University.    With  Maps.     Crown  Svo.    51. 
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Mahaffy.— GREEK  life  and  thought  from  the 

AGE  OF  ALEXANDER  TO  THE  ROMAN  CONQUEST. 
By  the  Rev.  J.  P.  Mahaffy,  M.A.,  D.D.,  Fellow  of  Trinity  ColL, 
Dublin,  Author  of  **  Social  Life  in  Greece  from  Homer  to  Menan- 
der,"  **  Rambles  and  Studies  in  Greece,"  &c.  Crown  8vo.   i2j.  6</. 

Michelet. — A  summary  of  modern  history.  Trans- 
lated from  the  French  of  M.  Michelet,  and  continued  to  the 
Present  Time,  by  M.  C.  M.  Simpson.    Globe  8vo.    4s.  6d. 

NorgatC— ENGLAND  UNDER  THE  ANGEVIN  KINGS. 
By  Kate  Norgate.     With  Maps  and  Plaps.     2  vols.  Syo,     32X. 

Ott^.— SCANDINAVIAN  HISTORY.    By  E.  C.  OrriS.     With 

Maps.     Globe  &vo.     dr. 

Ramsay. — a  SCHOOL  HISTORY  OF  ROME.  By  G.  G. 
Ramsay,  M.A.,  Professor  of  Humanity  in  the  University  of 
Glasgow.     With  Maps.     Crown  8vo.  [In  prepareUion, 

Seeley. — Works  by  J.  R.  Seeley,  M.A.,  Regius  Professor  of 
Modem  History  in  the  University  of  Cambridge.  7^ 

THE  EXPANSION  OF  ENGLAND.     Crown  8vo.    4f.  6^.  ' 

OUR  COLONIAL  EXPANSION.  Extracts  from  the  above. 
Crown  8vo.     Sewed,     u. 

Tait.— ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's 
"Short  History  of  the  English  People."  By  C.  W.  A.  Tait, 
M.A.,  Assistant-Master,  Clifton  College.     Crown  8vo.     3J.  6</. 

Wheeler. — a  SHORT  HISTORY  OF  INDIA  AND  OF  THE 
FRONTIER  STATES  OF  AFGHANISTAN,  NEPAUL, 
AND  BURMA.  By  J.  Talboys  Wheeler.  With  Maps. 
Crown  8vo.     I2J. 

COLLEGE  HISTORY  OF  INDIA,  ASIATIC  AND  EURO- 
PEAN     By  the  same.     With  Maps.     Crown  8vo.     35.  6</. 

Yonge  (Charlotte  M.).  —  CAMEOS  FROM  ENGLISH 
HISTORY.  By  Charlotte  M,  Yonge,  Author  of  "  The  Heir 
of  Redclyffc,"  Extra  fcap.    8vo.     New   Edition.     5J.  each.     (1) 

FROM  ROLLO  TO  EDWARD  II.  (2)  THE  WARS  IN 
FRANCE.  (3)  THE  WARS  OF!  THE  ROSES.  (4)  REFOR- 
MATION TIMES.  (5)  ENGLAND  AND  SPAIN.  (6)  FORTY 
YEARS  OF  STUART  RULE  (1603— 1643). 

EUROPEAN  HISTORY.  Narrated  in  a  Series  of  Historical 
Selections  from  the  Best  Authorities.  Edited  and  arranged  by 
E.  M.  Sewell  and  C.  M.  Yonge.  First  Scries,  1003 — 1154. 
New  Edition.  Crown  8vo.  dr.  ^Second  Series,  1088 — 1228. 
New  Edition.     Crown  8vo.     df. 

THE  VICTORIAN  HALF  CENTURY—A  JUBILEE  BOOK. 
With  a  New  Portrait  of  the  Queen.  Crown  8vo.,  paper  covers,  ix. 
Cloth,  u.  6d, 

R1CHAR1>  CLAY   AND  SONS,   UMItRD,    IX)NDoN  AND  OrNaAT. 


